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Ïîñëå îòêðûòèÿ ìåìîðèàëüíîé äîñêè Ì.À. Êðàñíîñåëüñêîãî íà
óëèöå Òåàòðàëüíîé ìû ñ Áîðèñîì Íèêîëàåâè÷åì Ñàäîâñêèì è Èðè-
íîé Íèêîëàåâíîé Ïðÿäêî âîçâðàùàëèñü â ãëàâíûé êîðïóñ ÂÃÓ íà
êàôåäðó. Áîðèñ Íèêîëàåâè÷ ñïðîñèë íàñ, ñèëüíî ëè ïëîõî îí âû-
ñòóïèë ñ ðå÷üþ íà îòêðûòèè. Ìû ñ Ïðÿäêî óäèâèëèñü, îòâåòèâ, ÷òî
ðå÷ü åãî áûëà âïîëíå íîðìàëüíîé è äàæå, ìîæíî ñêàçàòü, õîðîøåé.
Ñàäîâñêèé íàñòîé÷èâî âîçðàçèë: ¾Íåò, ÿ âûñòóïèë ïëîõî - ÷òî íà-
ìå÷àë ñêàçàòü î Ìàðêå Àëåêñàíäðîâè÷å, ïî÷åìó-òî íå ñêàçàë, à í¼ñ
âñÿêóþ åðóíäó, êîòîðóþ è íå ïëàíèðîâàë. Íî, ÿ ðàä, ÷òî âû ýòîãî íå
çàìåòèëè, è, íàäåþñü, îñòàëüíûå òîæå íå ñèëüíî çàìåòèëè¿.

Ïîìíÿ îá ýòîì ñëó÷àå, ÿ áîÿëàñü, ÷òî òàê æå íå ñóìåþ òîëêîì
ðàññêàçàòü íà ñåìèíàðå ïî èñòîðèè âîðîíåæñêîé ìàòåìàòèêè î Á.Í.
Ñàäîâñêîì òî, ÷òî íàìå÷àëà. Òàê îíî è âûøëî. Ðàññêàç ìîé áûë áåñ-
ñâÿçíûì è íåçàâåðø¼ííûì. Ïîëüçóÿñü ïðåäîñòàâëåííîé ìíå âîçìîæ-
íîñòüþ èçëîæèòü ñâîé ðàññêàç ¾ïèñüìåííî¿ ïîñòàðàþñü èñïðàâèòü
ñâîè îøèáêè, à çàîäíî äîáàâèòü åù¼ íåêîòîðûå ñâåäåíèÿ, íàéäåííûå
â èíòåðíåòå.

Ðèñ 1. Áîðèñ Íèêîëàåâè÷ Ñàäîâñêèé

Íà÷íó ñ òîãî, ÷òî Áîðèñ Íèêîëàåâè÷ ñìîëîäó îáëàäàë îñîáåííûì,
îòêðûòûì è íåìíîãî óäèâë¼ííûì âçãëÿäîì óâëå÷¼ííîãî ÷åëîâåêà,
êîòîðûé îí ñìîã ñîõðàíèòü è â çðåëîì âîçðàñòå. Âîïðîñ î òîì,

© Ïåòðîâà Ë.Ï., 2025

28



íàñêîëüêî ýòîò âçãëÿä îáúÿñíÿåòñÿ õàðàêòåðîì Áîðèñà Íèêîëà-
åâè÷à, à íàñêîëüêî íàñëåäèåì ïðåäêîâ, ñïîäâèãëè ìåíÿ ê èçó÷åíèþ
åãî êîðíåé. Íå âñå âåòâè ïðåäêîâ Áîðèñà Íèêîëàåâè÷à ìíå óäàëîñü â
ðàâíîé ñòåïåíè âûÿâèòü, íî ïî êîòîðîé èç íèõ ïåðåäàëñÿ åìó ñòîëü
îñîáåííûé âçãëÿä, ìíå ñòàëî î÷åâèäíûì.

Íå áóäó íàâÿçûâàòü ñâîåãî ìíåíèÿ, à ïðîêîììåíòèðóþ ïîâåñò-
âîâàíèå äîáûòûìè â èíòåðíåòå è â ëè÷íûõ àðõèâàõ ôîòîãðàôèÿìè,
÷òîá êàæäûé ÷èòàòåëü ìîã ñàì ïðîñëåäèòü çà ¾âçãëÿäîì¿.

1. Àðäàøåâû.

Èñòîðèÿ ðîäà Àðäàøåâûõ òÿíåòñÿ ñ XVII âåêà îò âûõîäöà èç
Êàçàíè Àðäàøà (òþðêñêîå çíà÷åíèå ýòîãî èìåíè � ¾áëàãîïîëó÷èå¿,
¾óñïåõ¿, ïåðñèäñêîå çíà÷åíèå � ¾âëàäûêà îãíÿ¿, îäíàêî ñëîâîì ¾àð-
äàø¿ â Ïåðñèè íàçûâàëè ø¼ëê ñàìîãî íèçêîãî êà÷åñòâà).

Ô¼äîð Íèêèòè÷ Àðäàøåâ, ïðàïðàäåä Á.Í. ðîäèëñÿ â 1773
(èëè â 1774) ãîäó, æåíà åãî Åâäîêèÿ Èëüèíè÷íà áûëà íà 3 ãîäà ìî-
ëîæå. Ô¼äîð Íèêèòè÷ áûë ïðàâîñëàâíûì ñâÿùåííèêîì Òðîèöêîé
öåðêâè ñåëà Âîë÷üå Âÿòñêîãî óåçäà Âÿòñêîé ãóáåðíèè (íûíå � Êè-
ðîâñêàÿ îáëàñòü). Ê 1816 ãîäó â ñåìüå áûëî ïÿòåðî äåòåé: Äîðîôåé,
Íèêàíîð, Ìàðèàìíà, Àëåêñàíäð è Àííà (óïîìèíàåòñÿ, ÷òî âñåãî â
ñåìüå áûëî 7 äåòåé).

Àðäàøåâ Àëåêñàíäð Ôåäîðîâè÷, ïðàäåä Á.Í. ðîäèëñÿ 24
àâãóñòà ïî ñòàðîìó ñòèëþ 1812, óìåð 8 ôåâðàëÿ 1870 ãîäà (çà 3 ìåñÿ-
öà äî ðîæäåíèÿ ìëàäøåãî ñûíà Âëàäèìèðà). Â 1830-1836 ãã. À.Ô. Àð-
äàøåâ ó÷èëñÿ â Âÿòñêîé äóõîâíîé ñåìèíàðèè. Íî ïîæåëàë ðàáîòàòü
íå â öåðêîâíîé, à â ãîñóäàðñòâåííîé ñèñòåìå. Ñëóæèë â Ïåðìñêîé êà-
çåííîé ïàëàòå. Ïðîäâèãàëñÿ â êëàññíûõ ÷èíàõ ìåäëåííåå, ÷åì áûëî
îáû÷íî äëÿ ÷èíîâíèêîâ ñ óíèâåðñèòåòñêèì îáðàçîâàíèåì, âïëîòü äî
íàäâîðíîãî ñîâåòíèêà (ïðîèçâåäåí 26 ÿíâàðÿ 1862 ã., ÷èí 7-ãî êëàñ-
ñà), ðàâíîçíà÷íîãî âîåííîìó ÷èíó ïîäïîëêîâíèêà. Ýòî ïîâûøåíèå
äàëî À.Ô. Àðäàøåâó ëè÷íîå äâîðÿíñòâî (ïîòîìñòâåííîå äâîðÿíñòâî
â ýòè ãîäû ïîëó÷àëè ëèøü ÷èíîâíèêè íà÷èíàÿ ñ 4-ãî êëàññà). Ñ ñå-
ðåäèíû 60-õ ãîäîâ Àðäàøåâ ñòàë ïðèõâàðûâàòü, è â êîíöå 1864 ã.
âûøåë â îòñòàâêó ñ íåáîëüøîé ïåíñèåé (106 ðóá. 14 êîï. â ãîä). Óìåð
8 ôåâðàëÿ 1870 ã. À.Ô. Àðäàøåâ èìåë íàãðàäû: Çíàê îòëè÷èÿ áåñïî-
ðî÷íîé ñëóæáû çà 15 ëåò è òåìíî-áðîíçîâóþ ìåäàëü â ïàìÿòü âîéíû
1853�1856 ãã. Æåíà Àðäàøåâà (Áëàíê) Ëþáîâü Àëåêñàíäðîâíà. Ó
Àðäàøåâûõ áûëî âîñåìü äåòåé: Ôåäîð (1859 � 1892), Àëåêñåé (1861�
?); Àëåêñàíäð (1863 � 1933); Äìèòðèé (1865 � 1915); Ãåîðãèé (ìåæäó
1866 è 1869 � ïîñëå 1918); Âèêòîð (ìåæäó 1866 è 1869 � 15 ÿíâàðÿ
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1918); Åâäîêèÿ (â òîò æå ïåðèîä � ïîñëå 1920-õ); Âëàäèìèð (1870 �
1911). Âñå îíè ðîäèëèñü â Ïåðìè.

Ðèñ 2. Áðàòüÿ (íå âñå) Àðäàøåâû ñ ñåìüÿìè

Áðàòüÿ Àðäàøåâû áûëè ëþäüìè ïðèìå÷àòåëüíûìè. Îíè ÷åñò-
íî ñëóæèëè Ðîññèè, îòëè÷àëèñü äåìîêðàòèçìîì; òå èç íèõ, êòî äî-
æèë äî ðåâîëþöèîííûõ ñîáûòèé 1917 ãîäà, îêàçàëèñü íå â ëàäàõ ñ
âëàñòüþ, êîòîðóþ âîçãëàâèë èõ äâîþðîäíûé áðàò, Âëàäèìèð Èëüè÷
Óëüÿíîâ (Ëåíèí). Ìëàäøèì áðàòîì â ñåìüå Àðäàøåâûõ áûë Âëàäè-
ìèð.

Âëàäèìèð Àëåêñàíäðîâè÷ Àðäàøåâ äåä Á.Í. ðî-
äèëñÿ â Ïåðìè 25 ìàÿ 1870 ãîäà ñïóñòÿ òðè ìåñÿöà
ïîñëå êîí÷èíû ñâîåãî îòöà íàäâîðíîãî ñîâåòíèêà
À.Ô. Àðäàøåâà. Áóäó÷è îäíîâðåìåííî áåðåìåííû-
ìè, ñ¼ñòðû Ìàðèÿ Àëåêñàíäðîâíà Óëüÿíîâà è Ëþ-
áîâü Àëåêñàíäðîâíà Àðäàøåâà äîãîâîðèëèñü, ÷òî
åñëè ó íèõ ðîäÿòñÿ ìàëü÷èêè, òî îíè íàçîâóò èõ
Âëàäèìèðàìè.

Ïî îêîí÷àíèè ãèìíàçèè â 1889 ã. Âëàäèìèð Àðäàøåâ ïîñòóïèë
âìåñòå ñ Âëàäèìèðîì Óëüÿíîâûì íà þðèäè÷åñêèé ôàêóëüòåò Êà-
çàíñêîãî óíèâåðñèòåòà. Ñïóñòÿ ãîä Óëüÿíîâà îò÷èñëèëè èç óíèâåð-
ñèòåòà çà ó÷àñòèå â ñòóäåí÷åñêèõ âîëíåíèÿõ. Àðäàøåâ â çíàê ïðî-
òåñòà è ñîëèäàðíîñòè ïðîñèë åãî òîæå îò÷èñëèòü. Â 1890 ã. Âëàäè-
ìèð Àðäàøåâ ïåðåøåë íà þðèäè÷åñêèé ôàêóëüòåò Èìïåðàòîðñêîãî
Ñàíêò-Ïåòåðáóðãñêîãî óíèâåðñèòåòà è îêîí÷èë åãî ñ ñàìûìè âûñî-
êèìè îöåíêàìè â 1893 ã., ïîëó÷èâ äèïëîì 1-é ñòåïåíè. Ïî ñîâåòó
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áðàòà Àëåêñàíäðà îí îáðàòèëñÿ ê ïðåäñåäàòåëþ Åêàòåðèíáóðãñêîãî
îêðóæíîãî ñóäà ñ ïðîñüáîé ïðåäîñòàâèòü åìó ðàáîòó, êàê äèïëîìè-
ðîâàííîìó þðèñòó. Ïî ïðèáûòèè â Åêàòåðèíáóðã Âëàäèìèð â òîì
æå 1893 ã. áûë çà÷èñëåí â Åêàòåðèíáóðãñêóþ îêðóæíóþ ñóäåáíóþ
ïàëàòó ìëàäøèì êàíäèäàòîì, ÷åðåç äâà ãîäà ñòàë ñòàðøèì êàíäè-
äàòîì (ñëåäîâàòåëüñêèå äîëæíîñòè) çàòåì � ñóäåáíûì ñëåäîâàòåëåì.
Åìó äîâåëîñü ñëóæèòü ñóäåáíûì ñëåäîâàòåëåì â Åêàòåðèíáóðãå, Êà-
ìûøëîâå, Èðáèòå, Øàäðèíñêå, Âåðõîòóðüå è â èõ óåçäàõ. Áîëüøóþ
÷àñòü âðåìåíè Âëàäèìèð ðàáîòàë â Êàìûøëîâå è åãî óåçäå, à â ìàå
�- èþíå 1896 ã. äàæå èñïîëíÿë äîëæíîñòü ãîðîäñêîãî ñóäüè â Êà-
ìûøëîâå. Ê êîíöó 90-õ ãîäîâ Àðäàøåâ ïîëó÷èë, êàê ñïåöèàëèñò ïî
ñóäåáíî-ñëåäñòâåííûì äåëàì, øèðîêóþ èçâåñòíîñòü. 15 äåêàáðÿ 1901
ã. îí ïîëó÷èë âûñîêîå íàçíà÷åíèå íà äîëæíîñòü ¾òîâàðèùà¿ (ò.å.
çàìåñòèòåëÿ) ïðîêóðîðà Åêàòåðèíáóðãñêîãî ñóäåáíîãî îêðóãà, ïîñëå
÷åãî îêîí÷àòåëüíî ïîñåëèëñÿ â Åêàòåðèíáóðãå.

Â ìàå 1910 ã. Âëàäèìèðà Àðäàøåâà ïîâûñèëè ïî ñëóæáå, îí ñòàë
÷ëåíîì îêðóæíîãî ñóäà. Êàðüåðà åãî áûëà óñïåøíîé, à â ÷èíàõ ñòðå-
ìèòåëüíîé. Â 26 ëåò (â 1896 ã.) îí ñòàë óæå òèòóëÿðíûì ñîâåòíèêîì
(9-é êëàññ), â 1901 ã. � êîëëåæñêèì àñåññîðîì, â 1904 ã. �� íàäâîð-
íûì ñîâåòíèêîì, â ñëåäóþùèì ãîäó � êîëëåæñêèì ñîâåòíèêîì, à ÷å-
ðåç íåñêîëüêî ëåò ïðåäñòàâëåí â ñòàòñêèå ñîâåòíèêè (óòâåðæäåíèå
ïðèøëî ñ çàäåðæêîé � â 1912 ã., ïîñëå åãî ñìåðòè) ñ ïðàâîì íà ïî-
ëó÷åíèå ëè÷íîãî äâîðÿíñòâà. 5 èþíÿ 1897 ã. Â.À. Àðäàøåâ ïîëó÷èë
ñâîþ ïåðâóþ íàãðàäó - ñåðåáðÿíóþ ìåäàëü â ïàìÿòü öàðñòâîâàíèÿ
èìïåðàòîðà Àëåêñàíäðà III - à 1 ÿíâàðÿ 1907 ã. Âëàäèìèðó Àëåêñàí-
äðîâè÷ó ïîæàëîâàí îðäåí ñâ. Àííû III ñòåïåíè.

Æåíèëñÿ Âëàäèìèð â 38-ëåòíåì âîçðàñòå íà Ìàðèè Àëåêñååâíå
Ñêà÷êîâîé, ðîäèâøåéñÿ 15 ñåíòÿáðÿ 1882 ã. â Êðàñíîÿðñêå, äî÷å-
ðè ïî÷åòíîãî ãðàæäàíèíà Êàìûøëîâà. Ñóïðóãè æèëè â äîñòàòêå,
â áîëüøîì äîìå æåíû. Ó íèõ áûëî äâå äî÷åðè - Îëüãà (ðîäèëàñü 5
àïðåëÿ 1908 ã.) è Ëèäèÿ (25 ôåâðàëÿ 1910 ã.). Ó Ëèäèè ïðè êðåùåíèè
êðåñòíûìè áûëè Ãåîðãèé è Êñåíèÿ - äåòè Àëåêñàíäðà Àðäàøåâà.

Æèçíåííûé ïóòü Âëàäèìèðà Àðäàøåâà ïðåðâàëñÿ âíåçàïíî. Âåð-
íóâøèñü èç ñëóæåáíîé ïîåçäêè â Êàìûøëîâ, îí çàáîëåë è ñë¼ã, à â
íî÷ü íà 12 äåêàáðÿ 1911 ãîäà ñêîí÷àëñÿ îò âîñïàëåíèÿ ë¼ãêèõ (âðà-
÷àì íå óäàëîñü åãî ñïàñòè).

2. Áëàíêè.
Íà ýòîé âåòâè ðîäîñëîâíîé Áîðèñà Íèêîëàåâè÷à ÿ îñòàíîâëþñü

ñîâñåì êîðîòêî, î íåé ìíîãî èçâåñòíî áëàãîäàðÿ òîìó, ÷òî îíà ÿâëÿ-
åòñÿ òàê æå ðîäîñëîâíîé âåòâüþ Âëàäèìèðà Óëüÿíîâà (Ëåíèíà).
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Ìîéøà Èöêîâè÷ (ïîñëå êðåùåíèÿ â ïðàâîñëà-
âèå � Äìèòðèé Èâàíîâè÷) Áëàíê ïðàïðàïðà-
äåä Á.Í. � ìåùàíèí-ðîñòîâùèê, òîðãîâåö. Â
îäíîì èç äîêóìåíòîâ äàòà åãî ðîæäåíèÿ � ìàðò-
àïðåëü 1763 èëè 1764 ãã., â äðóãîì (åãî ïèñüìî
èìïåðàòîðó Íèêîëàþ I îò 18 ñåíòÿáðÿ 1846 ã.
ñ óêàçàíèåì íà ñâîé 90-ëåòíèé âîçðàñò) � 1756.
ã. Ó Ìîéøè (Äìèòðèÿ) Áëàíê áûëî òðîå äåòåé:
ñûíîâüÿ Àáåëü (ïîñëå êðåùåíèÿ � Äìèò-

ðèé) è Èçðàèëü (ïîñëå êðåùåíèÿ � Àëåêñàíäð), à òàêæå äî÷ü
Ëþáîâü. Êðåùåíèå áðàòüåâ ïðîèçîøëî 10 èþëÿ 1820 ã., âîñïðèåìíè-
êàìè (êðåñòíûìè) áûëè: ó Àáåëÿ ñåíàòîð Ä.Î. Áàðàíîâ, ãðàô À.È.
Àïðàêñèí ó Èçðàèëÿ. Ó÷èëèñü áðàòüÿ Áëàíêè ñ áîëüøèì ðâåíèåì,
óñïåøíî, â 1824 ã. îêîí÷èëè ìåäèöèíñêóþ àêàäåìèþ ñî çâàíèåì
ëåêàðåé.

Àëåêñàíäð Äìèòðèåâè÷ Áëàíê ïðàïðàäåä
Á.Í. ïðåäïîëîæèòåëüíî ðîäèëñÿ â 1801�1804
ãã. Áûë æåíàò íà Àííå Èîãàííîâíå (Èâàíîâíå)
Ãðîññøîïô. Ó íèõ ðîäèëîñü øåñòåðî äåòåé: ñûí
Äìèòðèé (9 ñåíòÿáðÿ 1830 � 19 ÿíâàðÿ 1850
ïðåäïîëîæèòåëüíî ïîêîí÷èë ñ ñîáîé), äî÷åðè
Àííà (30 àâãóñòà 1831 � 1897), Ëþáîâü (20 àâ-
ãóñòà 1832 � 24 äåêàáðÿ 1895), Åêàòåðèíà (25

äåêàáðÿ 1833 � 1883), Ìàðèÿ (22 ôåâðàëÿ 1835 � 2 èþëÿ 1916) è
Ñîôüÿ (24 èþíÿ 1836 � 9 àâãóñòà 1897). Àëåêñàíäð Äìèòðèåâè÷
Áëàíê áûë óñïåøíûì âðà÷îì-õèðóðãîì, â îòñòàâêó îí âûøåë â ÷èíå
ñòàòñêîãî ñîâåòíèêà. Ýòîò ÷èí äàë åìó ïîòîìñòâåííîå äâîðÿíñòâî,
êîòîðîå íå ïîëó÷èëè ëèøü äâå ìëàäøèå åãî äî÷åðè Ìàðèÿ è Ñîôüÿ,
òàê êàê ðîäèëèñü ïîñëå ïîâûøåíèÿ òðåáîâàíèé ê ÷èíîâíèêàì äëÿ
ïîëó÷åíèÿ äâîðÿíñòâà. Óìåð Àëåêñàíäð Äìèòðèåâè÷ â 1870 ãîäó â
ñâîåì èìåíèè Êîêóøêèíî Êàçàíñêîé ãóáåðíèè.

Ëþáîâü Àëåêñàíäðîâíà Áëàíê ïðàáà-
áóøêà Á.Í.. Ìà÷åõà Êàòåðèíà Èâàíîâ-
íà äàëà äåòÿì ñâîåé ñåñòðû, êàê è ñà-
ìà Àííà, îñíîâíûå çíàíèÿ, â òîì ÷èñëå
íåñêîëüêèõ èíîñòðàííûõ ÿçûêîâ: íåìåö-
êîãî, àíãëèéñêîãî è ôðàíöóçñêîãî. Ïåð-
âûì ìóæåì Ë.À. Áëàíê áûë Àëåêñàíäð
Ô¼äîðîâè÷ Àðäàøåâ. Ïîñëå åãî ñìåðòè
ïîñåëèëàñü â Êîêóøêèíî,

óïðàâëÿëà èìåíüåì, ðàñòèëà è âîñïèòûâàëà äåòåé. Âòîðûì ìóæåì
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Ëþáîâè Àëåêñàíäðîâíû ñòàë À. Ï. Ïîíîìàð¼â, îáùèõ äåòåé ó íèõ
íå áûëî.

3. Ñêà÷êîâû.

Ìàêñèì Ìèõàéëîâè÷ Ñêà÷êîâ ïðàïðàäåä Á.Í. � êóïåö â ïåð-
âîì ïîêîëåíèè, ê 1874 ãîäó çàÿâèâøèé êàïèòàë ïî ïåðâîé ãèëüäèè.
Ñêà÷êîâ îòíîñèëñÿ ê ïîëóïðèâèëåãèðîâàííîìó ñîñëîâèþ, âûøå êî-
òîðîãî áûëè òîëüêî äâîðÿíå è äóõîâåíñòâî. Êóïöàì ïåðâîé ãèëüäèè
ðàçðåøàëîñü âåñòè çàãðàíè÷íóþ òîðãîâëþ, âëàäåòü ôàáðèêàìè, çà-
âîäàìè è ìîðñêèìè ñóäàìè. Î ñòàòóñå ñåìüè Ñêà÷êîâûõ ñâèäåòåëü-
ñòâîâàë è äîáðîòíûé êàìåííûé äîì â öåíòðå Åêàòåðèíáóðãà, ñòîÿâ-
øèé ïî âåðñèè îäíîãî èñòî÷íèêà íà ìåñòå íûíåøíåãî Âòîðîãî Äîìà
Ñîâåòîâ ïî 8 Ìàðòà, ïî âåðñèè äðóãîãî èñòî÷íèêà � íà Ôåòèñîâñêîé
óëèöå (íûíå óë. Á. Åëüöèíà). Ñûíà Ìàêñèìà Ñêà÷êîâà Íèêîëàÿ ñ
òÿæåëîé ôîðìîé ïàðàíîéè ïîìåñòèëè â ñòîëè÷íóþ êëèíèêó. À ó ñû-
íà Àëåêñåÿ âðà÷è óñòàíîâèëè õðîíè÷åñêóþ áîëåçíü ñåðäöà, êîòîðàÿ
ñäåëàëà åãî ¾ìåëàíõîëèêîì, íå ïåðåíîñèâøèì õëàäíîêðîâíî ñàìûõ
ìàëåéøèõ íåïðèÿòíîñòåé è îãîð÷åíèé¿.

Àëåêñåé Ìàêñèìîâè÷ Ñêà÷êîâ ïðàäåä Á.Í.
ïðåäïîëîæèòåëüíî 1854 ãîäà ðîæäåíèÿ � ÷åëî-
âåê ñ íåïðîñòîé ñóäüáîé. Ó÷èëñÿ Àëåêñåé â ýëèò-
íîé ìóæñêîé ãèìíàçèè Åãî Èìïåðàòîðñêîãî Âå-
ëè÷åñòâà Àëåêñàíäðà II, íà÷àâøåé ñâîþ ðàáîòó
ñ îêòÿáðÿ 1861 ãîäà. Ãèìíàçèÿ ðàñïîëàãàëàñü â
òðåõýòàæíîì çäàíèè íà ãëàâíîì ïðîñïåêòå Åêà-
òåðèíáóðãà, çäåñü îáó÷àëèñü äåòè ÷èíîâíèêîâ,
çàâîä÷èêîâ è êóïöîâ. Â 1872 ã. âëàñòè îáâèíè-
ëè íåñêîëüêèõ ïåäàãîãîâ ãèìíàçèè â ñèìïàòè-
ÿõ ê íàðîäíè÷åñêèì èäåÿì è çàïðåòè-ëè ïðåïî-
äàâàòü, óâîëèëè è äèðåêòîðà. Íîâûé äèðåêòîð
ßêîâ Èâàíîâè÷ Ïðåäòå÷åíñêèé óæåñòî÷èë äèñ-
öèïëèíó â ãèìíàçèè.

Â 1874 ãîäó Àëåêñåé Ñêà÷êîâ îáó÷àëñÿ â øåñòîì êëàññå ãèìíà-
çèè. Óñïåâàåìîñòü åãî áûëà íàñòîëüêî ñëàáîé, ÷òî êîãäà â àïðåëå
äèðåêòîð ãèìíàçèè ßêîâ Ïðåäòå÷åíñêèé çàñòóêàë Ñêà÷êîâà êóðÿ-
ùèì â òóàëåòå, òî ðåøèë ñ íèì íå öåðåìîíèòüñÿ. Ïî ñóùåñòâîâàâ-
øèì òîãäà ïðàâèëàì, â ñëó÷àå èçãíàíèÿ ó÷àùåãîñÿ èç ãèìíàçèè çà
äèñöèïëèíàðíîå íàðóøåíèå íèêàêàÿ äðóãàÿ ãèìíàçèÿ â Ðîññèè íå
ìîãëà åãî ïðèíÿòü äëÿ ïðîäîëæåíèÿ îáó÷åíèÿ. Èìåííî ñ òàêîé ôîð-
ìóëèðîâêîé Ïðåäòå÷åíñêèé è ðåøèë îò÷èñëèòü Àëåêñåÿ. Ïîäðîñòîê
äîëãî è áåçóñïåøíî óìîëÿë äèðåêòîðà èçìåíèòü ôîðìóëèðîâêó. 5
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ìàÿ Àëåêñåé âíîâü ïðèøåë â êàáèíåò ê Ïðåäòå÷åíñêîìó è äâà ðà-
çà âûñòðåëèë â íåãî èç ðåâîëüâåðà. Íåñìîòðÿ íà ïîëó÷åííûå ðà-
íåíèÿ, äèðåêòîð ñìîã âñòàòü è âûáåæàòü â êîðèäîð. Âäîãîíêó îí
ïîëó÷èë åùå òðè ïóëè, ïîñëå êîòîðûõ óæå íå äâèãàëñÿ. Ñáåæàâøèå-
ñÿ íà øóì ëþäè çàäåðæàëè ñòðåëêà, êîòîðûé ¾â ñèëüíî âîçáóæäåí-
íîì ñîñòîÿíèè åäâà ìîã âûãîâîðèòü íåñêîëüêî ñëîâ¿. Ïðåäòå÷åíñêèé
óìåð ÷åðåç íåñêîëüêî äíåé. À ðàçáèðàòåëüñòâî äåëà Àëåêñåÿ Ñêà÷-
êîâà çàòÿíóëîñü íà íåñêîëüêî ëåò. Àäâîêàò þíîøè ñòðîèë çàùèòó íà
ÿêîáû èìåþùåéñÿ íàñëåäñòâåííîé ïðåäðàñïîëîæåííîñòè Àëåêñåÿ ê
ïñèõè÷åñêîé áîëåçíè. Ýêñïåðòîì ïðåäâàðèòåëüíîãî çàêëþ÷åíèÿ âû-
ñòóïèëè ëå÷àùèé Àëåêñåÿ âðà÷ Â.À. Òóðæàíñêèé ñ êîëëåãàìè, îíè
ïðîâåëè ïîëíîå îáñëåäîâàíèå Àëåêñåÿ Ñêà÷êîâà è ¾íå íàøëè â íåì
ðàññòðîéñòâà óìñòâåííûõ ñïîñîáíîñòåé¿, âûÿâèâ ó íåãî ëèøü ïîðîê
ñåðäöà è òóáåðêóëåç. Ñóä 22 äåêàáðÿ 1876 ã. âûíåñ ïðèãîâîð ãëàñèâ-
øèé: ¾. . . åêàòåðèíáóðãñêîãî êóïå÷åñêîãî ñûíà Àëåêñåÿ Ìàêñèìîâà
Ñêà÷êîâà, 18 ëåò, ïî ëèøåíèè âñåõ îñîáåííûõ ëè÷íî è ïî ñîñòîÿíèþ
ïðèñâîåííûõ ïðàâ è ïðåèìóùåñòâ ñîñëàòü íà æèòüå â Åíèñåéñêóþ ãó-
áåðíèþ ñ âîñïðåùåíèåì âñÿêîé îòëó÷êè èç ìåñòà, íàçíà÷åííîãî äëÿ
åãî æèòåëüñòâà â ïðîäîëæåíèå òðåõ ëåò, è ïîòîì âûåçäà â äðóãèå
ãóáåðíèè èëè îáëàñòè Ñèáèðè â ïðîäîëæåíèå äåñÿòè ëåò. . . ¿.

Æåíèëñÿ Àëåêñåé (ïî-âèäèìîìó, â ññûëêå) íà Àëåêñàíäðå Îñè-
ïîâíå. Ó íèõ áûë åäèíñòâåííûé ðåá¼íîê � äî÷ü Ìàðèÿ. Ïîñëå ññûëêè
Àëåêñåé Ñêà÷êîâ ïîñåëèëñÿ â Êàìûøëîâå, áëèæàéøåì ãîðîäå ê Åêà-
òåðèíáóðãó ãîðîäå. Ãîñóäàðñòâåííàÿ ñëóæáà Àëåêñåÿ Ìàêñèìîâè÷à
íà÷àëàñü 20 ÿíâàðÿ 1902 ã. ñ äîëæíîñòè ãëàñíîãî Êàìûøëîâñêîé
ãîðîäñêîé äóìû. 18 èþíÿ 1906 ã. îí áûë èçáðàí íà ñëåäóþùèé ÷åòû-
ðåõëåòíèé ñðîê, à 27 ìàÿ 1908 ã. Ñêà÷êîâ áûë èçáðàí íà äîëæíîñòü
ãîðîäñêîãî ãîëîâû íà îñòàâøèéñÿ äî ñëåäóþùèõ âûáîðîâ ñðîê. 7
ìàðòà 1910 ã. Àëåêñåé Ìàêñèìîâè÷ âíîâü èçáðàí ãëàñíûì ãîðîäñêîé
äóìû íà î÷åðåäíîé ñðîê, à óæå 22 ìàÿ îí áûë âûäâèíóò èç ñîñòàâà
äóìû íà ïîñò ãîðîäñêîãî ãîëîâû íà 1910�1914 ãã. Êðîìå ñâîåé äóì-
ñêîé äåÿòåëüíîñòè À.Ì. Ñêà÷êîâ àêòèâíî ó÷àñòâîâàë â îáùåñòâåííîé
æèçíè Êàìûøëîâà. 3 îêòÿáðÿ 1906 ã. Îí áûë èçáðàí ïî÷åòíûì ìè-
ðîâûì ñóäüåé ïî Êàìûøëîâñêîìó óåçäó, è 8 îêòÿáðÿ 1909 ã. Àëåêñåé
Ìàêñèìîâè÷ ñíîâà áûë èçáðàí ïî÷åòíûì ìèðîâûì ñóäüåé ïî óåçäó
íà ñëåäóþùèé ñðîê. Ñ 18 èþíÿ 1908 ã. îí ñîñòîÿë ïðåäñåäàòåëåì Êà-
ìûøëîâñêîãî ñèðîòñêîãî ñóäà. Âñåõ åãî îáùåñòâåííûõ äîëæíîñòåé è
íå ïåðå÷èñëèòü. À. Ì. Ñêà÷êîâ òàêæå çàíèìàëñÿ ñàäîâîäñòâîì. Ñà-
ìûìè óäèâèòåëüíûìè â åãî ñàäó áûëè ÿáëîíè. Êðóïíûå, êðåïêèå,
êðàñèâûå � îíè õîðîøî ïåðåíîñèëè óðàëüñêóþ çèìó.
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Àëåêñåé Ìàêñèìîâè÷ Ñêà÷êîâ áûë ïî÷¼òíûì ãðàæäàíèíîì Êà-
ìûøëîâêè çà ñâîè çàñëóãè.
ïðàâà åãî ñåìüå ïîëó÷àòü ïåíñèþ â ðàçìåðå åãî îêëàäà (òàêîå ïðà-
âî íàñòóïàëî ïîñëå 25 ëåò âûñëóãè). Íî ñòàðàíèÿìè ðóêîâîäñòâà
îêðóæíîãî ñóäà, â ïîðÿäêå èñêëþ÷åíèÿ, Ìèíèñòåðñòâîì þñòèöèè
ïåíñèÿ ñåìüå áûëà îïðåäåëåíà â ðàçìåðå 600 ðóáëåé â ãîä (ïî 200
ðóá. íà âäîâó è äî÷åðåé), ñ åäèíîâðåìåííûì ïîñîáèåì â 2 200 ðóá-
ëåé. Òàêèì îáðàçîì äî áîëüøåâèñòñêîãî ïåðåâîðîòà, æèçíü Ìàðèè
Àëåêñååâíû ñ äåòüìè áûëà îáåñïå÷åííîé.

Ðèñ 3. Ðîäèòåëè Á.Í. Ñàäîâñêîãî

Ìàðèÿ âòîðîé ðàç âûøëà çàìóæ çà Ï. Ïëåøêîâà. Âî âðåìåíà
ïðàâëåíèÿ Êîë÷àêà Ïëåøêîâà íàçíà÷èëè íà÷àëüíèêîì óãîëîâíîãî
ðîçûñêà Åêàòåðèíáóðãà. Ðàññëåäîâàíèå îáñòîÿòåëüñòâ ãèáåëè èìïå-
ðàòîðà Íèêîëàÿ II è öàðñêîé ñåìüè âîçãëàâëÿë áûâøèé äî íåãî íà-
÷àëüíèê óãðî íàäâîðíûé ñîâåòíèê À. Êèðñòà. Îí ïðîäîëæàë ðàññëå-
äîâàíèå ïîñëå óâîëüíåíèÿ òàéíî îò ñóäåáíûõ âëàñòåé Åêàòåðèíáóðãà,
à â îôèöèàëüíûõ äîêóìåíòàõ ñëåäñòâèÿ â äàëüíåéøåì ôèãóðèðîâàë
íîâûé íà÷àëüíèê óãðî Ï. Ïëåøêîâ. Â 1919 ãîäó ïîñëå óõîäà Êîë÷à-
êà èç Åêàòåðèíáóðãà Ïëåøêîâ áûë ðàññòðåëÿí áîëüøåâèêàìè. Ïåðåä
êàçíüþ åìó ðàçðåøèëè ïðîñòèòüñÿ ñ ñåìü¼é. Â ïàìÿòè Îëüãè è Ëè-
äèè Àðäàøåâûõ ñöåíà ïðîùàíèÿ îñòàâèëà ãëóáîêèé ñëåä (èì áûëî íà
òîò ìîìåíò 11 è 9 ëåò ñîîòâåòñòâåííî). Ñ ïîòåðåé âòîðîãî ìóæà äëÿ
Ìàðèè Àëåêñååâíû íàñòàëè òðóäíûå âðåìåíà. Íå îáíàðóæåíî ìíîé,
â êàêîì èìåííî ãîäó, îíà ñ äî÷åðüìè ïåðåáðàëàñü â Êàçàíü. Òàì îíà
ñäàâàëà êîìíàòó ñòóäåíòàì. Îäíèì èç ïîñòîÿëüöåâ áûë Ñàäîâñêèé
Íèêîëàé Âåíèàìèíîâè÷ (áóäóùèé îòåö Á.Í.). Ñàäîâñêèå ïðèþòèëè
äåòåé ðîäñòâåííèêîâ (ñêîðåå âñåãî ñî ñòîðîíû Àðäàøåâûõ), ÷üè ìó-
æüÿ óøëè íà ôðîíò (ó Íèêîëàÿ Âåíèàìèíîâè÷à áûëà áðîíü).
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Ëèäèÿ Âëàäèìèðîâíà Ñàäîâñêàÿ (Àðäàøåâà) ìàìà Á.Í. ðîäè-
ëàñü 25 ôåâðàëÿ 1910 ã.. Ïî-âèäèìîìó, îêîí÷èëà Êàçàíñêèé óíèâåð-
ñèòåò, âûøëà çàìóæ çà Ñàäîâñêîãî Í.Â.. Ðàáîòàëà â òîì æå èíñòè-
òóòå â Îðåíáóðãå, ÷òî è Íèêîëàé Âåíèàìèíîâè÷ íà êàôåäðå íåîð-
ãàíè÷åñêîé õèìèè. Ïî ðàññêàçàì Á.Í. äîì, ñàä è âñå õîçÿéñòâåííûå
äåëà äåðæàëèñü íà íåé, à âî âðåìÿ âîéíû â äîìå ðîäèòåëåé áûëî
ìíîãî äåòåé, òàê êàê êðîìå ñâîèõ òð¼õ (Âàäèìà, Íàòàëüè è Áîðèñà)

Íèêîëàé Âåíèàìèíîâè÷ Ñàäîâñêèé îòåö Á.Í. ðîäèëñÿ 7 ÿíâàðÿ
1909 ã. â ñåìüå âåòåðèíàðíîãî âðà÷à â ñåëå Ïîèñåâà Ìåíçèëèíñêîãî
ðàéîíà Òàòàðñêîé ÀÑÑÐ. Â 1931 ã. îí îêîí÷èë Êàçàíñêèé âåòåðèíàð-
íûé èíñòèòóò è â òå÷åíèå ãîäà ðàáîòàë ïðàêòèêóþùèì âåòåðèíàð-
íûì âðà÷îì. Ñ 1932 ã. íà÷àë ðàáîòàòü àññèñòåíòîì êàôåäðû õèðóð-
ãèè Îðåíáóðãñêîãî ñåëüñêîõîçÿéñòâåííîãî èíñòèòóòà. Â 1941 ã. Íè-
êîëàé Âåíèàìèíîâè÷ çàùèòèë êàíäèäàòñêóþ äèññåðòàöèþ íà òåìó
¾Î ïðîâîäíèêîâîé àíàëãåçèè â îáëàñòè ãîëîâû ëîøàäè è êðóïíîãî
ðîãàòîãî ñêîòà¿, à â 1957 ã. â êà÷åñòâå äîêòîðñêîé äèññåðòàöèè çàùè-
òèë íàïèñàííûé èì îðèãèíàëüíûé ó÷åáíèê äëÿ âåòåðèíàðíûõ âóçîâ
¾Îñíîâû òîïîãðàôè÷åñêîé àíàòîìèè ñåëüñêîõîçÿéñòâåííûõ æèâîò-
íûõ è êðàòêèé ïðàêòèêóì ïî îïåðàòèâíîé õèðóðãèè¿, èçäàííûé â
1953 ã.. Áûë íàãðàæäåí îðäåíàìè ¾Òðóäîâîãî Êðàñíîãî Çíàìåíè¿ è
¾Çíàê Ïî÷åòà¿, øåñòüþ ìåäàëÿìè. Ïî÷åòíîå çâàíèå ¾Çàñëóæåííûé
äåÿòåëü íàóêè ÐÔ¿ åìó ïðèñâîåíî â 1972 ã. Óìåð â 1997ã. Â Îðåí-
áóðãå.

Íå ìîãó óòâåðæäàòü, ÷òî âñå èçëîæåííûå ìíîé ôàêòû äîñòîâåð-
íû íà 100 ïðîöåíòîâ. Î áëèçêèõ ðîäñòâåííèêàõ Ëåíèíà â ñîâåòñêîå
âðåìÿ ìíîãîå çàìàë÷èâàëîñü, à íåêîòîðûå ñâåäåíèÿ èñêàæàëèñü ñ
öåëüþ óòâåðäèòü ìíåíèå, ÷òî Ëåíèí ïðîèñõîäèë íå èç çàæèòî÷íî-
ãî êëàññà áóðæóåâ è áûë áëèçîê ê ïðîñòîìó íàðîäó. Ëåò 8 íàçàä ÿ
áåçóñïåøíî ïûòàëàñü íàéòè ñâåäåíèÿ î æèçíè è êàðüåðå Âëàäèìè-
ðà Àðäàøåâà. Â íåêîòîðûõ ïóáëèêàöèÿõ åãî ñóäüáó ïóòàëè ñ ñóäüáîé
áðàòà Âèêòîðà, â äðóãèõ ïðèâîäèëèñü ñîâñåì êðàòêèå ñâåäåíèÿ. Ñåé-
÷àñ â èíòåðíåòå ìîæíî íàéòè áîëåå àäåêâàòíûå ïóáëèêàöèè, òåì íå
ìåíåå äàæå â îäíîé è òîé æå èç íèõ ïîðîé ÿ íàõîäèëà ïðîòèâîðå-
÷èâûå ñâåäåíèÿ. Ïðèõîäèëîñü âûáèðàòü òî, ÷òî ìíå êàçàëîñü áîëåå-
ìåíåå áëèçêèì ê èñòèíå. Â çàêëþ÷åíèè íå ìîãó íå îòìåòèòü, ÷òî
Áîðèñ Íèêîëàåâè÷ óíàñëåäîâàë îò ñâîèõ ïðåäêîâ âñ¼ ñàìîå ëó÷øåå
� óì, òðóäîëþáèå, ïîðÿäî÷íîñòü, äîñòîèíñòâî, ñòàâøèå íåîòúåìëå-
ìûìè ÷åðòàìè åãî õàðàêòåðà, êîòîðûå, êàê íåëüçÿ ëó÷øå, ïîä÷¼ðêè-
âàëèñü åãî îòêðûòûì, ïûòëèâûì, âíèìàòåëüíûì âçãëÿäîì.
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ÎÏÒÈÌÀËÜÍÎÅ ÂÎÑÑÒÀÍÎÂËÅÍÈÅ
ÏÐÎÈÇÂÎÄÍÎÉ ÔÓÍÊÖÈÈ

Å.Â. Àáðàìîâà, Ñ.À. Óíó÷åê (Ìîñêâà, ÍÈÓ ÌÝÈ)
AbramovaYV@mpei.ru, UnuchekSA@mpei.ru

Ðàññìîòðèì ñîáîëåâñêîå ïðîñòðàíñòâî ôóíêöèé

Wn
2 (R) = {x(·) ∈ L2(R) : x(n−1)(·) - ëîêàëüíî àáñîëþòíî

íåïðåðûâíà, x(n)(·) ∈ L2(R)}, n ∈ N.

Ïóñòü n0 = 0, n1, n2, k1, k2 ∈ N, 0 < k1 < n1 < k2 < n2. Äëÿ êàæäîé
ôóíêöèè x(·) ∈ Wn2

2 (R) ïðèáëèæåííî èçâåñòíû ïðîèçâîäíûå n1-ãî è
n2-ãî ïîðÿäêîâ è ñàìà ôóíêöèÿ. Ýòî îçíà÷àåò, ÷òî èçâåñòíû ôóíêöèè
y0(·), y1(·) è y2(·) ∈ L2(R) òàêèå, ÷òî ∥x(nj)(·) − yj(·)∥L2(R) ⩽ δj , j =
0, 1, 2. Ñòàâèòñÿ çàäà÷à îäíîâðåìåííîãî îïòèìàëüíîãî âîññòàíîâëå-
íèÿ ïðîèçâîäíûõ k1-ãî è k2-ãî ïîðÿäêîâ ôóíêöèè x(·) ∈ Wn2

2 (R),
0 < k1 < n1 < k2 < n2.

Ïîä ìåòîäàìè âîññòàíîâëåíèÿ áóäåì ïîíèìàòü âñåâîçìîæíûå
îòîáðàæåíèÿ φ : (L2(R))3 → (L2(R))2. Ïîãðåøíîñòüþ ìåòîäà φ áó-
äåì íàçûâàòü âåëè÷èíó

e(Wn2
2 (R),K, δ, φ)

= sup
x(·)∈Wn2

2 (R), Y ∈(L2(R))3

∥x(nj)(·)−yj(·)∥L2(R)⩽δj , j=0,1,2

√√√√ 2∑
j=1

pj∥x(kj)(·)− φj(Y )(·)∥2L2(R),

ãäå K = (k1, k2), δ = (δ0, δ1, δ2), Y = (y0(·), y1(·), y2(·)), φ =
(φ1(Y ), φ2(Y )). Çäåñü p = (p1, p2), p1, p2 ⩾ 0 � âåñîâûå êîýôôèöè-
åíòû, âàðüèðóÿ êîòîðûå ìîæíî îòäàâàòü ïðåäïî÷òåíèå áîëåå òî÷-
íîìó âîññòàíîâëåíèþ ïðîèçâîäíîé êàêîãî-ëèáî ïîðÿäêà. Ïîãðåøíî-
ñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ íàçûâàåòñÿ âåëè÷èíà

E(Wn2
2 (R),K, δ) = inf

φ : (L2(R))3→(L2(R))2
e(Wn2

2 (R),K, δ, φ).

Ìåòîä φ̂, ìèíèìèçèðóþùèé ýòó ïîãðåøíîñòü, íàçûâàåòñÿ îïòèìàëü-
íûì ìåòîäîì.

Ïîëîæèì λ̂0 = p1

(
δ2
δ0

)2k1/n2
(
1− k1

n2

)
+ p2

(
δ2
δ0

)2k2/n2
(
1− k2

n2

)
,

λ̂2 = p1
k1
n2

(
δ2
δ0

)2(k1/n2−1)

+ p2
k2
n2

(
δ2
δ0

)2(k2/n2−1)

.
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Òåîðåìà 1. Åñëè δ1 ⩾ δ
n1
n2
2 δ

1−n1
n2

0 , ïîãðåøíîñòü îïòèìàëüíîãî

âîññòàíîâëåíèÿ ðàâíà E(Wn2
2 (R),K, δ) =

√
λ̂0δ20 + λ̂2δ22 .

Ìåòîä φ̂ = (φ̂1(Y ), φ̂2(Y )) òàêîé, ÷òî åãî ïðåîáðàçîâàíèå Ôóðüå

Fφ̂s(Y ) = (iξ)ks (1− αs(ξ))Fy0(ξ) + (iξ)ks−n2αs(ξ)Fy2(ξ), s = 1, 2,

ãäå

αs(ξ) =

λ̂2ξ
2n2 + θs(ξ)|ξ|n2

√
λ̂0λ̂2

(
λ̂0 + λ̂2ξ2n2 − p1ξ2k1 − p2ξ2k2

)
λ̂0 + λ̂2ξ2n2

,

θs(·)− ïðîèçâîëüíûå ôóíêöèè èç L∞(R), óäîâëåòâîðÿþùèå óñëîâèþ
p1ξ

2k1θ21(ξ) + p2ξ
2k2θ22(ξ) ⩽ 1, ÿâëÿåòñÿ îïòèìàëüíûì.
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Ðàññìàòðèâàåòñÿ çàäà÷à îïòèìàëüíîãî âîññòàíîâëåíèÿ ðåøåíèÿ
èíòåãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà II ðîäà ñ ÿäðîì K(x, t) = |x−
t| ïî ïðèáëèæåííî çàäàííûì êîýôôèöèåíòàì Ôóðüå ïðàâîé ÷àñòè.
Íàéäåíà ïîãðåøíîñòü îïòèìàëüíîãî âîññòàíîâëåíèÿ, óêàçàíî ñåìåé-
ñòâî îïòèìàëüíûõ ìåòîäîâ.
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Îáîçíà÷èì ÷åðåç T îòðåçîê [−π, π] ñ èäåíòèôèöèðîâàííûìè êîí-
öàìè. Ðàññìîòðèì èíòåãðàëüíîå óðàâíåíèå Ôðåäãîëüìà II ðîäà:

y(x) +

π∫
−π

|x− t| y(t) dt = f(x).

Ìû ñòàâèì çàäà÷ó î íàõîæäåíèè ðåøåíèÿ ýòîãî óðàâíåíèÿ ïî
ïðèáëèæåííî çàäàííîìó êîíå÷íîìó íàáîðó êîýôôèöèåíòîâ Ôóðüå
ôóíêöèè f(·).

Òî÷íàÿ ïîñòàíîâêà çàäà÷è òàêîâà. Ïóñòü r � íàòóðàëüíîå ÷èñëî.
Çàäàäèì êëàññ ôóíêöèé W r

2 (T) = {f(·) ∈ L2(T) : f (r−1)(·) � àáñ.
íåïð. íà T, ∥f (r)(·)∥L2(T) ⩽ 1}. Ïðåäñòàâëåíèå ðÿäîì Ôóðüå ôóíêöèè
f(·) ∈W r

2 (T) èìååò âèä:

f(x) =

+∞∑
n=−∞

cn(f)e
inx, ãäå cn(f) =

1

2π

π∫
−π

f(x)e−inx dx.

Ïóñòü íàì èçâåñòíû ïðèáëèæåííûå çíà÷åíèÿ 2N + 1 êîýôôèöèåí-
òîâ ðÿäà Ôóðüå ôóíêöèè f(·), òî åñòü èçâåñòíû ÷èñëà g−N , . . . , g0,

g1, . . . , gN òàêèå, ÷òî
N∑

n=−N
|cn(f) − gn|2 ⩽ δ2, δ > 0. Ìû õîòèì ïî

ýòîé èíôîðìàöèè âîññòàíîâèòü ðåøåíèå èñõîäíîé çàäà÷è (ïî âîç-
ìîæíîñòè) íàèëó÷øèì îáðàçîì.

Â êà÷åñòâå ìåòîäîâ âîññòàíîâëåíèÿ áóäåì ðàññìàòðèâàòü ïðî-
èçâîëüíûå îòîáðàæåíèÿ m : C2N+1 → L2(T). Âåëè÷èíà

E2N+1(W
r
2 (T), δ) = inf

m
sup

f(·)∈W r
2 (T), g∈C2N+1,

N∑
n=−N

|cn(f)−gn|2⩽δ2

∥y(·)−m(g)(·)∥2

íàçûâàåòñÿ ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ à ìåòîä
m̂, íà êîòîðîì äîñòèãàåòñÿ íèæíÿÿ ãðàíü, íàçûâàåòñÿ îïòèìàëü-
íûì ìåòîäîì âîññòàíîâëåíèÿ. Òî÷íîå ðåøåíèå óðàâíåíèÿ ìîæíî
çàïèñàòü òàê:

y(x) =

∞∑
n=−∞

ηncn(f)e
inx, ãäå ηn =


1

1 + π2
, n = 0,

1, n− ÷åòíîå, n ̸= 0,
n2

n2 − 4
, n− íå÷åòíîå.

39



Ïóñòü µn = η2n, νn = n2r. Îáîçíà÷èì λ = max
n>N

µn
νn

,

M = co{{(νn, µn)}n∈Z+
}+ {(νn, νλ)|ν ⩾ 0},

ãäå coΩ � âûïóêëàÿ îáîëî÷êà ìíîæåñòâà Ω. Îïðåäåëèì ôóíêöèþ
θ(·) íà [0,+∞) òàê: θ(ν) = max{µ|(ν, µ) ∈M}. Çäåñü θ(ν) � âîãíóòàÿ
ëîìàíàÿ. Ïóñòü q � êîëè÷åñòâî òî÷åê èçëîìà ëîìàíîé θ(ν), 0 = ν0 <
νk1 < νk2 < . . . < νkq � èõ àðãóìåíòû.

Òåîðåìà 1. Ïðè âñåõ δ > 0 ïîãðåøíîñòü îïòèìàëüíîãî âîññòà-
íîâëåíèÿ

E2N+1(W
r
2 (T), δ) = δθ1/2(δ−2).

Åñëè δ−2 ïðèíàäëåæèò òîìó ïðîìåæóòêó íà R+, ãäå θ(·) çàäàåòñÿ
óðàâíåíèåì θ(ν) = λ1 + λ2ν, òî äëÿ α0 = η0 è âñåõ αn, 1 ⩽ n ⩽ N ,
óäîâëåòâîðÿþùèõ óñëîâèþ

|ηn − αn|2

n2rλ2
+

|αn|2

λ1
⩽ 1,

ñëåäóþùèå ìåòîäû ÿâëÿþòñÿ îïòèìàëüíûìè:

m̂(g)(ν) =
∑

|n|⩽N

αngne
inν
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∥x∥ = sup
k∈N

|xk|,
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ãäå N�ìíîæåñòâî íàòóðàëüíûõ ÷èñåë. Áàíàõîâ ïðåäåë � åñòåñòâåí-
íîå îáîáùåíèå ïðåäåëà ñ ïðîñòðàíñòâà ñõîäÿùèõñÿ ïîñëåäîâàòåëüíî-
ñòåé c íà ℓ∞. Ñóùåñòâîâàíèå áàíàõîâûõ ïðåäåëîâ áûëî àíîíñèðîâàíî
Ñ. Ìàçóðîì â 1929 ã.; äîêàçàòåëüñòâî ïðèâåäåíî â êíèãå Ñ. Áàíàõà [1].

Ëèíåéíûé ôóíêöèîíàë B ∈ ℓ∗∞ íàçûâàåòñÿ áàíàõîâûì ïðåäåëîì
(ïèøåì: B ∈ B), åñëè:
1. B ⩾ 0, ò. å. Bx ⩾ 0 äëÿ x ⩾ 0 (ïîëîæèòåëüíîñòü),
2. BI = 1, ãäå I = (1, 1, . . .) (íîðìèðîâàííîñòü),
3. B(x1, x2, . . .) = B(x2, x3, . . .) (òðàíñëÿöèîííàÿ èíâàðèàíòíîñòü).

Åñëè ëèíåéíûé îïåðàòîð H òàêîâ, ÷òî BH = B äëÿ íåêîòîðîãî
B ∈ B, òî îïåðàòîð H íàçûâàþò ýáåðëåéíîâûì, à áàíàõîâ ïðåäåë
B íàçûâàþò èíâàðèàíòíûì îòíîñèòåëüíî H è ïèøóò: B ∈ B(H).
Íàïðèìåð, îïåðàòîð σ2(x1, x2, x3, ...) = (x1, x1;x2, x2;x3, x3; ...) ýáåð-
ëåéíîâ. Çà ïîäðîáíîñòÿìè îòñûëàåì ÷èòàòåëÿ ê [2]. Ñóùåñòâóåò ëè
íàñòîëüêî ¾õîðîøèé¿ áàíàõîâ ïðåäåë B0, ÷òî B0 ∈ B(H) äëÿ âñåõ
ýáåðëåéíîâûõ îïåðàòîðîâ H ñðàçó?

Îòâåò îòðèöàòåëåí. Ïóñòü B ∈ B, GBx = (Bx,Bx,Bx, ...). Òî-
ãäà îïåðàòîð GB íàçûâàåòñÿ îïåðàòîðîì, ïîðîæä¼ííûì áàíàõîâûì
ïðåäåëîì B è ÿâëÿåòñÿ ýáåðëåéíîâûì (è, áîëåå òîãî, B-ðåãóëÿðíûì
â ñìûñëå [3], ò.å. äëÿ ëþáîãî B1 ∈ B âåðíî B1GB ∈ B). Îäíàêî
B(GB) = {B}.

Ïðîñòåéøèå ñâîéñòâà ïîðîæä¼ííûõ îïåðàòîðîâ (0 ⩽ λ ⩽ 1):

GB1GB2 = GB2 , GλB1+(1−λ)B2
= λGB1 + (1− λ)GB2 .

Ëèíåéíûé îïåðàòîð G{Bk}, îïðåäåë¼ííûé êàê (G{Bk}x)n = Bnx,
áóäåì íàçûâàòü ìóëüòèïîðîæä¼ííûì ïîñëåäîâàòåëüíîñòüþ áàíàõî-
âûõ ïðåäåëîâ {Bk} ⊂ B. Ìóëüòèïîðîæä¼ííûé îïåðàòîð ÿâëÿåòñÿ Â-
ðåãóëÿðíûì è ïîòîìó ýáåðëåéíîâûì. Ìóëüòèïîðîæä¼ííûé îïåðàòîð
íå èìååò ìàòðè÷íîãî ïðåäñòàâëåíèÿ.

Ïðÿìàÿ çàäà÷à îá èíâàðèàíòíîñòè: ïî çàäàííîìó îïåðàòîðó H
îïèñàòü B(H). Ïîðîæä¼ííûé îïåðàòîð èíòåðåñåí â ïåðâóþ î÷å-
ðåäü òåì, ÷òî êîíñòðóêòèâíî ðåøàåò îáðàòíóþ çàäà÷ó îá èíâàðè-
àíòíîñòè: ïîçâîëÿåò äëÿ ëþáîãî áàíàõîâà ïðåäåëà ïîñòðîèòü ëè-
íåéíûé îïåðàòîð, îòíîñèòåëüíî êîòîðîãî ýòîò áàíàõîâ ïðåäåë èí-
âàðèàíòåí. Ìóëüòèïîðîæä¼ííûå (è â ÷àñòíîñòè ïîðîæä¼ííûå) îïå-
ðàòîðû ïîçâîëÿþò ñòðîèòü èíòåðåñíûå êîíñòðóêöèè, èëëþñòðèðó-
þùèå ñâîéñòâà áàíàõîâûõ ïðåäåëîâ. Íàïðèìåð, ïóñòü B ∈ B(σ2),
HBx = (x1, Bx, x2, Bx, x3, Bx, ...). Òîãäà B ∈ B(HB).
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ÎÁ ÎÄÍÎÌ ÏÎÄÕÎÄÅ ÌÎÄÅËÈÐÎÂÀÍÈß
ÂÎËÀÒÈËÜÍÎÑÒÈ

ß.Þ. Àãðàíîâè÷ (Âîðîíåæ, ÂÃÓ)
Agranovich.yan@gmail.com

Ðàññìàòðèâàåòñÿ ìîäåëü âîëàòèëüíîñòè, îñíîâàííàÿ íà ðåàëè-
çîâàííûõ ïîêàçàòåëÿõ, ïîñòðîåííûõ ñ èñïîëüçîâàíèåì âíóòðèäíåâ-
íûõ è âûñîêî÷àñòîòíûõ áèðæåâûõ äàííûõ (HEAVY - High-frequency-
based Volatility models). Äàííûé ñïîñîá ìîäåëèðîâàíèÿ âîëàòèëüíî-
ñòè, áûë ïðåäëîæåí â ðàáîòå (Shephard, Sheppard, 2010). Îöåíêè âà-
ðèàöèè öåí âêëþ÷àþò ðåàëèçîâàííóþ äèñïåðñèþ è ðåàëèçîâàííîå
ÿäðî. Òàêàÿ ìîäåëü ïîçâîëÿåò ñèíõðîíèçèðîâàòü îöåíêè âîëîòèëü-
íîñòè ñ èçìåíåíèÿìè ñàìîé âîëàòèëüíîñòè.

Ïóñòü r1, r2, ..., rT � ïîñëåäîâàòåëüíîñòü äíåâíîé äîõîäíîñòè ôè-
íàíñîâûõ àêòèâîâ è ñîîòâåòñòâóþùàÿ ïîñëåäîâàòåëüíîñòü èõ äíåâ-
íûõ ðåàëèçîâàíûõ îöåíîê: RM1, RM2, ..., RMT .

Â êà÷åñòâå: RMt áóäåì èñïîëüçîâàòü ðåàëèçîâàííóþ ÿäåðíóþ
îöåíêó.

RMt =

H∑
h=−H

K(
h

H + h
)γh, γh =

n∑
j=|h|+1

pj,tpj−|h|,t

ñ âåñîâîé ôóíêöèåé Ïàðçåíà

K(b) =


1− 6b2 + 6|b|3, |b| ⩽ 1

2

2(1− |b|3), 1
2 < |b| ⩽ 1

0, |b| > 1,

© Àãðàíîâè÷ ß.Þ., 2025
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pj,t � âíóòðèäíåâíûå ïðèðàùåíèÿ öåí, âûáîð ïàðàìåòðà H îáåñïå-
÷èâàåò àñèìïòîòè÷åñêóþ íåñìåù¼ííîñòü è ñîñòîÿòåëüíîñòü îöåíêè.
Òàêàÿ îöåíêà ÿâëÿåòñÿ ðîáàñòíîé ê øóìó â âûñîêî÷àñòîòíûõ äàí-
íûõ, à òàê æå ÿâëÿåòñÿ ãàðàíòèðîâàííî íåîòðèöàòåëüíîé.

Îáîçíà÷èì RMt = xt è çàïèøåì ìîäåëü â âèäå:(
r2t
xt

)
=

(
µrt εt
µxt ηt

)
,

ãäå E
{(

εt
ηt

)
Γt−1

}
=

(
1
1

)
, µt � óñëîâíûå ìàòåìàòè÷åñêèå îæèäà-

íèÿ.
Òåïåðü çàïèøåì äâóìåðíîå óñëîâíîå ìàòåìàòè÷åñêîå îæèäàíèå:(

µrt
µxt

)
=

(
ωr
ωx

)
+

(
αr 0
0 αx

)
× xt−1 +

(
βr 0
0 βx

)
×
(
µrt−1

µxt−1

)
=

=

(
ωr
ωx

)
+

(
αr 0
0 αx

)
× (xt−1 − µxt−1) +

(
βr αr
0 βx + αx

)
×
(
µrt−1

µxt−1

)
,

ãäå ìàòðèöà
(
βr αr
0 βx + αx

)
óïðàâëÿåò ïàìÿòüþ äâóìåðíîãî ñëó÷àé-

íîãî ïðîöåññà, ïðè ýòîì ýëåìåíò βr ÿâëÿåòñÿ åãî ìîìåíòóìîì, à
βx+αx îòâå÷àåò çà ïåðñèñòåíòíîñòü âûáðàííîé ðåàëèçîâàííîé îöåí-
êè.

Äëÿ ó÷¼òà àñèììåòðèè ââåä¼ì â êàæäóþ ìîäåëü ïî äâà äîïîëíè-
òåëüíûõ ñëàãàåìûõ. Â ðåçóëüòàòå ïîëó÷èì:

µrt = ωr + αrxt−1 + βrµ
r
t−1 + φrxt−1it−1 + δrrt−1,

µxt = ωx + αxxt−1 + βxµ
x
t−1 + φxxt−1it−1 + δxrt−1

Òàáëèöà 1: Îöåíêè êîýôôèöèåíòîâ HEAVY ìîäåëåé äàííûõ

ìîäåëü ω α β φ δ
Heavy 4,99E-06 0,192216 0,727415 0,223429 -0,001608
s.e. 2,31E-06 0,068308 0,060230 0,088873 0,000323

Heavy-r 4,80Å-06 0,238411 0,590563 0,306945 -0,000575
s.e. 9,57Å-07 0,034535 0,039864 0,053564 0,000131

Â õîäå èññëåäîâàíèÿ èñïîëüçîâàíû äàííûå ïî èíäåêñàì SP500.
Ðàñ÷¼ò ðåàëèçîâàííûõ îöåíîê óñëîâíîé äèñïåðñèè ïðîèçâîäèëñÿ ïî
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öåíàì çàêðûòèÿ ïÿòèìèíóòíûõ èíòåðâàëîâ îòäåëüíî äëÿ êàæäîãî
äíÿ, îñòàëüíûå ðàñ÷¼òû ïðîèçâîäèëèñü ïî öåíàì çàêðûòèÿ äíåâíîãî
èíòåðâàëà.

Â òàáëèöå ïðåäñòàâëåíû îöåíêè íåèçâåñòíûõ êîýôôèöèåíòîâ,
ðàññìîòðåííûõ ìîäåëåé

Ñëåäóåò îòìåòèòü, ÷òî âñå îöåíêè êîýôôèöèåíòîâ ìîäåëè ÿâ-
ëÿþòñÿ ñòàòèñòè÷åñêè çíà÷èìûìè (íà óðîâíå α = 0, 05) è ìîäåëè
âïîëíå ìîãóò áûòü èñïîëüçîâàíû äëÿ ïîñòðîåíèÿ ïðîãíîçà âîëàòèëü-
íîñòè.

ÎÁ ÎÖÅÍÊÀÕ ËÈÍÅÉÍÛÕ ÏÎÏÅÐÅ×ÍÈÊÎÂ
ÎÁÎÁÙÅÍÍÎÃÎ ÊËÀÑÑÀ ÍÈÊÎËÜÑÊÎÃÎ�ÁÅÑÎÂÀ

Â ÏÐÎÑÒÐÀÍÑÒÂÅ ËÎÐÅÍÖÀ�ÇÈÃÌÓÍÄÀ1

Ã. Àêèøåâ (Àñòàíà, ÊÔ ÌÃÓ)
akishev_g@mail.ru

Ïóñòü p̄ = (p1, . . . pm), τ̄ = (τ1, . . . τm), ᾱ = (α1, . . . αm) and
pj , τj ∈ (1,∞), αj ∈ R, j = 1, ...,m. ×åðåç L∗

p,α,τ (Tm) îáîçíà÷èì
àíèçîòðîïíîå ïðîñòðàíñòâî Ëîðåíöà�Çèãìóíäà � âñåõ èçìåðèìûõ
ïî Ëåáåãó ôóíêöèé m ïåðåìåííûõ f èìåþùèõ ïåðèîä 2π ïî êàæäîé
ïåðåìåííîé è äëÿ êîòîðûõ âåëè÷èíà

∥f∥∗p̄,ᾱ,τ̄ :=
[∫ 1

0

[
. . .
[∫ 1

0

(f∗1,...,∗m(t1, ..., tm))
τ1

×
( m∏
j=1

(
1 + | log2 tj |

)αj
t

1
pj

− 1
τj

j

)τ1
dt1

] τ2
τ1
. . .
] τm

τm−1
dtm

] 1
τm

êîíå÷íà, ãäå f∗1,...,∗m(t1, ..., tm) � íåâîçðàñòàþùàÿ ïåðåñòàíîâêà ôó-
íêöèè |f(2πx̄)| ïî êàæäîé ïåðåìåííîé xj ∈ [0, 1) ïðè ôèêñèðîâàí-
íûõ îñòàëüíûõ ïåðåìåííûõ (ñì. [1]). an(f)�êîýôôèöèåíòû Ôóðüå

ôóíêöèè f ∈ L1(Tm) ïî ñèñòåìå {ei⟨n,x⟩} è ⟨y, x⟩ =
m∑
j=1

yjxj , ρ(s) :={
k = (k1, ..., km) ∈ Zm : 2sj−1 ⩽ |kj | < 2sj , j = 1, ...,m

}
, δs (f, x) :=∑

n∈ρ(s)
an (f) e

i⟨n,x⟩.

Ïóñòü rj > 0, bj ∈ R, j = 1, . . . ,m è äàíà ôóíêöèÿ Ωr(t) :=∏m
j=1 t

rj
j

(
log(2/tj)

)bj , tj ∈ (0, 1], Ωr(t) = 0, åñëè t1 · ... · tm = 0, r =

1 Ðàáîòà âûïîëíåíà â ðàìêàõ ãðàíòîâîãî ôèíàíñèðîâàíèÿ Êîìèòåòà íàóêè
Ìèíèñòåðñòâà íàóêè è âûñøåãî îáðàçîâàíèÿ ÐÊ (Ïðîåêò AP19677486).
© Àêèøåâ Ã., 2025
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(r1, ..., rm). Ðàññìàòðèâàåòñÿ îáîáùåííûé êëàññ Íèêîëüñêîãî�Áåñîâà

SΩr

p,α,τ,θ
B =

{
f ∈ L̊∗

p,α,τ (Tm) :
∥∥∥{Ω−1

r (2−s)∥δs(f)∥∗p,α,τ
}
s∈Zm

+

∥∥∥
lθ

⩽ 1
}
,

ãäå Ωr(2
−s) = Ωr(2

−s1 , ..., 2−sm), θ = (θ1, ..., θm), 1 ⩽ θj ⩽ +∞.
Îöåíêè ëèíåéíûõ ïîïåðå÷íèêîâ êëàññîâ Ñîáîëåâà è Íèêîëüñêî-

ãî�Áåñîâà â ðàçëè÷íûõ ïðîñòðàíñòâàõ óñòàíîâëåíû ìíîãèìè àâòî-
ðàìè (íàïðèìåð ñì. áèáëèîãðàôèþ â [2] è [3], [4]).

Â äîêëàäå áóäóò ïðåäñòàâëåíû îöåíêè ëèíåéíîãî ïîïåðå÷íèêà
λM
(
SΩr

p̄,ᾱ,τ̄(1),θ̄
B, L∗

q̄,β̄,τ̄(2)

)
, q = (q1, . . . , qm), β = (β1, . . . , βm), b =

(b1, ..., bm), τ (i) = (τ
(i)
1 , . . . , τ

(i)
m ), i = 1, 2. Â ÷àñòíîñòè,

Òåîðåìà 1. Ïóñòü 1 < pj ⩽ 2 < qj < ∞, p
′

j = pj/(pj − 1),

maxj=1,...,m qj < minj=1,...,m p
′

j, 1 < τ
(i)
j < ∞, i = 1, 2, αj , βj , bj ∈ R,

j = 1, ...,m è 0 < rj0 − 1
pj0

= min{rj − 1
pj

: j = 1, ...,m}, A = {j =

1, ...,m : rj − 1
pj

= rj0 − 1
pj0
, j = 1, ...,m}, j1 = min{j ∈ A}. Åñëè

1 ⩽ θj ⩽ 2 äëÿ j = 1, ...,m, òî

λM
(
SΩr

p̄,ᾱ,τ̄(1),θ̄
B, L∗

q̄,β̄,τ̄(2)

)
⩽ C

(logM)
(|A|−1)(rj0+

1
2−

1
pj0

)+
∑
j∈A

(bj−αj)

M
rj0+

1
2−

1
pj0

ïðè bj − αj ⩾ 0, j ∈ A è bj − αj ∈ R, j /∈ A.
Â ñëó÷àå b = 0 äëÿ êëàññà Sr

p,α,τ(1),θ
B ìàëîé ãëàäêîñòè â ïðî-

ñòðàíñòâå Ëåáåãà Lq(Tm) ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà 2. Ïóñòü 1 < pj ⩽ 2 < q ⩽ p

′

j, j = 1, ...,m è 0 <

rj0 + 1
q − 1

pj0
= min{rj + 1

q − 1
pj

: j = 1, ...,m}, A = {j = 1, ...,m :

rj +
1
q −

1
pj

= rj0 +
1
q −

1
pj0

}. Åñëè 1
pj0

− 1
q < rj0 <

1
pj0

, òî

λM
(
S r̄p̄,ᾱ,τ̄(1),θ̄B,Lq

)
⩽ C

(
(logM)(|A|−1)

M

) q
2 (rj0+

1
q−

1
pj0

)

×(logM)
−

∑
j∈A

αj+
∑

j∈A\{j1}
( 1
2−

1
θj

)+

, ãäå a+ = max{a, 0}.
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ÎÁ ÀÍÀËÎÃÅ ÒÅÎÐÅÌÛ ÑÐÀÂÍÅÍÈß
ÄËß ÓÐÀÂÍÅÍÈß Ñ ¾ÐÀÑÙÅÏËÅÍÍÛÌÈ¿ ÌÅÐÀÌÈ

È.À.Õ. Àë-Ãàðàéõîëè (Âîðîíåæ, ÂÃÓ)
evan.abd3@gmail.com

Â ðàáîòå äîêàçûâàåòñÿ àíàëîã òåîðåìû Øòóðìà äëÿ óðàâíåíèé

− d

d[σ]3

(
p1

du

d[µ]2

)
+ u

dQ1

d[σ]3
= 0, (1)

− d

d[σ]3

(
p2

du

d[µ]2

)
+ u

dQ2

d[σ]3
= 0. (2)

Óðàâíåíèÿ â òî÷êàõ ðàçðûâà ìåð ïîíèìàþòñÿ ñëåäóþùèì îáðàçîì:

−
[(
piu

′
[µ]2

)
(τ ξ1 )−

(
piu

′
[µ]2

)
(ξ − 0)

]
+

+ u(ξ − 0)
[
Qi(τ

ξ
1 )−Qi(ξ − 0)

]
= 0,

−
[(
piu

′
[µ]2

)
(τ ξ2 )−

(
piu

′
[µ]2

)
(τ ξ1 )

]
+

+ u(ξ)
[
Qi(τ

ξ
2 )−Qi(τ

ξ
1 )
]
= 0,

−
[(
piu

′
[µ]2

)
(ξ + 0)−

(
piu

′
[µ]2

)
(τ ξ2 )

]
+

+ u(ξ + 0)
[
Qi(ξ + 0)−Qi(τ

ξ
2 )
]
= 0,

(i = 1, 2).

© Àë-Ãàðàéõîëè È.À.Õ., 2025
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Ðåøåíèå óðàâíåíèé ìû èùåì â êëàññå E: [µ]�àáñîëþòíî íåïðå-
ðûâíûõ íà [0; ℓ] ôóíêöèé, ïåðâàÿ [µ]�ïðîèçâîäíàÿ êîòîðûõ [σ]�àá-
ñîëþòíî íåïðåðûâíà íà [0; ℓ].

Íàì óäîáíåé ñ÷èòàòü, ÷òî µ(x) îïðåäåëåíà íà ìíîæåñòâå [0; ℓ]µ
â êîòîðîì êàæäàÿ òî÷êà ξ ∈ S(µ) çàìåíåíà íà òðîéêó ñîáñòâåííûõ
ýëåìåíòîâ. Òàê êàê äëÿ âîññòàíîâëåíèÿ ôóíêöèè (ñ òî÷íîñòüþ äî ïî-
ñòîÿííîé êîíñòàíòû) ïîñëå äèôôåðåíöèðîâàíèÿ, íåîáõîäèìî ¾ïîì-
íèòü¿ îáà ñêà÷êà ôóíêöèè u(x), êîòîðûå âîîáùå ãîâîðÿ ðàçëè÷íû.
Ïîýòîìó, ïðîèçâîäíàÿ ôóíêöèè u(x) ïî ìåðå µ(x), êîòîðóþ ìû îáî-
çíà÷èì ÷åðåç du

d[µ]2
, ÷òîáû ïîä÷åðêíóòü, ÷òî îíà â òî÷êå ξ ïðèíèìà-

åò äâà óïîðÿäî÷åííûõ çíà÷åíèÿ, îïðåäåëåíà íà ìíîæåñòâå [0; ℓ]
(2)

µ â
êîòîðîì êàæäàÿ òî÷êà ξ ∈ S(µ) çàìåíåíà íà ïàðó ñîáñòâåííûõ çíà-
÷åíèé (ïîìèìî ïðåäåëüíûõ ξ ± 0). Îáîçíà÷àòü ìû áóäåì ÷åðåç τ ξ1 è
τ ξ2 .

Òî÷êó s, ïðèíàäëåæàùóþ ìíîæåñòâó [0; ℓ]µ, ìû íàçîâåì íóëåâîé
òî÷êîé ðåøåíèÿ u(x) îäíîðîäíîãî óðàâíåíèÿ (1), åñëè u(s) = 0. Àíà-
ëîãè÷íî îïðåäåëÿåòñÿ íóëåâàÿ òî÷êà îäíîðîäíîãî óðàâíåíèÿ (2).

Òî÷êó τ ξ1 íàçîâåì íóëåâûì ìåñòîì ðåøåíèÿ u(x) îäíîðîäíîãî
óðàâíåíèÿ (1) (èëè (2)), åñëè u(ξ − 0) · u(ξ) < 0; òî÷êó τ ξ2 íàçîâåì
íóëåâûì ìåñòîì ðåøåíèÿ u(x) îäíîðîäíîãî óðàâíåíèÿ (1) (èëè (2)),
åñëè u(ξ) · u(ξ + 0) < 0.

Íóëåâûå òî÷êè è íóëåâûå ìåñòà ìû áóäåì íàçûâàòü íóëÿìè ðå-
øåíèÿ.

Áóäåì ãîâîðèòü, ÷òî íóëåâàÿ òî÷êà ξ1 ôóíêöèè u1(x) ëåæèò ëå-
âåå íóëåâîé òî÷êè ξ2 ôóíêöèè u2(x), åñëè ëèáî ξ1 < ξ2 â îáû÷íîì
ñìûñëå, ëèáî ξ1 = ξ2 = ξ ∈ S(µ) è∣∣∣∣ u1(ξ − 0) u1(ξ)

u2(ξ − 0) u2(ξ)

∣∣∣∣
(u1(ξ)− u1(ξ − 0)) · (u2(ξ)− u2(ξ − 0))

> 0,

åñëè òî÷êà τ ξ1 ÿâëÿåòñÿ íóëåâîé, èëè∣∣∣∣ u1(ξ) u1(ξ + 0)
u2(ξ) u2(ξ + 0)

∣∣∣∣
(u1(ξ + 0)− u1(ξ)) · (u2(ξ + 0)− u2(ξ))

> 0,

åñëè íóëåâîé ÿâëÿåòñÿ òî÷êà τ ξ2 .
Ñïðàâåäëèâà òåîðåìà.
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Òåîðåìà. Ïóñòü pi(x) � [σ]�àáñîëþòíî íåïðåðûâíû íà [0; ℓ]
(2)

µ , è

äëÿ x, ïðèíàäëåæàùèõ ìíîæåñòâó [0; ℓ]
(2)

µ ñïðàâåäëèâû íåðàâåí-

ñòâà p1(x) ⩾ p2(x) > 0 è
dQ1

d[σ]3
⩾

dQ2

d[σ]3
. Ïóñòü u(x) � íåòðèâè-

àëüíîå ðåøåíèå (1)) è ξ1 < ξ2 � åãî íóëåâûå òî÷êè â [0; ℓ]. Òîãäà
ëþáîå íåòðèâèàëüíîå ðåøåíèå v(x) óðàâíåíèÿ (2)) ìåíÿåò â (ξ1, ξ2)
çíàê.

Â ðàáîòå èñïîëüçóåòñÿ ïîäõîä, ïðåäëîæåííûé Þ.Â. Ïîêîðíûì,
ê ïîòî÷å÷íîé òðàêòîâêå óðàâíåíèÿ, êîòîðûé áûë ïðèìåíåí èì è åãî
ó÷åíèêàìè ê èññëåäîâàíèþ ðåøåíèé óðàâíåíèé âòîðîãî ïîðÿäêà [1]�
[3].
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áðîâ // Óñïåõè ìàòåìàòè÷åñêèõ íàóê. � 2008. � Ò. 63, � 1 (379). �
Ñ. 98�141.

2. Äèôôåðåíöèàëüíûå óðàâíåíèÿ íà ãåîìåòðè÷åñêèõ ãðàôàõ /
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ìàòëèò, 2004. � 272 ñ.

3. Îñöèëëÿöèîííûé ìåòîä Øòóðìà â ñïåêòðàëüíûõ çàäà÷ /
Þ. Â. Ïîêîðíûé, Æ. È. Áàõòèíà, Ì. Á. Çâåðåâà, Ñ. À. Øàáðîâ. �
Ì. : Ôèçìàòëèò, 2009. � 192 ñ.

ÀÍÀËÈÒÈ×ÅÑÊÈÅ ÐÅØÅÍÈß ÑÈÍÃÓËßÐÍÎÃÎ
ÓÐÀÂÍÅÍÈß ÒÅÏËÎÏÐÎÂÎÄÍÎÑÒÈ

Õ.Ô. Àëçàìèëè, Ý.Ë. Øèøêèíà
(Áåëãîðîä, ÁåëÃó è Âîðîíåæ, ÂÃÓ)

alzamili.khitam@mail.ru

Áóäåì èìåòü äåëî ñ n-ìåðíûì åâêëèäîâûì ïðîñòðàíñòâîì Rn,
îòêðûòûì îðòàíòîì

Rn+={x=(x1, . . . , xn) ∈ Rn, x1>0, . . . , xn>0}.

Èçó÷àåòñÿ ïðîáëåìà àíàëèòè÷íîñòè ïî âðåìåíè ðåøåíèÿ u=u(x, t),
x ∈ Rn+, t > 0 íà÷àëüíîé çàäà÷è äëÿ ñèíãóëÿðíîãî óðàâíåíèÿ òåïëî-
ïðîâîäíîñòè

ut = ∆γu, u = u(x, t),

© Àëçàìèëè Õ.Ô., Øèøêèíà Ý.Ë., 2025
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ãäå

∆γu =
∂2u

∂x21
+
γ1
x1

∂u

∂x1
+ ...+

∂2u

∂x2n
+
γn
xn

∂u

∂xn
ñ âåùåñòâåííûìè àíàëèòè÷åñêèìè íà÷àëüíûìè äàííûìè
u(x, 0)=φ(x). Ôóíêöèÿ

Eγ(x, t) =
1

2|γ|
n∏
i=1

Γ
(
γi+1
2

)
{

t−
n+|γ|

2 e−
|x|2
4t åñëè t > 0;

0 åñëè t ⩽ 0.

ÿâëÿåòñÿ ôóíäàìåíòàëüíûì ðåøåíèåì ìíîãîìåðíîãî ñèíãóëÿðíîãî
óðàâíåíèÿ òåïëîïðîâîäíîñòè ut = ∆γu. Åñëè x=(x1, ..., xn) ∈ Cn è
t∈C1\{0}, òî Eγ(x, t) àíàëèòè÷íà ïî êàæäîé ïåðåìåííîé x1, ..., xn

äëÿ êàæäîé âåòâè t
n+|γ|

2 , åñëè (n+|γ|) íå÷åòíî, òî àíàëèòè÷íà ïî t.
Ìíîãîìåðíûé îáîáùåííûé ñäâèã îïðåäåëÿåòñÿ ðàâåíñòâîì

(γTy
xf)(x) =

γTy
xf(x) = ( γ1T y1x1

... γnT ynxn
f)(x),

ãäå êàæäûé îäíîìåðíûé îáîáùåííûé ñäâèã γiT yixi
äëÿ i=1, ..., n èìååò

âèä

( γiT yixi
f)(x)=

Γ
(
γi+1
2

)
√
πΓ
(
γi
2

)×
×

π∫
0

f(x1, ..., xi−1,
√
x2i+τ

2
i −2xiyi cosφi, xi+1, ..., xn) sinγi−1 φi dφi.

Ïðîñòðàíñòâî Lγp(Rn+), 1 ⩽ p < ∞ ñîñòîèò èç èçìåðèìûõ íà Ω+

ôóíêöèé, ÷åòíûõ ïî êàæäîé èç ñâîèõ ïåðåìåííûõ xi, i = 1, ..., n
òàêèõ, ÷òî åñëè f∈Lγp(Rn+), òî∫

Ω+

|f(x)|pxγdx <∞, xγ =

n∏
i=1

xγii .

Ïóñòü Cev,b(R+) � ïðîñòðàíñòâî âñåõ îãðàíè÷åííûõ íåïðåðûâ-
íûõ ôóíêöèé, íåïðåðûâíî ïðîäîëæàåìûõ íà îòðèöàòåëüíûå çíà÷å-
íèé ïåðåìåííûõ x1, ..., xn êàê ÷åòíàÿ ôóíêöèÿ ïî êàæäîé ïåðåìåí-
íîé x1, ..., xn íà Ω+, òîãäà ïðè φ ∈ Cev,b(R+), ôóíêöèÿ

u(x, t) = (Eγ(x, t− t0) ∗ φ)γ(x) =
∞∫
0

(γT yxEγ(x, t− t0))φ(y)y
γdy
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óäîâëåòâîðÿåò ñèíãóëÿðíîìó óðàâíåíèþ òåïëîïðîâîäíîñòè ut = ∆γu
è íà÷àëüíûì äàííûì u(x, t0) = φ(x). Äëÿ ýòîãî ýòî äîñòàòî÷íî, ÷òî-
áû φ(x)e−α|x|

2 ∈ Lγ1(Rn+) äëÿ íåêîòîðîãî α > 0 è 0 < t − t0 <
1
4α .

Äåéñòâèòåëüíî, îáîáùåííàÿ ñâåðòêà ñâåðòêà áóäåò ñóùåñòâîâàòü äëÿ
êîìïëåêñíûõ x è t ïðè óñëîâèè, ÷òî 0 < Re (t− t0) <

1
4α .

Â îáëàñòè Ω+ ⊂ Rn+ ôóíêöèÿ u ∈ C∞
ev èìååò ïîðÿäîê Â-

ãàðìîíè÷íîñòè ρ è òèï Â-ãàðìîíè÷íîñòè τ , åñëè äëÿ êàæäîãî
êîìïàêòíîãî K ⊂ Ω+ è êàæäîãî ε > 0 ñóùåñòâóåò êîíñòàíòà CγK,ε
òàêàÿ, ÷òî

lim sup
p→∞

(
||∆p

γ ||γ,K
((2p)!)1−

1
ρ

) 1
2p

⩽ τ.

Ïóñòü u(x, t) � àíàëèòè÷åñêîå ðåøåíèå ñèíãóëÿðíîãî óðàâíåíèÿ
òåïëîïðîâîäíîñòè ut = ∆γu â îáëàñòè D ⊂ Rn+×R (èëè Cn+×C). Ïðè
ôèêñèðîâàííîì t0 ôóíêöèÿ u(x, t0) íàçûâàåòñÿ ïðîñòðàíñòâåííûì
ñå÷åíèåì ôóíêöèè u â òî÷êå t0.

Òåîðåìà 1. Äëÿ òîãî ÷òîáû ôóíêöèÿ φ(x) áûëà ïðîñòðàíñòâåí-
íûì ñå÷åíèåì àíàëèòè÷åñêîãî ðåøåíèÿ çàäà÷è äëÿ ñèíãóëÿðíîãî
óðàâíåíèÿ òåïëîïðîâîäíîñòè u = u(x, t) íåîáõîäèìî è äîñòàòî÷-
íî, ÷òîáû φ(x) èìåëà ïîðÿäîê Â-ãàðìîíè÷íîñòè ρ = 2 è òèï Â-
ãàðìîíè÷íîñòè τ ⩽ ∞.

ÑÓÙÅÑÒÂÎÂÀÍÈÅ, ÅÄÈÍÑÒÂÅÍÍÎÑÒÜ
È ÏÎÂÛØÅÍÍÀß ÑÓÌÌÈÐÓÅÌÎÑÒÜ ÃÐÀÄÈÅÍÒÀ
ÐÅØÅÍÈß ÇÀÄÀ×È ÇÀÐÅÌÁÛ ÄËß ÓÐÀÂÍÅÍÈß

ÏÓÀÑÑÎÍÀ ÑÎ ÑÍÎÑÎÌ1

Þ.À. Àëõóòîâ, Ã.À. ×å÷êèí
(Âëàäèìèð, ÂëÃÓ, Ìîñêâà, ÌÃÓ)

yurij-alkhutov@yandex.ru chechkin@mech.math.msu.su

Â îãðàíè÷åííîé ñòðîãî ëèïøèöåâîé îáëàñòè D ⊂ Rn, n ⩾ 2, ââå-
äåì ñîáîëåâñêîå ïðîñòðàíñòâî ôóíêöèé W 1

2 (D,F ), ãäå F ⊂ ∂D �
çàìêíóòîå ìíîæåñòâî, êàê ïîïîëíåíèå áåñêîíå÷íî äèôôåðåíöèðóå-
ìûõ â çàìûêàíèè D ôóíêöèé, ðàâíûõ íóëþ â îêðåñòíîñòè F , ïî
íîðìå

∥ u ∥W 1
2 (D,F )=

( ∫
D

v2 dx+

∫
D

|∇v|2 dx
)1/2

.

1 Ïåðâàÿ ÷àñòü ðàáîòû âûïîëíåíà ïåðâûì àâòîðîì â ðàìêàõ ãîñóäàðñòâåí-
íîãî çàäàíèÿ ÂëÃÓ (ïðîåêò FZUN-2023-0004), à ðåçóëüòàòû âòîðîãî àâòîðà âî
âòîðîé ÷àñòè ðàáîòû ïîääåðæàíû ãðàíòîì ÐÍÔ (ïðîåêò � 20-11-20272).
© Àëõóòîâ Þ.À., ×å÷êèí Ã.À., 2025
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Ïîëàãàÿ G = ∂D \ F , ðàññìîòðèì çàäà÷ó Çàðåìáû

Lu := ∆u+ b · ∇u = l â D, u = 0 íà F,
∂u

∂ν
= 0 íà G, (1)

ãäå ∂u
∂ν îçíà÷àåò âíåøíþþ íîðìàëüíóþ ïðîèçâîäíóþ ôóíêöèè u,

âåêòîð-ôóíêöèÿ b(x) = (b1(x), . . . , bn(x)) óäîâëåòâîðÿåò óñëîâèþ

bj(x) ∈ Lp(D), p > 2 ïðè n = 2, p ⩾ n ïðè n > 2, (2)

à l ÿâëÿåòñÿ ëèíåéíûì ôóíêöèîíàëîì â ïðîñòðàíñòâå, ñîïðÿæåííîì
ê W 1

2 (D,F ).
Ïîä ðåøåíèåì çàäà÷è (1) ïîíèìàåòñÿ ôóíêöèÿ u ∈W 1

2 (D,F ), äëÿ
êîòîðîé âûïîëíåíî èíòåãðàëüíîå òîæäåñòâî∫

D

∇u · ∇φdx−
∫
D

(b · ∇u)φdx = −l(φ)

äëÿ âñåõ ïðîáíûõ ôóíêöèé φ ∈W 1
2 (D,F ).

Èñïîëüçóÿ òåîðåìó Ðèññà î ïðåäñòàâëåíèè ôóíêöèîíàëà â ãèëü-
áåðòîâûõ ïðîñòðàíñòâàõ, íåòðóäíî ïîêàçàòü, ÷òî ôóíêöèîíàë l ìîæ-
íî çàïèñàòü â âèäå

l(φ) = −
n∑
i=1

∫
D

fiφxi
dx,

ãäå fi ∈ L2(D). Ïîýòîìó â ñèëó èíòåãðàëüíîãî òîæäåñòâà äëÿ êàæ-
äîãî êîíêðåòíîãî ôóíêöèîíàëà ðåøåíèå çàäà÷è (1) ìîæíî ïîíèìàòü
â ñìûñëå èíòåãðàëüíîãî ñîîòíîøåíèÿ∫

D

∇u · ∇φdx−
∫
D

(b · ∇u)φdx =

∫
D

f · ∇φdx

äëÿ âñåõ ïðîáíûõ ôóíêöèé φ ∈ W 1
2 (D,F ), â êîòîðîì êîìïîíåíòû

âåêòîð-ôóíêöèè f = (f1, . . . , fn) ÿâëÿþòñÿ ôóíêöèÿìè èç L2(D).
Êëþ÷åâóþ ðîëü â ðàáîòå èãðàåò óñëîâèå íà ñòðóêòóðó ìíîæå-

ñòâà íîñèòåëÿ äàííûõ Äèðèõëå F . Äëÿ ôîðìóëèðîâêè ðåçóëüòàòà
íàì ïîòðåáóåòñÿ ïîíÿòèå ¼ìêîñòè. Îïðåäåëèì äëÿ êîìïàêòà K ⊂ Rn
¼ìêîñòü Cq(K), êîòîðàÿ ïðè 1 < q < n îïðåäåëÿåòñÿ ðàâåíñòâîì

Cq(K) = inf

{ ∫
Rn

|∇φ|q dx : φ ∈ C∞
0 (Rn), φ ⩾ 1 íà K

}
.
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Íèæå Bx0
r îçíà÷àåò îòêðûòûé n-ìåðíûé øàð ðàäèóñà r ñ öåíòðîì â

òî÷êå x0 è ïîëàãàåòñÿ q =
p

p− 1
ïðè n = 2, p > 2 è q =

2n

n+ 2
ïðè

n > 2, p ⩾ n. Ïðåäïîëàãàåòñÿ âûïîëíåíèå ñëåäóþùåãî óñëîâèÿ: äëÿ
ïðîèçâîëüíîé òî÷êè x0 ∈ F ïðè r ⩽ r0(D) ñïðàâåäëèâî íåðàâåíñòâî

Cq(F ∩Bx0

r ) ⩾ c0r
n−q, (3)

â êîòîðîì ïîëîæèòåëüíàÿ ïîñòîÿííàÿ c0 íå çàâèñèò îò x0 è r.
Èìååò ìåñòî ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà 1. Åñëè âûïîëíåíû óñëîâèÿ (2) è (3), òî çàäà÷à Çàðåì-

áû (1) îäíîçíà÷íî ðàçðåøèìà â W 1
2 (D,F ) è äëÿ åå ðåøåíèÿ ñïðàâåä-

ëèâà îöåíêà

∥ ∇u ∥L2(D)⩽ C∥f∥L2(D)

ñ ïîñòîÿííîé C, çàâèñÿùåé òîëüêî îò êîýôôèöèåíòîâ îïåðàòîðà
L, îáëàñòè D è ðàçìåðíîñòè ïðîñòðàíñòâà.

Ñôîðìóëèðóåì òåïåðü âòîðîå óòâåðæäåíèå.
Òåîðåìà 2. Åñëè n = 2, âûïîëíåíû óñëîâèÿ (2), (3) è f ∈(

L2+δ0(D)
)2
, ãäå δ0 > 0, òî ñóùåñòâóþò ïîëîæèòåëüíûå ïîñòîÿí-

íûå δ(p, δ0) < δ0 è C òàêèå, ÷òî äëÿ ðåøåíèÿ çàäà÷è (1) ñïðàâåäëèâà
îöåíêà ∫

D

|∇u|2+δdx ⩽ C

∫
D

|f |2+δ dx, (4)

ãäå C çàâèñèò òîëüêî îò δ0, âåëè÷èíû c0 èç (3), à òàêæå îò îáëà-
ñòè D è ∥b∥Lp(D).

Åñëè n > 2, âûïîëíåíû óñëîâèÿ (2), (3) è f ∈
(
L2+δ0(D)

)n
, ãäå

δ0 > 0, òî ñóùåñòâóþò ïîëîæèòåëüíûå ïîñòîÿííûå δ(n, p, δ0) < δ0
è C òàêèå, ÷òî äëÿ ðåøåíèÿ çàäà÷è (1) ñïðàâåäëèâà îöåíêà (4), ãäå
C äîïîëíèòåëüíî çàâèñèò îò ðàçìåðíîñòè ïðîñòðàíñòâà n.

Àíàëîãè÷íûå ðåçóëüòàòû äëÿ ëèíåéíîãî óðàâíåíèÿ áåç ñíîñà ñì.
â [1] è [2], ðåçóëòàòû äëÿ p-ëàïëàñèàíà ñì. â [3]. À ðåçóëüòàòû â
îáëàñòè ñ ìàëûìè îòâåðñòèÿìè ñì. â [4].
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Ðàññìàòðèâàåòñÿ ïëîñêàÿ çàäà÷à î ìàëûõ êîëåáàíèÿõ óïðóãîé
ïëàñòèíû, äèíàìèêà êîòîðîé îïèñûâàåòñÿ óðàâíåíèåì:

Mẅ(x, t) +Dw′′′′(x, t) + β0w(x, t) = 0, x ∈ [0, l], t ⩾ 0. (1)

Çäåñü w(x, t) � ôóíêöèÿ, îïèñûâàþùàÿ äåôîðìàöèþ ïëàñòèíû;
øòðèõ îáîçíà÷àåò ïðîèçâîäíóþ ïî êîîðäèíàòå x, à òî÷êà � ïðîèç-
âîäíóþ ïî âðåìåíè t;M,D � ìàññà è èçãèáíàÿ æåñòêîñòü ïëàñòèíû;
l � äëèíà ïëàñòèíû; β0 � êîýôôèöèåíò æåñòêîñòè îñíîâàíèÿ.

Ïóñòü êîíöû ïëàñòèíû çàêðåïëåíû øàðíèðíî:

w(0, t) = 0, w(l, t) = 0, w′′(0, t) = 0, w′′(l, t) = 0. (2)

Çàäàäèì òàêæå íà÷àëüíûå óñëîâèÿ:

w(x, 0) = f1(x), ẇ(x, 0) = f2(x), (3)

êîòîðûå äîëæíû áûòü ñîãëàñîâàíû ñ êðàåâûìè óñëîâèÿìè (2).
Ââåäåì ôóíêöèîíàë òèïà Ëÿïóíîâà

Φ =

∫ l

0

{
Mẇ2 +Dw′′2 + β0w

2
}
dx. (4)
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Äëÿ ôóíêöèè w(x, t), ÿâëÿþùåéñÿ ðåøåíèåì óðàâíåíèÿ (1), ñ ó÷å-
òîì óñëîâèé (2) ïðîèçâîäíàÿ Φ̇ = 0. Èíòåãðèðóÿ îò 0 äî t, ïîëó÷èì
Φ(t) = Φ(0). Òàêèì îáðàçîì, ñîãëàñíî (3) ïîëó÷èì ðàâåíñòâî

Φ =

∫ l

0

{
Mf22 (x) +Df ′′1

2
(x) + β0f

2
1 (x)

}
dx. (5)

Ðåøåíèå óðàâíåíèÿ (1) áóäåì èñêàòü ìåòîäîì Ãàëåðêèíà [1], ïîä-
÷èíèâ èñêîìóþ ôóíêöèþ w(x, t) êðàåâûì óñëîâèÿì (2):

wm(x, t) =

m∑
k=1

ak(t)gk(x), gk(x) = sin γkx, γk =
πk

l
. (6)

Ó÷èòûâàÿ îðòîãîíàëüíîñòü ôóíêöèé {gk(x)}mk=1, èç îðòîãîíàëü-
íîñòè íåâÿçêè óðàâíåíèÿ (1) è íà÷àëüíûõ óñëîâèé (3) ê ýòèì ôóíê-
öèÿì çàïèøåì ñèñòåìó óðàâíåíèé è íà÷àëüíûõ óñëîâèé äëÿ an(t):

Män(t) +
(
Dγ4n + β0

)
an(t) = 0, n = 1, ...,m, (7)

an(0) =
2

l

∫ l

0

f1(x)gn(x)dx, ȧn(0) =
2

l

∫ l

0

f2(x)gn(x)dx. (8)

Ñîãëàñíî (6) ïîëó÷èì ðàâåíñòâî w(x, t) = wm(x, t) +Rm(x, t), ãäå
îñòàòî÷íûé ÷ëåí Rm(x, t) áóäåì èñêàòü â âèäå

Rm(x, t) = am+1(t)gm+1(x). (9)

Ôóíêöèþ am+1(t) îïðåäåëÿåì èç óðàâíåíèé (4), (5), êîòîðûå â ñèëó
îðòîãîíàëüíîñòè áàçèñíûõ ôóíêöèé ïðèâîäÿò ê óðàâíåíèþ:

Mȧ2m+1(t) +
(
Dγ4m+1 + β0

)
a2m+1(t) = −

m∑
k=1

(
Mȧ2k(t)+ (10)

+
(
Dγ4k + β0

)
a2k(t)

)
+

2

l

∫ l

0

{
Mf22 (x) +Df ′′1

2
(x) + β0f

2
1 (x)

}
dx.

Òàêèì îáðàçîì, ðåøàÿ çàäà÷ó Êîøè äëÿ ñèñòåìû îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé (7) ñ íà÷àëüíûìè óñëîâèÿìè (8), íàé-
äåì an(t), n = 1, ...,m, ïîäñòàâëÿÿ êîòîðûå â óðàâíåíèå (10) íàé-
äåì an+1(t). Ñëåäîâàòåëüíî, ïîãðåøíîñòü ïðèáëèæåííîãî ðåøåíèÿ
(6) âû÷èñëÿåòñÿ ïî ôîðìóëå:

ε= |w(x, t)−wm(x, t)|= |Rm(x, t)| ⩽ |am+1(t)| ⩽ max
t

|am+1(t)|. (12)
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C ïîìîùüþ ìàòåìàòè÷åñêîé ñèñòåìû Mathematica ïðîèçâåäå-
íû ÷èñëåííûå ýêñïåðèìåíòû, äîêàçûâàþùèå íà ýòîé ïðîñòîé çà-
äà÷å î ñâîáîäíûõ êîëåáàíèÿõ óïðóãîé ïëàñòèíû-ïîëîñû äîñòîâåð-
íîñòü ïðåäëîæåííîãî ÷èñëåííî-àíàëèòè÷åñêîãî ìåòîäà îïðåäåëåíèÿ
ïîãðåøíîñòè ïðèáëèæåííîãî ðåøåíèÿ, ïîëó÷åííîãî ñ ïîìîùüþ ìå-
òîäà Ãàëåðêèíà.
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Îáúåêòîì èññëåäîâàíèÿ ÿâëÿåòñÿ àëãåáðà R(X) âñåõ êîìïëåêñíî-
çíà÷íûõ ôóíêöèé, êîòîðûå îïðåäåëåíû íà óïîðÿäî÷åííîì (ëèíåéíî)
áèêîìïàêòå X, íåïðåðûâíûõ ñëåâà â êàæäîé òî÷êå, íåïðåðûâíûõ â
0̂ è 1̂ (0̂ è 1̂ îáîçíà÷èì ìèíèìàëüíûé è ìàêñèìàëüíûé ýëåìåíò X), è
èìåþùèõ ïðåäåë ñïðàâà. Íåïðåðûâíîñòü ñëåâà è ïðåäåë ñïðàâà ïîíè-
ìàåòñÿ íàìè â ñìûñëå ïðåäåëîâ íàïðàâëåííîñòåé[4]. Çäåñü ìû îãðà-
íè÷èìñÿ èññëåäîâàíèåì óïîðÿäî÷åííûõ áèêîìïàêòîâ áåç ñêà÷êîâ[1],
ýòî åñòåñòâåííîå òðåáîâàíèå â ðàññìàòðèâàåìîé çàäà÷å, ïîñêîëüêó
íåïðåðûâíîñòü ñëåâà è ïðåäåë ñïðàâà èìåþò ñìûñë, åñëè ëþáàÿ
îêðåñòíîñòü òî÷êè ñîäåðæèò òî÷êè ñëåâà è ñïðàâà. Îïåðàöèè ñëîæå-
íèÿ, ïðîèçâåäåíèÿ, à òàêæå óìíîæåíèÿ íà ñêàëÿð ââîäÿòñÿ ñòàíäàðò-
íî, à íîðìó îïðåäåëèì ñëåäóþùèì îáðàçîì: ∥f∥ = sup

x∈X
|f(x)|. Ñîãëàñ-

íî îáùåé òåîðèè êîììóòàòèâíûõ áàíàõîâûõ àëãåáð[ñì. ñ. 11,3], ýòà
àëãåáðà èçîìîðôíà àëãåáðå âñåõ íåïðåðûâíûõ ôóíêöèé íà âñïîìîãà-
òåëüíîì òîïîëîãè÷åñêîì ïðîñòðàíñòâå, êîòîðîå ÿâëÿåòñÿ ïðîñòðàí-
ñòâîì ìàêñèìàëüíûõ èäåàëîâM(R(X)) ýòîé àëãåáðû. Öåëüþ ðàáîòû
ÿâëÿåòñÿ âûÿâëåíèå ñâÿçåé ìåæäó ñòðóêòóðîé X è M(R(X)).

Èòàê, ïóñòü X � óïîðÿäî÷åííûé áèêîìïàêò áåç ñêà÷êîâ è ïóñòü
l = {x ∈ X : 0̂ < x < 1̂}. Ïîñòðîèì X = {0̂, 1̂, l × {0, 1}} è ââåäåì íà
ýòîì ìíîæåñòâå òîïîëîãèþ, ïîðîæäåííóþ îòíîøåíèåì ïîðÿäêà:

1) 0̂ < x < 1̂ ∀x ∈ X.
2) Åñëè x1, x2 ̸= 0̂, 1̂, x1 = (z1; y1), x2 = (z2; y2), òîãäà x1 > x2,

åñëè z1 > z2 èëè åñëè z1 = z2 è y1 > y2.
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Ìíîæåñòâî X, ïîðÿäîê è ñîîòâåòñòâåííî òîïîëîãèþ íà íåì, ìîæ-
íî êðàòêî îïèñàòü íà ÿçûêå àðèôìåòèêè ïîðÿäêîâûõ òèïîâ. Â äàí-
íîì ñëó÷àå X èìååò òèï 1 + λ + 1, ãäå λ � ïîðÿäêîâûé òèï l, à X
èìååò òèï 1 + 2 · λ+ 1. Ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà 1. X áèêîìïàêòíî è ãîìåîìîðôíî M(R(X)).
Ïóñòü C(X) � àëãåáðà íåïðåðûâíûõ êîìïëåêñíîçíà÷íûõ ôóíê-

öèé íà X ñ ðàâíîìåðíîé íîðìîé. Èçîìîðôèçì φ, ïåðåâîäÿùèé
f ∈ R(X) â f̂ ∈ C(X) ñòðîèòñÿ ïî ïðàâèëàì:

1) f̂(0̂) = f(0̂) 2) f̂(1̂) = f(1̂) 3) f̂(x; 0) = f(x)

4) f̂(x; 1) = f+(x), ãäå f+(x) ïðåäåë f â òî÷êå x ñïðàâà.
Èç ïîñòðîåíèÿ φ ñëåäóåò, ÷òî Mx(f) = f(x) è M+

x (f) = f+(x)
ÿâëÿþòñÿ ìóëüòèïëèêàòèâíûìè ôóíêöèîíàëàìè àëãåáðû R(X).

Â ðåçóëüòàòå ïðåäûäóùèõ èññëåäîâàíèé [5],[6] îáíàðóæåíî, ÷òî â
ñëó÷àå X = [0; 1] ïðîñòðàíñòâî ìàêñèìàëüíûõ èäåàëîâ R(X) ãîìåî-
ìîðôíî ïðîñòðàíñòâó ¾äâå ñòðåëêè¿(îáîçíà÷àåòñÿ äàëåå T). Êîòî-
ðîå èìååò èíòåðåñíóþ òîïîëîãè÷åñêóþ ñòðóêòóðó è èçó÷àëîñü ðàíåå
ñ ðàçíûõ òî÷åê çðåíèÿ, âïåðâûå îíî áûëî îïèñàíî Àëåêñàíäðîâûì è
Óðûñîíîì â èõ êëàññè÷åñêîé ðàáîòå[2] è èñïîëüçîâàëîñü êàê êîíòð-
ïðèìåð äëÿ îäíîé èç ìåòðèçàöèîííûõ òåîðåì. Âïîñëåäñòâèè îáíàðó-
æèâàëèñü âñå íîâûå è íîâûå ñâîéñòâà T, â ÷àñòíîñòè èçâåñòíî, ÷òî T
� ñåïàðàáåëüíî, íå èìååò ñ÷åòíîé áàçû, âïîëíå íåñâÿçíî, ñîâåðøåííî
íîðìàëüíî, íî íå ìåòðèçóåìî, íå ÿâëÿåòñÿ äèàäè÷åñêèì áèêîìïàê-
òîì. Ïîñëåäíåå óäàëîñü óñòàíîâèòü ïîñëå îòðèöàòåëüíîãî ðàçðåøå-
íèÿ ãèïîòåçû î äèàäè÷åñêèõ áèêîìïàêòàõ Åñåíèíûì-Âîëüïèíûì, à
òàêæå ñåðèè ðàáîò Àëåêñàíäðîâà, Ïîíîìàðåâà, Øàíèíà è äðóãèõ.
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Â ðàáîòàõ [1], [2], [3] èçó÷àëèñü êà÷åñòâåííûå ñâîéñòâà ðåøåíèé
äèôôåðåíöèàëüíîãî óðàâíåíèÿ (X � ïðîìåæóòîê èç R)

y′′ + p(x)f(y)g(y′) = 0, x ∈ X, (1)

â ïðåäïîëîæåíèè, ÷òî p ∈ C(X), inf
X
p > 0, f ↗ è φ, g ∈ F , ãäå

φ(y) = f(y)/y, à F - ìíîæåñòâî ïîëîæèòåëüíûõ ôóíêöèé èç C(R),
íåóáûâàþùèõ íà (−∞; 0] è íåâîçðàñòàþùèõ íà [0; +∞). Â ýòèõ ïðåä-
ïîëîæåíèÿõ óðàâíåíèå (1) íàçîâ¼ì óðàâíåíèåì Áèõàðè íà X.

Ðàññìîòðèì òåïåðü ïîíèìàåìûå â ñîîòâåòâåòñâèè ñ [4] îðèåíòè-
ðîâàííûé ãåîìåòðè÷åñêèé ãðàô Γ ñ ð¼áðàìè γj , j = 1,m, è ìíîæå-
ñòâîì J âíóòðåííèõ âåðøèí è äèôôåðåíöèàëüíîå óðàâíåíèå Áèõàðè
íà í¼ì:

y′′ + p(x)fj(y)gj(y
′) = 0, x ∈ γj , j = 1,m, (2)

ðåøåíèÿ êîòîðîãî ïðåäïîëàãàþòñÿ íåïðåðûâíûìè íà çàìûêàíèè Γ.
Äîïîëíèòåëüíûå óñëîâèÿ òðàíñìèññèè â òî÷êàõ èç J óêàæåì ïîçä-
íåå. Ïîñòàâèì äëÿ óðàâíåíèÿ (2) îáðàòíóþ çàäà÷ó âàðèàöèîííîãî èñ-
÷èñëåíèÿ, òî åñòü çàäà÷ó î ñóùåñòâîâàíèè íå èìåþùåé íóëåé ôóíê-
öèè µ = µ(x, y, y′) òàêîé, ÷òî äèôôåðåíöèàëüíîå óðàâíåíèå

µ(x, y, y′)
[
y′′ + p(x)fj(y)gj(y

′)
]
= 0, x ∈ γj , j = 1,m, (3)

ïðè íåêîòîðûõ óñëîâèÿõ òðàíñìèññèè áóäåò óðàâíåíèåì Ýéëåðà äëÿ

íåêîòîðîãî ôóíêöèîíàëà âèäà Φ(y) =

∫
Γ

F (x, y(x), y′(x)) dx (ñì. â [5]

òåîðåìó 1). Â ñëó÷àå, êîãäà Γ � îòðåçîê c J = ∅, ðåçóëüòàò ðåøåíèÿ
ýòîé çàäà÷è ïðåäñòàâëåí â [6].
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Òåîðåìà. Ïóñòü ∀j = 1,m : p
∣∣
γj

= const. Òîãäà îáðàòíàÿ çàäà÷à

âàðèàöèîííîãî èñ÷èñëåíèÿ äëÿ óðàâíåíèÿ (2) ðàçðåøèìà � äîñòà-
òî÷íî ïîëîæèòü F (x, y, y′)

∣∣
x∈γj

= AjHj(y)Kj(y
′), ãäå Hj(y) = =

exp

(
−p
∫ y

0

f(s) ds

)
, Kj(y

′) = y′ ·

[∫ y′

sign(y′)

1

t2
exp

(
−
∫ t

0

σ dσ

g(σ)

)
dt+

+Bj,sign(y′)

]
ïðè y′ ̸= 0 è Kj(0) = −1, à Aj ̸= 0, Bj,1, Bj,−1 � êîí-

ñòàíòû, ïðè÷¼ì Bj,−1 −Bj,1 = 2−
∫ 1

−1

1

t2

[
exp

(
−
∫ t

0

σ dσ

g(σ)

)
− 1

]
dt.

Ïðè ýòîì µ(x, y, y′)
∣∣
x∈γj

=
Aj

gj(y′)
exp

(
−p
∫ y

0

f(s) ds−
∫ y′

0

σ dσ

g(σ)

)
, à

óñëîâèÿ òðàíñìèññèè äëÿ óðàâíåíèÿ Ýéëåðà (3) áóäóò èìåòü âèä:∑
j|γj∈a

κj(a)AjHj(y(a))K
′
j(y

′
j(a)) = 0, a ∈ J,

ãäå κj(a) = 1, åñëè γj îðèåíòèðîâàíî ê a, κj(a) = −1, åñëè γj îðè-

åíòèðîâàíî îò a, è y′j(a) =
(
y
∣∣
γj

)′
(a).
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ÑÓÙÅÑÒÂÎÂÀÍÈÅ ÏÎËÎÆÈÒÅËÜÍÛÕ
È ÎÒÐÈÖÀÒÅËÜÍÛÕ ÐÅØÅÍÈÉ ÍÅÊÎÒÎÐÛÕ
ÍÅËÈÍÅÉÍÛÕ ÇÀÄÀ× ÄËß ÝËËÈÏÒÈ×ÅÑÊÈÕ
ÓÐÀÂÍÅÍÈÉ Â ×ÀÑÒÍÛÕ ÏÐÎÈÇÂÎÄÍÛÕ

Ñ ÈÍÄÅÔÈÍÈÒÍÛÌ ÂÅÑÎÌ
Ò.Á. Àñàäîâ (Áàêó, Áàêèíñêèé Ãîñóäàðñòâåííûé Óíèâåðñèòåò)

to�g-as@mail.ru

Ïóñòü íåïðåðûâíûå ôóíêöèè f, g : R → R óäîâëåòâîðÿþò ñëåäó-
þùèì óñëîâèÿì:

(i) ñóùåñòâóåò ïîëîæèòåëüíàÿ ïîñòîÿííàÿ M òàêàÿ, ÷òî
∣∣∣ f(s)s ∣∣∣ ⩽

M, s ∈ R, s ̸= 0;
(ii) ñóùåñòâóþò ïîëîæèòåëüíûå ïîñòîÿííûå g0 è g∞ òàêèå, ÷òî

g∞ < g0 è

g(s) = g0s+ g1(s), g(s) = g∞s+ g2(s), s ∈ R,

ãäå lim
|s|→0

g1(s)
s = g0, lim

|s|→+∞
g2(s)
s = g∞;

(iii) sf(s) ⩽ 0, sg1(s) ⩽ 0, sg2(s) ⩽ 0, s ∈ R.
Ïóñòü Ω− îãðàíèöåííàÿ îáëàñòü â RN , N > 1, ñ ãëàäêîé ãðàíèöåé

∂Ω. Ðàññìîòðèì íåëèíåéíóþ êðàåâóþ çàäà÷ó
−

n∑
i,j=1

∂
∂xi

(
aij(x)

∂u(x)
∂xi

)
+ c(x)u(x) = ra(x)g0u(x)+

rf(u(x)) + rg1(u(x)), x ∈ Ω,
u(x) = 0, x ∈ ∂Ω,

(1)

ãäå äåéñòâèòåëüíûå ôóíêöèè aij(x) i, j = 1, 2, . . . , N ëåæàò â C1(Ω),

äèôôåðåíöèàëüíûé îïåðàòîð Lu ≡ −
n∑

i,j=1

∂
∂xi

(
aij(x)

∂u
∂xi

)
ðàâíîìåð-

íî ýëëèïòè÷åí â Ω, c(x)− íåîòðèöàòåëüíàÿ íåïðåðûâíàÿ ôóíêöèÿ
íà Ω, a(x)− íåïðåðûâíàÿ ôóíêöèÿ íà Ω, êîòîðàÿ ìåíÿåò çíàê â Ω,
r− äåéñòâèòåëüíûé íåíóëåâîé ïàðàìåòð.

Â ýòîé çàìåòêå, îïðåäåëèì èíòåðâàë ïàðàìåòðà r, â êîòîðîì ñó-
ùåñòâóþò ïîëîæèòåëüíûå è îòðèöàòåëüíûå ðåøåíèÿ çàäà÷è (1).
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Ïðåäïîëîæèì, ÷òî α ∈ (0, 1) çàäàíî, à p− äåéñòâèòåëüíîå ÷èñëî
òàêîå, ÷òî p > n è α < 1 − n/p. Ïóñòü E− Áàíàõîâî ïðîñòðàíñòâî
{u ∈ C1, α

(
Ω
)
: u = 0 íà ∂Ω} ñ îáû÷íîé íîðìîé ||·||C1, α . Äëÿ êàæäîãî

σ ∈ {+ , −} è êàæäîãî ν ∈ {+ , −} îïðåäåëèì ìíîæåñòâî P νσ = {u ∈
E : νu > 0 â Ω, ν ∂u∂n < 0 íà ∂Ω è σ

∫
Ω

a(x)u2(x)dx > 0}, ãäå ∂u
∂n −

âíåøíÿÿ íîðìàëüíàÿ ïðîèçâîäíàÿ ôóíêöèè u íà ∂Ω. Ìíîæåñòâà P+
+ ,

P−
+ , P

+
− è P−

− ÿâëÿþòñÿ îòêðûòûìè ïîäìíîæåñòâàìè â E (ñì. [1]).
Â ñèëó [ 2, Òåîðåì 2.1 è 2.2] ëèíåéíàÿ çàäà÷à íà ñîáñòâåííûå çíà-

÷åíèÿ {
Lu(x) = λa(x)u(x), x ∈ Ω,
u(x) = 0, x ∈ ∂Ω,

èìååò ïîëîæèòåëüíîå è îòðèöàòåëüíîå ãëàâíûå ñîáñòâåííûå çíà÷å-
íèÿ λ+1 è λ−1 , ñîîòâåòñòâåííî, êîòîðûå ÿâëÿþòñÿ ïðîñòûìè; ñîîò-
âåòñòâóùèå èì ñîáñòâåííûå ôóíêöèè u+1 (x) è u

−
1 (x) ëåæàò â P+ =

P+
+ ∪ P−

+ è P− = P+
− ∪ P−

− , ñîîòâåòñòâåííî.

Äëÿ êàæäîãî σ ∈ {+ , −} ïóñòü dσ1 =
σ
∫
Ω

a(x)(uσ
1 (x))

2dx∫
Ω

(uσ
1 (x))

2dx
.

Òåîðåìà 1. Ïðåäïîëîæèì, ÷òî âûïîëíÿþòñÿ óñëîâèÿ g0 >
Md+1 ,

g0
g0−g∞ > d+1 . Åñëè âûïîëíÿåòñÿ òàêæå óñëîâèå

λ+1
g0 −Md+1

< r <
λ+1

g0 − (g0 − g∞) d+1
,

òî ñóùåñòâóþò ðåøåíèÿ u+1,+ è u−1,+ çàäà÷è (1) òàêèå, ÷òî u+1,+ ∈
P+
+ è u−1,+ ∈ P−

+ , ñîîòâåòñâåííî, åñëè âûïîëíÿåòñÿ óñëîâèå

λ−1
g0 −Md−1

< r <
λ+1

g0 − (g0 − g∞) d−1
,

òî ñóùåñòâóþò ðåøåíèÿ u+1,− è u−1,− çàäà÷è (1) òàêèå, ÷òî u+1,+ ∈
P+
− è u−1,+ ∈ P−

− , ñîîòâåòñâåííî.
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ÊÎÌÁÈÍÀÒÎÐÍÛÅ ÀÑÏÅÊÒÛ ÒÅÎÐÅÌÛ
ÁÅÐÍØÒÅÉÍÀ�ÊÓØÍÈÐÅÍÊÎ

Å.À. Àñòàøîâ (Ìîñêâà, ÌÃÓ)
ast-ea@yandex.ru

Òåîðåìà Áåðíøòåéíà�Êóøíèðåíêî (ñì. [1]) ïîçâîëÿåò îïðåäå-
ëèòü ÷èñëî ðåøåíèé ñèñòåìû àëãåáðàè÷åñêèõ óðàâíåíèé îáùåãî ïî-
ëîæåíèÿ â òåðìèíàõ ìíîãîãðàííèêîâ Íüþòîíà å¼ óðàâíåíèé. Ïðè-
ìåíåíèå ýòîé òåîðåìû ê ñèñòåìàì, ÷èñëî ðåøåíèé êîòîðûõ ìîæåò
áûòü îïðåäåëåíî èç àëãåáðàè÷åñêèõ ñîîáðàæåíèé, ïîçâîëÿåò äîñòà-
òî÷íî ïðîñòî ïîëó÷àòü íåêîòîðûå êîìáèíàòîðíûå òîæäåñòâà, êîìáè-
íàòîðíûå äîêàçàòåëüñòâà êîòîðûõ îòíîñèòåëüíî ñëîæíû. Â äîêëàäå
áóäóò ïðåäñòàâëåíû íåêîòîðûå ðåçóëüòàòû òàêîãî òèïà, â ÷àñòíîñòè,
ñâÿçàííûå ñ ÷èñëàìè Ñòèðëèíãà âòîðîãî ðîäà (ñì. [2]).
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ÍÅËÈÍÅÉÍÛÅ ÓÐÀÂÍÅÍÈß ÄÐÎÁÍÎÃÎ ÏÎÐßÄÊÀ
Ñ ÏÅÐÅÌÅÍÍÛÌ ÍÈÆÍÈÌ ÏÐÅÄÅËÎÌ

ÈÍÒÅÃÐÈÐÎÂÀÍÈß1

Ñ.Í. Àñõàáîâ (Ãðîçíûé, ×ÃÏÓ, ×ÃÓ; Äîëãîïðóäíûé, ÌÔÒÈ)
askhabov@yandex.ru

Â âåùåñòâåííûõ ïðîñòðàíñòâàõ Ëåáåãà Lp(a, b), 1 < p < ∞,
ðàññìàòðèâàþòñÿ òðè ðàçëè÷íûõ êëàññà íåëèíåéíûõ èíòåãðàëüíûõ
óðàâíåíèé äðîáíîãî ïîðÿäêà ñ ïåðåìåííûì íèæíèì ïðåäåëîì èíòå-
ãðèðîâàíèÿ:

λ · F
(
x, u(x)

)
+

1

Γ(α)

b∫
x

u(t) dt

(t− x)1−α
= f(x), (1)

u(x) + λ ·
b∫
x

F
(
t, u(t)

)
dt

(t− x)1−α
= f(x), (2)

© Àñòàøîâ Å.À., 2025
1 Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ïðîåêò � 22-11-00177).
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u(x) + λ · F

x, 1

Γ(α)

b∫
x

u(t) dt

(t− x)1−α

 = f(x), (3)

ãäå λ > 0, 0 < α < 1 è Γ(α) åñòü ãàììà ôóíêöèÿ Ýéëåðà.
Ïðåäïîëàãàåòñÿ, ÷òî ôóíêöèÿ F (x, t), ïîðîæäàþùàÿ íåëèíåé-

íîñòü â óêàçàííûõ óðàâíåíèÿõ, îïðåäåëåíà ïðè x ∈ [a, b], t ∈ R è
óäîâëåòâîðÿåò óñëîâèÿì Êàðàòåîäîðè: îíà èçìåðèìà ïî x ïðè êàæ-
äîì ôèêñèðîâàííîì t ∈ R è íåïðåðûâíà ïî t ïî÷òè äëÿ âñåõ x ∈ [a, b].
Â çàâèñèìîñòè îò ðàññìàòðèâàåìîãî êëàññà óðàâíåíèé, áóäåì ïðåä-
ïîëàãàòü, ÷òî íåëèíåéíîñòü F (x, t) äëÿ ïî÷òè âñåõ x ∈ [a, b] è âñåõ
t ∈ R óäîâëåòâîðÿåò ëèáî óñëîâèÿì:

1) |F (x, t)| ⩽ c(x) + d1|t|p−1, ãäå c(x) ∈ L+
p′(a, b), d1 > 0;

2) F (x, t1) ⩽ F (x, t2), åñëè t1 < t2;
3) F (x, t) · t ⩾ d2|t|p −D(x), ãäå d2 > 0, D(x) ∈ L+

1 (a, b),
ëèáî óñëîâèÿì:

4) |F (x, t)| ⩽ g(x) + d3|t|1/(p−1), ãäå g(x) ∈ L+
p (a, b), d3 > 0;

5) F (x, t1) < F (x, t2), åñëè t1 < t2;
6) F (x, t) · t ⩾ d4|t|p/(p−1) −D(x), ãäå d4 > 0, D(x) ∈ L+

1 (a, b),
ãäå p′ = p/(p− 1) è L+

p (0, 1) îçíà÷àåò ìíîæåñòâî âñåõ íåîòðèöàòåëü-
íûõ ôóíêöèé èç Lp(0, 1).

Ìåòîäîì ìîíîòîííûõ (ïî Áðàóäåðó-Ìèíòè) îïåðàòîðîâ äîêàçû-
âàþòñÿ ñëåäóþùèå òðè òåîðåìû.

Òåîðåìà 1. Ïóñòü 1 < p < 2 è α = 2/p− 1. Åñëè íåëèíåéíîñòü
F (x, t) óäîâëåòâîðÿåò óñëîâèÿì 1)�3), òî ïðè ëþáîì f ∈ Lp′(a, b)
óðàâíåíèå (1) èìååò åäèíñòâåííîå ðåøåíèå â Lp(a, b).

Òåîðåìà 2. Ïóñòü 2 < p <∞ è α = 1− 2/p. Åñëè íåëèíåéíîñòü
F (x, t) óäîâëåòâîðÿåò óñëîâèÿì 1) è 2), òî ïðè ëþáîì f ∈ Lp(0, 1)
óðàâíåíèå (2) èìååò åäèíñòâåííîå ðåøåíèå â Lp(a, b).

Òåîðåìà 3. Ïóñòü 1 < p < 2 è α = 2/p− 1. Åñëè íåëèíåéíîñòü
F (x, t) óäîâëåòâîðÿåò óñëîâèÿì 4)�6), òî ïðè ëþáîì f ∈ Lp(a, b)
óðàâíåíèå (3) èìååò åäèíñòâåííîå ðåøåíèå â Lp(a, b).

Ñëåäóÿ ðàáîòå [1] ïðè äîïîëíèòåëüíûõ îãðàíè÷åíèÿõ íà íåëè-
íåéíîñòü F (x, t) â òåîðåìàõ 1�3 ìîæíî ïîëó÷èòü îöåíêè íîðì ñîîò-
âåòñòâóþùèõ ðåøåíèé èç êîòîðûõ, â ÷àñòíîñòè, ñëåäóåò, ÷òî ñîîò-
âåòñòâóþùèå îäíîðîäíûå óðàâíåíèÿ ìîãóò èìåòü ëèøü òðèâèàëüíîå
ðåøåíèå.

Åñëè íåëèíåéíîñòü F (x, t) äëÿ ïî÷òè âñåõ x ∈ [a, b] è âñåõ t1, t2 ∈
R óäîâëåòâîðÿåò óñëîâèÿì:

7)
∣∣F (x, t1)− F (x, t2)

∣∣ ⩽M · |t1 − t2|, ãäå M > 0,
8)
(
F (x, t1)− F (x, t2)

)
· (t1 − t2) ⩾ m · (t1 − t2)

2, ãäå m > 0,
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òî ïðè ëþáûõ λ > 0, 0 < α < 1 è f ∈ L2(a, b) ìîæíî äîêàçàòü,
÷òî ðåøåíèÿ óðàâíåíèé (1)�(3) âîçìîæíî íàéòè ìåòîäîì ïîñëåäîâà-
òåëüíûõ ïðèáëèæåíèé ïèêàðîâñêîãî òèïà â ïðîñòðàíñòâå L2(a, b) è
ïîëó÷èòü îöåíêè ñêîðîñòè èõ ñõîäèìîñòè, àíàëîãè÷íî òîìó, êàê ýòî
äåëàåòñÿ â ðàáîòå [2].
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Äëÿ ìíîæåñòâà U ⊂ Rn îáîçíà÷èì ÷åðåç intU è ∂ U âíóòðåí-
íîñòü è ãðàíèöó ìíîæåñòâà U . Äëÿ âåùåñòâåííîé ìàòðèöû F (s) n×n
ñ íåïðåðûâíûìè êîìïîíåíòàìè è t ⩾ 0 áóäåì ïîíèìàòü èíòåãðàë∫ t
0
F (s)U ds â ñìûñëå Àóìàíà:

t∫
0

F (s)U ds =


t∫

0

F (s)u(s) ds : u(·) ∈ L∞([0,+∞),U)

 .

Òåîðåìà 1. Ïóñòü F (s), s ⩾ 0, � âåùåñòâåííàÿ ìàòðèöà n× n
ñ àíàëèòè÷åñêèìè êîìïîíåíòàìè, à U ⊂ Rn � âûïóêëîå êîìïàêò-
íîå ïîäìíîæåñòâî, 0 ∈ ∂ U . Ïóñòü äëÿ íåêîòîðîãî t0 > 0 âûïîëíåíî

âêëþ÷åíèå 0 ∈ int
t0∫
0

F (s)U ds.

1. Ïóñòü íîðìàëüíûé êîíóñ N (U , 0) ÿâëÿåòñÿ ñîáñòâåííûì ïîäïðî-
ñòðàíñòâîì. Òîãäà äëÿ ëþáûõ t ⩾ 0, ∆t > 0

0 ∈ int

t+∆t∫
t

F (s)U ds.

2. Ïóñòü ìàòðèöà F (t) íåâûðîæäåíà ïðè âñåõ t, à íîðìàëüíûé êî-
íóñ N (U , 0) ÿâëÿåòñÿ ëó÷îì: ñóùåñòâóåò åäèíè÷íûé âåêòîð p0 ∈
© Áàëàøîâ Ì.Â., 2025
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Rn òàêîé, ÷òî N (U , 0) = {λp0 : λ ⩾ 0}. Òîãäà äëÿ ëþáûõ t ⩾ 0,
∆t > 0

0 ∈ int

t+∆t∫
t

F (s)U ds.

Òåîðåìó 1 ìîæíî ïðèìåíèòü äëÿ àíàëèçà ìíîæåñòâ äîñòèæè-
ìîñòè ëèíåéíîé óïðàâëÿåìîé ñèñòåìû x′(t) = A(t)x(t) + B(t)u(t),
u(t) ∈ L∞([0,+∞),U) ñ àíàëèòè÷åñêèìè ìàòðèöàìè A(t) è B(t).

Ïóñòü U åñòü åâêëèäîâ øàð U = Br(a) è 0 ∈ ∂ U , ìàòðèöà F (s) â
îêðåñòíîñòè íóëÿ ïðåäñòàâèìà â âèäå F (s) = I + sF1 + s2F2 + o(s2),
s → 0. Òîãäà, åñëè åäèíè÷íûé âåêòîð p ∈ N (U , 0) íå ÿâëÿåòñÿ ñîá-

ñòâåííûì âåêòîðîì ìàòðèöû FT1 , òî Br(t)(0) ⊂
t∫
0

F (s)U ds è r(t) ≍ t3,

t→ 0 [1]. Ýòè ðåçóëüòàòû ïîçâîëÿþò ïîëó÷èòü íîâûå îöåíêè ìîäóëÿ
íåïðåðûâíîñòè ôóíêöèè îïòèìàëüíîãî âðåìåíè â çàäà÷å áûñòðîäåé-
ñòâèÿ (ôóíêöèè Áåëëìàíà), â çàâèñèìîñòè îò íà÷àëüíîãî óñëîâèÿ.
Íåêîòîðûå ðåçóëüòàòû è ññûëêè ìîæíî íàéòè â [2,3]

Îñëàáèòü óñëîâèÿ òåîðåìû 1 íåëüçÿ.
Íàïðèìåð, åñëè intN (U , 0) ̸= ∅, òî, âûáðàâ åäèíè÷íûé âåêòîð p ∈

intN (U , 0), ïîëó÷àåì, â ñëó÷àå íåïðåðûâíîñòè è íåâûðîæäåííîñòè
F (s) äëÿ âñåõ s, âêëþ÷åíèå 0 ∈ ∂

∫ t
0
F (s)U ds ïðè ìàëûõ t > 0.

Ïóñòü λ(·) ∈ C∞ òàêàÿ ôóíêöèÿ, ÷òî λ(t) = 1 ïðè t ∈ [0, π], λ(t) =
0 ïðè t > 2π, λ(t) ìîíîòîííî óáûâàåò ïðè t ∈ [π, 2π]. Îïðåäåëèì
t0 = 2π.

Â R2 ðàññìîòðèì ñèñòåìó x′(t) = A(t)x(t) + u(t), u(t) ∈ U , ñ ìàò-

ðèöåé A(t) = λ(t)A, ãäå A =

(
0 −1
1 0

)
è U = co

(
(−1, 0)T , (1, 0)T

)
.

Ìíîæåñòâî N (U , 0) = {α(0, 1)T : α ∈ R} åñòü îäíîìåðíîå ïîäïðî-

ñòðàíñòâî. Çàìåòèì, ÷òî Φ(t) = exp

{
t∫
0

λ(s) ds ·A
}
� ôóíäàìåíòàëü-

íàÿ ìàòðèöà Φ′(t) = A(t)Φ(t). Ìàòðèöû A(t) è Φ(t) íå àíàëèòè÷åñêèå

è äëÿ âñåõ t > t0, ∆t > 0 èíòåãðàë
t+∆t∫
t

Φ−1(s)U ds åñòü îòðåçîê. Ïðè

ýòîì 0 ∈ int
t∫
0

Φ−1(s)U ds äëÿ ëþáîãî t > 0.
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Î.Ï. Áàðàáàø (Âîðîíåæ, ÂÓÍÖ ÂÂÑ ¾ÂÂÀ¿)
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Ðàññìîòðèì çàäà÷ó

∂u

∂t
− x−γ

∂

∂x

(
xγp(x)

∂u

∂x

)
− q(x)u = u(1− u), (1)

u(x, 0) = u(0), (2)

∂u

∂x

∣∣∣
x=0

= 0, u(1) = 0, (3)

ãäå x ∈ Ω = (0, 1), t ∈ [0, T ], u(0) = u(0)(x).
Ïàðàìåòð γ > 0, γ ̸= 1.
Ïîñòðîåíèå ïðèáëèæåííîãî ðåøåíèÿ áóäåò îñóùåñòâëåíî äâóìÿ

ìåòîäàìè. Äëÿ ëåâîé ÷àñòè óðàâíåíèÿ ðàçíîñòíàÿ ñõåìà ñòðîèòñÿ
íà îñíîâå äàííûõ, ïîëó÷åííûõ ñ ïîìîùüþ ïðîåêöèîííî-ñåòî÷íîãî
ìåòîäà. Äëÿ ýòîãî â ïåðâóþ î÷åðåäü âûïîëíèì àïïðîêñèìàöèþ ïî
ïðîñòðàíñòâåííîé ïåðåìåíííîé c ïîìîùüþ ïðîåêöèîííî-ñåòî÷íîãî
ìåòîäà, à çàòåì îñóùåñòâèì ïðèáëèæåíèå ïî âðåìåíè t ñ èñïîëü-
çîâàíèåì êîíå÷íî-ðàçíîñòíîãî ìåòîäà [1]. Ïðèáëèæåííîå ðåøåíèå

çàäà÷è áóäåì èñêàòü â âèäå uh =
n−1∑
i=1

ai(t)φi(x), ãäå êîýôôèöèåí-

òû ai(t) ñîîòâåòñòâóþò çíà÷åíèÿì ôóíêöèè â óçëàõ ñåòêè. Â êà÷å-
ñòâå áàçèñíûõ ôóíêöèé {φi} âûáåðåì ôèíèòíûå ôóíêöèè, ÿâëÿþ-
ùèåñÿ îáîáùåííûìè ïîëèíîìàìè ïåðâîé ñòåïåíè íà êàæäîì îòðåçêå
[xi−1, xi],[xi, xi+1] [2].

Äëÿ àïïðîêñèìàöèè íåëèíåéíîé ïðàâîé ÷àñòè u(1− u) áóäåì èñ-
ïîëüçîâàòü ðàçíîñòíóþ ñõåìó ñ ¾âåñàìè¿ [3].

Ïîëîæèì v(x, t) = w(x)Ψ(t). Îáîáùåííûì ðåøåíèåì çàäà÷è(1)-
(3) íàçîâåì ôóíêöèþ u(x, t), êîòîðàÿ ïî÷òè ïðè êàæäîì t ∈ (0, T )

© Áàðàáàø Î.Ï., 2025
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ïðèíàäëåæèò ýíåðãåòè÷åñêîìó ïðîñòðàíñòâó HL = H1
γ(Ω) ñî ñêàëÿð-

íûì ïðîèçâåäåíèåì

[u, v] =

∫ 1

0

xγ
(
p(x)

du

dx

dv

dx
+ q(x)uv

)
dx

è ïî÷òè âñþäó íà (0, T ) óäîâëåòâîðÿþùóþ ðàâåíñòâàì (4)-(5):(
∂u

∂t
, w

)
(t) + [u,w](t) = (f, w)(t), (4)

(u(x, 0), w) = (u(0), w). (5)

ïðè ëþáîì âûáîðå w(x) ∈ HL, ∂u∂t ∈ L2,γ((0, T )× Ω).
Ââåäåì ðàâíîìåðíûå ñåòêè: íà [0, 1] xi = ih, i = 1, .., n, íà [0, T ]

tj = jτ ,τ = T/J, j = 0, . . . , J . Ïåðåïèøåì óðàâíåíèÿ (4)-(5) â ìàò-
ðè÷íîì âèäå [4], èñïîëüçóÿ äëÿ àïïðîêñèìàöèè ïî âðåìåíè íåÿâíóþ
ñõåìó:

B̂a0 = a(0), (6)

B̂
aj − aj−1

τ
+ Âaj = F (tj), j = 1, . . . , J. (7)

Ââîäÿ ïðîèçâîëüíûå âåùåñòâåííûå ïàðàìåòðû α, β, α+ β = 1, àï-
ïðîêñèìèðóåì u(1− u):

α(1− yji )y
j−1
i + β(1− yj−1

i )yji , 0 < i < N, 0 ⩽ j < M. (8)

Òàêèì îáðàçîì íà îñíîâàíèè (6)-(8) ìîæíî çàïèñàòü ðàçíîñòíóþ
ñõåìó äëÿ èñõîäíîé íà÷àëüíî-êðàåâîé çàäà÷è (1)-(3):

yji−1[τAi+1,i +Bi+1,i] + yji

[
τ(Ai,i − β + yj−1

i ) +Bi,i

]
+

+ yji+1[τAi−1,i +Bi−1,i] = yj−1
i−1Bi+1,i + yj−1

i [Bi,i + τα] + yj−1
i+1Bi−1,i,

yj0 = uj1, y
j
N = uj2, y

0
i = y(xi, 0) = u0(xi).
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ÎÁ ÎÃÐÀÍÈ×ÅÍÍÎÑÒÈ ×ÀÑÒÍÎ ÈÍÒÅÃÐÀËÜÍÎÃÎ
ÎÏÅÐÀÒÎÐÀ ÒÈÏÀ ÏÎÒÅÍÖÈÀËÀ

Â ÏÐÎÑÒÐÀÍÑÒÂÅ ÑÎ ÑÌÅØÀÍÍÎÉ ÍÎÐÌÎÉ
È.Â. Áàðûøåâà

(Ëèïåöê, ËÃÏÓ èìåíè Ï.Ï. Ñåìåíîâà-Òÿí-Øàíñêîãî)
barysheva_iv@mail.ru

Ïóñòü Rn = Rm×Rn−m � åâêëèäîâî ïðîñòðàíñòâî è x = (xα, xα),
ãäå xα ∈ Rm, xα ∈ Rn−m (1 ⩽ m ⩽ n), à α, α � ìóëüòèèíäåêñû,
äîïîëíÿþùèå äðóã äðóãà äî ïîëíîãî ìóëüòèèíäåêñà (1, 2, . . . , n).

Ââåä¼ì ïðîñòðàíñòâî Lw(x)
p (Rn), ãäå p = (p1, p2, . . . , pn), pi > 1,

w(x) = (w1(x1), . . . , wn(xn)), wi(xi) > 0 (i = 1, n), íîðìà â êîòîðîì
îïðåäåëÿåòñÿ ðàâåíñòâîì

∥u∥
L

w(x)
p (Rn)

=

(∫
R1

(∫
R1

. . .

(∫
R1

|u(x)|p1w1(x1)dx1

) p2
p1

. . .

. . . wn−1(xn−1)dxn−1

) pn
pn−1

wn(xn)dxn

) 1
pn

.

Åñëè wi(xi) ≡ 1 (i = 1, n), òî ïîëó÷èì ïðîñòðàíñòâî Ëåáåãà ñî ñìå-
øàííîé íîðìîé Lp(Rn) [1, ñ. 9].

×àñòíî-èíòåãðàëüíûì îïåðàòîðîì (×È-îïåðàòîðîì) â Rn, îòâå-
÷àþùåì ÿäðó κ, íàçûâàåòñÿ âûðàæåíèå

(K(m)
α u)(x) =

∫
Rm

κ(x; tα)u(xᾱ; tα) dtα,

ãäå x = (xα, xᾱ) è 1 ⩽ m ⩽ n. Îïåðàòîð

(K(λ)
m u)(x) =

∫
Rm

k(x; tα)

|xα − tα|λ
u(xᾱ; tα) dtα, λ < m. (1)

© Áàðûøåâà È.Â., 2025

67



íàçûâàåòñÿ ×È-îïåðàòîðîì òèïà ïîòåíöèàëà. Â ÷àñòíîì ñëó÷àå ïðè
m = n îïåðàòîð (1) ÿâëÿåòñÿ êëàññè÷åñêèì èíòåãðàëüíûì îïåðà-
òîðîì òèïà ïîòåíöèàëà (ñì. [2], ãë. VI). Îáû÷íî äëÿ ×È-îïåðàòîðà
ñïðàâåäëèâî ïðàâèëî Êàëèòâèíà�Ëÿõîâà îãðàíè÷åííîñòè äåéñòâèÿ
â ïðîñòðàíñòâå Lp(Rn) [3, ñ. 44], [4].

Òåîðåìà. Ïóñòü p è p′ (p > 1)� ñîïðÿæ¼ííûå ïîêàçàòåëè â
íåðàâåíñòâå Ã¼ëüäåðà, ν>0 è ôóíêöèè u(xᾱ; tα)∈L(p2, p)(Rn−m,Rm),

k(x; tα) ∈ L
w(xα,xᾱ,tα)
(p, pp′, pp′) (Rm,Rn−m,Rm). Òîãäà ïðè m

(p′)2−ν < λ < m
(p′)2

äëÿ îïåðàòîðà (1) ñïðàâåäëèâà îöåíêà

∥K(λ)
m u∥Lp(Rn)⩽A∥u∥L(p2,p)(Rm,Rn−m)∥k∥Lw(xα,xᾱ,tα)

(p, pp′, pp′) (Rm,Rn−m,Rm)
,

ãäå w(xα, xᾱ, tα)=(w1(xα), w2(xᾱ), w3(tα)),

w1(xα)=


(|xα|2 + 1)−

λp
2 , ν(p′)2 > m,

(|xα|2+1)−
λp
2 (1+ ln(|xα|2+1))

p

2(p′)2 , ν(p′)2 = m,

(|xα|2 + 1)
− p(λ−ν+m/(p′)2)

2(p′)2 , ν(p′)2 < m.

w2(xᾱ)≡1, w3(tα)=
(
|tα|2+1

) νpp′
2 .
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ÈÑÑËÅÄÎÂÀÍÈÅ ÑÎÑÒÎßÍÈÉ ÎÁÐÀÒÈÌÎÑÒÈ
ÍÅÊÎÒÎÐÛÕ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÎÏÅÐÀÒÎÐÎÂ

ÏÅÐÂÎÃÎ ÏÎÐßÄÊÀ Ñ ÍÅÎÃÐÀÍÈ×ÅÍÍÛÌ
ÎÏÅÐÀÒÎÐÍÛÌ ÊÎÝÔÔÈÖÈÅÍÒÎÌ

À.Ã. Áàñêàêîâ, Ã.Â. Ãàðêàâåíêî, Ë.Í. Êîñòèíà,
Í.Á. Óñêîâà (Âîðîíåæ, ÂÃÓ, ÂÃÒÓ)
g.garkavenko@mail.ru, nat-uskova@mail.ru

Ïóñòü A : D(A) ⊂ H → H � íîðìàëüíûé ëèíåéíûé çàìêíó-
òûé îïåðàòîð ñ êîìïàêòíîé ðåçîëüâåíòîé, äåéñòâóþùèé â êîìïëåêñ-
íîì ãèëüáåðòîâîì ïðîñòðàíñòâå H. Ïðåäïîëàãàåòñÿ, ÷òî Reλi(A) =
s(A) ⩽ 0 äëÿ âñåõ λi ∈ σ(A), i ∈ J, ãäå J = {Z,Z+,N}. Îïåðàòîð
A ÿâëÿåòñÿ ãåíåðàòîðîì ñèëüíî íåïðåðûâíîé ïîëóãðóïïû îïåðàòî-
ðîâ T : R+ → B(H),ãäå B(H) ìíîæåñòâî âñåõ ëèíåéíûõ îïåðàòî-
ðîâ, îãðàíè÷åííûõ â H. Ïóñòü F = F(R,H) - îäíî èç ñëåäóþùèõ
ïðîñòðàíñòâ: Lp = Lp(R,H), p ∈ [1,∞], ïðîñòðàíñòâî Ñòåïàíîâà
Sp = Sp(R,H), p ∈ [1,∞), CB = CB(R,H), C0 = C0(R,H). Äëÿ F
ââîäèòñÿ àññîöèèðîâàííîå ñ íèì (ñì. [1]) ïðîñòðàíñòâî ïîñëåäîâà-
òåëüíîñòåé Fd = Fd(Z,H). Äëÿ Lp ýòî lp, p ∈ [1,∞]. Äëÿ CB è C0

àññîöèèðîâàííûìè ÿâëÿþòñÿ l∞ è c0.
Îïðåäåëèì â F äèôôåðåíöèàëüíûé îïåðàòîð L = −d/dt + A :

D(L) ⊂ F → F ñëåäóþùèì îáðàçîì. Ôóíêöèþ x ∈ F îòíåñåì ê
D(L), åñëè ∃y ∈ F , òàêàÿ ÷òî äëÿ ïî÷òè âñåõ s ⩽ t, s, t ∈ R âåðíî
ðàâåíñòâî

x(t) = T (t− s)x(s)−
∫ t

s

T (t− τ)y(τ)dτ,

ïðè ýòîì ñ÷èòàåòñÿ Lx = y.
Ââåäåì ñëåäóþùèå îïåðàòîðû: ïîëóãðóïïó Õîóëåíäà TL : R+ →

EndF ôîðìóëîé (TL(t)x)(s) = T (t)x(s− t), x ∈ F , s ∈ R, t ⩾ 0;
D0(x)(s) = x(s)− T (1)(s− 1), x ∈ F , s ∈ R;
D(x)(n) = x(n)− T (1)(n− 1), x ∈ Fd, n ∈ Z.
Îñíîâíûå ðåçóëüòàòû çàêëþ÷àþòñÿ â ñîâìåñòíîì èññëåäîâàíèè

îïåðàòîðîâ L, D0, D ñ ïîìîùüþ ïîëóãðóïï T è TL: îáðàòèìîñòè ýòèõ
îïåðàòîðîâ, ò.å. ñîâïàäåíèå ñîñòîÿíèé îáðàòèìîñòè (ñì. îïðåäåëåíèå
â [1], [2]), ñ ïîìîùüþ ìåòîäà ýêâèâàëåíòíûõ îïåðàòîðîâ [1], [2], [3];
îöåíîê íîðì îáðàòíûõ â ðàçíûõ ïðîñòðàíñòâàõ F = Lp, p ∈ [1,∞),
âèäà îáðàòíîãî îïåðàòîðà, ñâÿçü ìåæäó ñïåêòðàìè. Â êà÷åñòâå ïðè-
ìåðà ïðèâåäåì íåñêîëüêî ðåçóëüòàòîâ.

© Áàñêàêîâ À.Ã., Ãàðêàâåíêî Ã.Â., Êîñòèíà Ë.Í., Óñêîâà Í.Á., 2025
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Òåîðåìà 1. Ñëåäóþùèå óòâåðæäåíèÿ ýêâèâàëåíòíû 1) îïåðà-
òîð L : D(L) ⊂ F → F îáðàòèì;

2) ïîëóãðóïïà T ãèïåðáîëè÷åñêàÿ (ñì. îïðåäåëåíèå â [1]);

3) ïîëóãðóïïà Õîóëåíäà ãèïåðáîëè÷åñêàÿ.

Òåîðåìà 2. Ïóñòü σ(T (1))∩T = ∅, òîãäà îïåðàòîð D îáðàòèì
è (D−1f)(n) =

∑
m⩽n(T (1))n−mf(m).

Òåîðåìà 3. Ïóñòü îïåðàòîð D îáðàòèì. Òîãäà îïåðàòîð L îá-
ðàòèì è èìåþò ìåñòè îöåíêè

||L−1|| ⩽ 1 + ||D−1||, äëÿ ïðîñòðàíñòâ L∞ è CB;

||L−1|| ⩽ 21−1/p(1+ ||D−1||), äëÿ ïðîñòðàíñòâ Lp è Sp, p ∈ [1,∞).

Îòìåòèì, ÷òî â êà÷åñòâå ïðèìåðà îïåðàòîðîâ A è L ìîæíî ðàñ-
ñìàòðèâàòü èíòåãðî-äèôôåðåíöèàëüíûé îïåðàòîð, âîçíèêàþùèé â
çàäà÷àõ õèìè÷åñêîãî êàòàëèçà [4].
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À.Í. Áàõâàëîâ (Ìîñêâà, ÌÃÓ èì. Ì.Â. Ëîìîíîñîâà)
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Õîðîøî èçâåñòíî (ñì., íàïðèìåð, [1, ãë. II, (4.10)]), ÷òî åñëè 2π-
ïåðèîäè÷åñêàÿ ôóíêöèÿ f èìååò îãðàíè÷åííóþ âàðèàöèþ íà [0, 2π],
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òî å¼ êîýôôèöèåíòû Ôóðüå

cn(f) =
1

2π

∫ 2π

0

f(t)e−int dt

ïðè n ̸= 0 óäîâëåòâîðÿþò íåðàâåíñòâó

|cn(f)| ⩽
1

2π

V (f ; [0, 2π])

|n|
,

è êîíñòàíòà 1
2π â ýòîì íåðàâåíñòâå òî÷íàÿ, êàê ïîêàçûâàåò ïðèìåð

ôóíêöèè f(x) = χ(0,π)(x).
Äâóìåðíûé àíàëîã ýòîãî ðåçóëüòàòà äëÿ èíòåãðèðóåìûõ ôóíê-

öèé èç êëàññà BVV ([0, 2π]2) ôóíêöèé îãðàíè÷åííîé âàðèàöèè ïî Âè-
òàëè, ñ òî÷íîé êîíñòàíòîé 1

4π2 , ïîëó÷åí â ðàáîòå [2]. Äëÿ ôóíêöèé
îãðàíè÷åííîé îáîáùåííîé âàðèàöèè ðÿäîì àâòîðîâ íàéäåíû îöåíêè
ïîðÿäêà óáûâàíèÿ, íî íå òî÷íûå êîíñòàíòû.

Â ðàáîòå [3] ðàññìîòðåí àíàëîãè÷íûé âîïðîñ äëÿ ïðåîáðàçîâàíèÿ
Ôóðüå.

Äëÿ èíòåãðèðóåìîé íà ïðÿìîé ôóíêöèè, âàðèàöèÿ V (f ;R) êîòî-
ðîé íà ïðÿìîé êîíå÷íà, ïîêàçàíî, ÷òî å¼ ïðåîáðàçîâàíèå Ôóðüå

f̂(ξ) =
1

2π

∫
R
f(x)e−ixξ dx,

óäîâëåòâîðÿåò íåðàâåíñòâó

|f̂(ξ)| ⩽ V (f ;R)
|ξ|

, ξ ̸= 0. (1)

Äëÿ èíòåãðèðóåìîé íà ïëîñêîñòè ôóíêöèè, âàðèàöèÿ ïî Âèòàëè
VV (f ;R2) êîòîðîé êîíå÷íà, ïîêàçàíî, ÷òî å¼ ïðåîáðàçîâàíèå Ôóðüå

f̂(ξ, η) =
1

4π2

∫
R2

f(x, y)e−ixξe−iyη dx dy

äëÿ ëþáûõ ξ, η ̸= 0 óäîâëåòâîðÿåò îöåíêå

|f̂(ξ, η)| ⩽ VV (f ;R2)

|ξη|
. (2)

Â [3] ïîñòàâëåíû âîïðîñû î òî÷íîñòè êîíñòàíòû 1 â îöåíêàõ (1)
è (2). Íàìè ïîëó÷åíû ñëåäóþùèå îêîí÷àòåëüíûå îòâåòû íà íèõ.
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Òåîðåìà 1. Ïóñòü f ∈ BV (R)∩L(R), òîãäà âûïîëíÿåòñÿ îöåíêà

|f̂(ξ)| ⩽ 1

2π
· V (f ;R)

|ξ|
, ξ ̸= 0,

ïðè÷åì êîíñòàíòà 1
2π íå óëó÷øàåìà.

Òåîðåìà 2. Ïóñòü f ∈ BVV (R2)∩L(R2), òîãäà äëÿ ëþáûõ ξ, η ̸=
0 âûïîëíÿåòñÿ îöåíêà

|f̂(ξ, η)| ⩽ 1

4π2
· VV (f ;R

2)

|ξη|
,

ïðè÷åì êîíñòàíòà 1
4π2 íå óëó÷øàåìà.
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ÄÓÀËÈÇÌ Â ÒÅÎÐÈÈ ÑÎËÈÒÎÍÍÛÕ ÐÅØÅÍÈÉ
Â ÍÅÎÄÍÎÐÎÄÍÛÕ ÑÐÅÄÀÕ1

Ë.À. Áåêëàðÿí
(Öåíòðàëüíûé Ýêîíîìèêî-Ìàòåìàòè÷åñêèé Èíñòèòóò ÐÀÍ)

lbeklaryan@outlook.com

Ñîâîêóïíîñòü êîíñòðóêöèé
(
Υ, d, s, η,GΓ|Q, g

)
íàçûâàåòñÿ ñî-

ëèòîííûì áóêåòîì è îäíîçíà÷íî îïðåäåëÿåòñÿ íàáîðîì Γ =
(Υ, d, s, η,Q, g), ãäå:

(1) Υ-êîíå÷íî ïîðîæäåííàÿ ãðóïïà áåç êðó÷åíèÿ ñ îáðàçóþùèìè
{γ̌1, . . . , γ̌d} è âûäåëåííûìè ýëåìåíòàìè {γ1, . . . , γs}, à òàêæå
ñîîòâåòñòâóþùåå ïðîñòðàíñòâî KnΥ =

∏
γ∈ΓR

n
γ , R

n
γ = Rn áåñ-

êîíå÷íûõ ïîñëåäîâàòåëüíîñòåé κ = {xγ}γ∈Γ, xγ ∈ Rn, xγ =

(x1γ , . . . , x
n
γ )

′
ñî ñòàíäàðòíîé òîïîëîãèåé ïîëíîãî ïðÿìîãî ïðî-

èçâåäåíèÿ;

1 Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà) (ïðî-
åêò � 23-11-00080).
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(2) TΥ = {Tγ : γ ∈ Υ}-êîíå÷íî ïîðîæäåííàÿ ãðóïïà ñäâèãîâ, äåé-
ñòâóþùàÿ â ïðîñòðàíñòâå KnΥ ïî ñëåäóþùåìó ïðàâèëó

Tγ̄{xγ}γ∈Υ = {xγγ̄}γ∈Υ, γ̄ ∈ Υ, {xγ}γ∈Υ ∈ KnΥ, Tγ̄ ∈ TΥ;

(3) η : Υ → Q-ýïèìîðôèçì, ãäå Q ãðóïïà äèôôåîìîðôèçìîâ ïðÿ-
ìîé, ñîõðàíÿþùèõ îðèåíòàöèþ, è, ñîîòâåòñòâåííî, Q êîíå÷íî
ïîðîæäåííàÿ ãðóïïà ñ îáðàçóþùèìè q̌j = η(γ̌j), j = 1, . . . , d è
âûäåëåííûìè ýëåìåíòàìè qj = η(γj), j = 1, . . . , s;

(4) g : R × Rns → Rn- ôóíêöèÿ, èçìåðèìàÿ ïî t ∈ R ïðè êàæ-
äîì x1, . . . , xs ∈ R è ïðè ïî÷òè êàæäîì t ∈ R íåïðåðûâíàÿ ïî
x1, . . . , xs ∈ Rn (óñëîâèÿ Êàðàòåîäîðè);

(5) îïåðàòîð

GΓ : R×KnΥ → KnΥ, Γ = (Υ, d, s, η,Q, g)

òàêîé, ÷òî êîîðäèíàòà
(
GΓ(t,κ)

)
e
áåñêîíå÷íîìåðíîé âåêòîð-

ôóíêöèè GΓ(t,κ), ñîîòâåòñòâóþùàÿ åäèíè÷íîìó ýëåìåíòó e
ãðóïïû Υ, çàâèñèò òîëüêî ëèøü îò êîíå÷íîãî ÷èñëà êîîðäèíàò
è ðàâíà (

GΓ(t,κ)
)
e
= g
(
t, xγ1 , . . . , xγs

)
;

(6) ïðè ïî÷òè êàæäîì t ∈ R âûïîëíÿþòñÿ �ïî÷òè ïåðåñòàíîâî÷-
íûå� ñîîòíîøåíèÿ

Tγ̄GΓ(t,κ) =
d

dt
η(γ̄)(t) ·GΓ(η(γ̄)(t), Tγ̄κ), ∀κ ∈ KnΥ, ∀γ̄ ∈ Υ.

Ïî÷òè ïåðåñòàíîâî÷íîå ñîîòíîøåíèå, ñâÿçàííîå ñ îïåðàòîðîì
ñäâèãà ïî ïðîñòðàíñòâó õàðàêòåðèçóåò ñâîéñòâî îäíîðîäíîñòè ñðå-
äû.

Äëÿ ñîëèòîííîãî áóêåòà
(
Υ, d, s, η,GΓ|Q, g

)
ñ Γ = (Υ, d, s, η,Q, g) â

ôàçîâîì ïðîñòðàíñòâå KnΥ ñ ôàçîâîé ïåðåìåííîé κ ∈ KnΥ îïðåäåëèì
ñèñòåìó

κ̇(t) = GΓ(t,κ), äëÿ ï.â. t ∈ R, (1)

κ(η(γ̄)(t)) = Tγ̄κ(t), ∀t ∈ R, ∀γ̄ ∈ Υ (2)

ãäå ïðîèçâîäíàÿ â áåñêîíå÷íîìåðíîì ÎÄÓ (1) ïîíèìàåòñÿ êàê ïðî-
èçâîäíàÿ ïî Ãàòî, à íåëîêàëüíûå îãðàíè÷åíèÿ (2) îçíà÷àþò, ÷òî äëÿ
ðåøåíèé ñèñòåìû ñäâèã ïî ïðîñòðàíñòâó ðàâåí ñäâèãó ïî âðåìåíè.
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Ðåøåíèÿ òàêîé ñèñòåìû íàçûâàþòñÿ ðåøåíèÿìè òèïà áåãóùåé âîë-
íû (ñîëèòîííûå ðåøåíèÿ), à ãðóïïà Q íàçûâàåòñÿ õàðàêòåðèñòèêîé
áåãóùåé âîëíû.

Â ïàðå ñ ñèñòåìîé (1)-(2) ðàññìàòðèâàåòñÿ ôóíêöèîíàëüíî-äèô-
ôåðåíöèàëüíîå óðàâíåíèå

ẋ(t) = g(t, x(q1(t), . . . , qs(t)), t ∈ R. (3)

Êàæäûé ñîëèòîííûé áóêåò
(
Υ, d, s, η,GΓ|Q, g

)
ñ

Γ = (Υ, d, s, η,Q, g) îïðåäåëÿåò äóàëüíóþ ïàðó
(
GΓ|Q, g

)
ôóíêöèÿ-

îïåðàòîð. Äëÿ êàæäîãî ñîëèòîííîãî áóêåòà (äóàëüíîé ïàðû) ñóùå-
ñòâóåò êàíîíè÷åñêèé ñîëèòîííûé áóêåò (êàíîíè÷åñêàÿ äóàëüíàÿ ïà-
ðà) âèäà

(
Q, d, s, I, GΓ|Q, g

)
ñ Γ = (Q, d, s, I, Q, g) (

(
GΓ|Q, g

)
), ãäå

I òîæäåñòâåííûé àâòîìîðôèçì ãðóïïû Q. Äëÿ çàäàííûõ Q, g êà-
íîíè÷åñêèé áóêåò âûäåëÿåòñÿ íàèáîëåå ïðîñòîé ñòðóêòóðîé íàáîðà
Γ = (Q, d, s, I, Q, g) è, ñîîòâåòñòâåííî, îïåðàòîðà GΓ.

Ïðåäñòàâëåííîå èññëåäîâàíèå äåìîíñòðèðóåò ôðàãìåíò íåêîòî-
ðîãî îáùåãî ïîäõîäà. Â ðàìêàõ òàêîãî ïîäõîäà ðàçðàáîòàí ôîðìà-
ëèçì [1 - 2], öåíòðàëüíûì ýëåìåíòîì êîòîðîãî ÿâëÿåòñÿ ñóùåñòâî-
âàíèå âçàèìíî îäíîçíà÷íîãî ñîîòâåòñòâèÿ ìåæäó ñîëèòîííûìè ðå-
øåíèÿìè κ(t) = {xγ(t)}γ∈Υ, t ∈ R áåñêîíå÷íîìåðíîé äèíàìè-
÷åñêîé ñèñòåìû (1-2) è ðåøåíèÿìè x(t), t ∈ R ôóíêöèîíàëüíî-
äèôôåðåíöèàëüíîãî óðàâíåíèÿ òî÷å÷íîãî òèïà (3). Òàêèå ðåøåíèÿ
ñâÿçàíû ñëåäóþùèì îáðàçîì

xγ(t) = xe(η(γ)(t)), xe(t) = x(t), ∀t, γ, t ∈ R, γ ∈ Υ (4)

è îáðàçóþò äóàëüíóþ ïàðó âåêòîð-ôóíêöèé (κ(.)|x(.) ). Ñîîòâåò-
ñòâèå (4) ìîæåò áûòü óòî÷íåíî äëÿ ïîäïðîñòðàíñòâà ñîëèòîííûõ ðå-
øåíèé κ(.) ñ çàäàííîé àñèìïòîòèêîé êàê ïî ïðîñòðàíñòâó, òàê è ïî
âðåìåíè, à òàêæå óñòàíîâëåíà àñèìïòîòèêà ïî âðåìåíè äëÿ ðåøå-
íèé x(.) ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ èç ñîîòâåò-
ñòâóþùåé äóàëüíîé ïàðû (κ(.)|x(.) ). Â ðàìêàõ òàêîãî ôîðìàëèçìà
óäàåòñÿ óñòàíîâèòü òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè êàê
ñîëèòîííûõ ðåøåíèé (ðåøåíèé ñèñòåìû (1-2) ), òàê è äëÿ ôóíêöèî-
íàëüíî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ òî÷å÷íîãî òèïà (3).

Â òåîðèè ïëàñòè÷åñêîé äåôîðìàöèè èçó÷àåòñÿ áåñêîíå÷íîìåðíàÿ
äèíàìè÷åñêàÿ ñèñòåìà

mÿi = yi−1 − 2yi + yi+1 + φ(yi), i ∈ Z, yi ∈ R, t ∈ R, (5)
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ãäå ïîòåíöèàë φ(·), â ÷àñòíîñòè, çàäàåòñÿ ãëàäêîé ïåðèîäè÷åñêîé
ôóíêöèåé. Óðàâíåíèå (4) ÿâëÿåòñÿ ñèñòåìîé ñ ïîòåíöèàëîì Ôðåíêå-
ëÿ-Êîíòîðîâîé [4]. Íåçàâèñèìîñòü ìàññû m îò èíäåêñà i ïðîñòðàí-
ñòâåííîé êîîðäèíàòû õàðàêòåðèçóåò ñâîéñòâî îäíîðîäíîñòè ñðåäû.
Òàêàÿ ñèñòåìà ÿâëÿåòñÿ êîíå÷íî ðàçíîñòíûì àíàëîãîì íåëèíåéíîãî
âîëíîâîãî óðàâíåíèÿ, ìîäåëèðóåò ïîâåäåíèå ñ÷åòíîãî ÷èñëà øàðîâ
ìàññû m, ïîìåùåííûõ â öåëî÷èñëåííûõ òî÷êàõ ÷èñëîâîé ïðÿìîé,
ãäå êàæäàÿ ïàðà ñîñåäíèõ øàðîâ ñîåäèíåíà ìåæäó ñîáîé óïðóãîé
ïðóæèíîé, è îïèñûâàåò ðàñïðîñòðàíåíèå ïðîäîëüíûõ âîëí â áåñêî-
íå÷íîì îäíîðîäíîì àáñîëþòíî óïðóãîì ñòåðæíå. Íàèáîëåå âàæíûé
êëàññ âîëí îïèñûâàåòñÿ ðåøåíèÿìè òèïà áåãóùèõ âîëí (ñîëèòîííûå
ðåøåíèÿ). Äëÿ ïðåäñòàâëåííîãî êîíå÷íî ðàçíîñòíîãî àíàëîãà âîë-
íîâîãî óðàâíåíèÿ ñ íåëèíåéíûì ïîòåíöèàëîì îáùåãî âèäà (4) êëþ-
÷åâûì ÿâëÿåòñÿ òàêæå è íàëè÷èå ðÿäà äîïîëíèòåëüíûõ ñèììåòðèé.
Äëÿ òàêîé ñèñòåìû óñòàíîâëåíî ñóùåñòâîâàíèå ñåìåéñòâà îãðàíè-
÷åííûõ ñîëèòîííûõ ðåøåíèé [5-6].

Â íåîäíîðîäíûõ ñðåäàõ óñëîâèå (6) (óñëîâèå ¾ïî÷òè ïåðåñòàíî-
âî÷íîñòè¿ äëÿ ãðóïïû îïåðàòîðîâ ñäâèãà ïî ïðîñòðàíñòâó) îòñóò-
ñòâóåò. Â òàêèõ ñèñòåìàõ ïðîñòðàíñòâî ñîëèòîííûå ðåøåíèé ëèáî
òðèâèàëüíîå, ëèáî ïóñòîå. Âìåñòå ñ òåì, óäàåòñÿ ïîëó÷èòü êàê ¾ïðà-
âèëüíîå ðàñøèðåíèå> êëàññà ñîëèòîííûõ ðåøåíèé äî êëàññà ¾êâà-
çèñîëèòîííûõ ðåøåíèé¿ , äëÿ êîòîðûõ òàêæå óñòàíîâëåíà òåîðåìà
ñóùåñòâîâàíèÿ ðåøåíèÿ, òàê è ¾ïðàâèëüíîå ðàñøèðåíèå¿ ñîîòâåò-
ñòâèÿ (4).
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ÊÎÌÏÎÇÈÖÈß ÎÏÅÐÀÒÎÐÀ ÝÐÄÅÉÈ-ÊÎÁÅÐÀ
ÄÐÎÁÍÎÃÎ ÏÎÐßÄÊÀ È ËÅÂÎÑÒÎÐÎÍÍÅÃÎ

ÄÐÎÁÍÎÃÎ ÈÍÒÅÃÐÀËÀ ÁÅÑÑÅËß ÍÀ ÏÎËÓÎÑÈ1

À.Í. Áîéíàçàðîâ (Ôåðãàíà, ÔåðÃÓ)
ahror010185@gmail.com

Ïóñòü α > 0, γ > 0. Ëåâîñòîðîííèé äðîáíûé èíòåãðàë Áåññåëÿ íà
ïîëóîñè[2] ] B−α

γ,0+ äëÿ f ∈ L[0, ) îïðåäåëÿåòñÿ ôîðìóëîé

(B−α
γ,0+f)(x) = (IBαγ,0+f)(x) =

=
1

(2α)

x∫
0

(
x2 − y2

2x

)2α−1

2F1

(
α+

γ − 1

2
, α; 2α; 1− y2

x2

)
f(y)dy (1)

Â ðàáîòàõ A. Erdelyi è H. Kober [3] ââîäèòñÿ ñëåäóþùàÿ ìîäèôè-
êàöèÿ äðîáíîãî èíòåãðèðîâàíèÿ

Iη,αφ (x) =
2x−2(η+α)

Γ (α)

x∫
0

(
x2 − t2

)α−1
t2η+1φ(t)dt, (2)

ãäå Γ(α) - ãàììà ôóíêöèÿ.
Ðàññìîòðèì êîìïîçèöèþ îïåðàòîðà Ýðäåéè-Êîáåðà (2) è ëåâîñòî-

ðîííåãî äðîáíîãî èíòåãðàëà Áåññåëÿ íà ïîëóîñè (1)

(Iη,βx
σB−α

γ,0+f)(x) =
2x−2(η+β)

Γ(β)

x∫
0

(s)
2η+1(

x2 − s2
)β−1×

×

 sσ

Γ(2α)

s∫
0

(y
s

)γ(s2 − y2

2s

)2α−1

×

1 Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò � 10-01-
00000).
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× 2F1

(
α+

γ − 1

2
, α; 2α; 1− y2

s2

)
f(y)dy

}
ds

Ïîëó÷èì,

(Iη,βx
σBαγ,0+f)(x) =

21−2αxσ−γ−2α+1

Γ(2α+ β)

x∫
0

yγ−2βf(y)
(
x2 − y2

)2α−1+β×

×F3

(
α+

γ − 1

2
,
σ − γ + 1

2
+ α+ β + η, α, β, 2α+ β;X,

X

X − 1

)
dy

(4)
Òåïåðü ðàññìîòðèì êîìïîçèöèþ ëåâîñòîðîííåãî äðîáíîãî èíòå-

ãðàëà Áåññåëÿ íà ïîëóîñè ñ îïåðàòîðîì Ýðäåéè-Êîáåðà

(B−α
γ,0+Iη,βf)(x) =

=
1

Γ(2α)

x∫
0

(y
x

)γ(x2 − y2

2x

)2α−1

2F1

(
α+

γ − 1

2
, α; 2α; 1− y2

x2

)
×

×

2y−2(η+β)

Γ(β)

y∫
0

(s)
2η+1(

y2 − s2
)β−1

f(s)ds

 dy

Ïîëó÷èì

(B−α
γ,0+Iη,βf)(x) =

21−2αx1−2α−γ

(2α+ β)

x∫
0

(s)
γ−2β(

x2 − s2
)2α−1+β×

×F3

(
α+

γ − 1

2
, η + β − γ − 1

2
, α, β, 2α+ β;X,

X

X − 1

)
f(s)ds (5)

Òåîðåìà 1. Åñëè â ôîðìóëàõ (4) è (5) ïîëîæèòü σ = −2α, òî
ïîëó÷èì

(Iη,βx
−2αB−α

γ,0+f)(x) = x−2α(B−α
γ,0+Iη,βf)(x).
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ÎÁ ÝÊÂÈÄÈÑÒÀÍÒÀÕ ÝËËÈÏÑÀ
À.À. Áîðòíèêîâ, Ê.È. Ãëàäêèõ, Â.À. Òîðøèíà,

Ë.Â. Ñòåíþõèí (Âîðîíåæ, ÂÃÓ)
stenyuhin@mail.ru

Ñåìåéñòâî ýêâèäèñòàíò (ïàðàëëåëüíûõ êðèâûõ), ïðîõîäÿùèõ îò
êðèâîé r(t) = (x(t), y(t)) â ïëîñêîñòè íà ðàññòîÿíèè λ, çàäàåòñÿ ñî-
îòíîøåíèÿìè 

X = x+
λy′√
x′2 + y′2

,

Y = y − λx′√
x′2 + y′2

.

Óñòàíîâëåíî, ÷òî äëÿ íåêîòîðûõ êðèâûõ, â ÷àñòíîñòè äëÿ ýëëèïñà
x(t) = a cos t, y(t) = b sin t, ýêâèäèñòàíòà äàííîé êðèâîé, ïðîõîäÿ-
ùàÿ ÷åðåç íåêîòîðûå òî÷êè ïëîñêîñòè íà çàäàííîì ðàññòîÿíèè îò
çàäàííîé êðèâîé íå åäèíñòâåííà. Òî åñòü ïðè íåêîòîðûõ çíà÷åíèÿõ
ïàðàìåòðà ðàññòîÿíèÿ λ ñóùåñòâóþò áèôóðêàöèè ýêâèäèñòàíò íåêî-
òîðûõ êðèâûõ.

Ñåìåéñòâî ïàðàëëåëüíûõ ýëëèïñó êðèâûõ ñ ïàðàìåòðîì λ çàäà-
åòñÿ ñîîòíîøåíèÿìè

X = a cos t+
λb cos t√

a2 sin2 t+ b2 cos2 t
,

Y = b sin t+
λa sin t√

a2 sin2 t+ b2 cos2 t
.

Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.
Òåîðåìà 1. Âåêòîð ñêîðîñòè êðèâîé, ïàðàëëåëüíîé ýëëèïñó, ðà-

âåí íóëþ ïðè âñòðå÷å ýêâèäèñòàíòû ýëëèïñà ñ åãî ýâîëþòîé äëÿ

© Áîðòíèêîâ À.À., Ãëàäêèõ Ê.È., Òîðøèíà Â.À., Ñòåíþõèí Ë.Â., 2025
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íóëåâîãî çíà÷åíèÿ ïàðàìåòðà t = 0. Ïðè ýòîì èìååòñÿ îöåíêà ñêî-

ðîñòè R
′
(0) =

(
x′(0)
y′(0)

)
=

(
0

a

b
λ+ b

)
, a > b. Äëÿ λ > −b

2

a
, y′(0) > 0

è äëÿ λ < −b
2

a
, y′(0) < 0.

Òåîðåìà 2. Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:
1) max{a; b} >

√
2 ·min{a; b};

2)


t = arcsin

(
± b2

b2 − a2

)
, a > b > 0,

t = arccos

(
± a2

a2 − b2

)
, b > a > 0;

3) λ = −max{a2; b2}√
|a2 − b2|

.

Òîãäà òî÷êè (t, λ) ÿâëÿþòñÿ òî÷êàìè áèôóðêàöèè ýêâèäèñòàíò ýë-
ëèïñà è ýòè òî÷êè ëåæàò íà ñàìîì ýëëèïñå ñ ïîëóîñÿìè a è b.

Ìíîæåñòâî ýêâèäèñòàíòíûõ êðèâûõ R(r, λ) äàííîé êðèâîé r(t) ñ
ïàðàìåòðîì ðàññòîÿíèÿ λ ìîæíî çàäàòü âåêòîðíûì óðàâíåíèåì

R(r, λ) = r +
1

|r′|
·
(

0 λ
−λ 0

)
· r′,

R : X ×R → Y , λ ∈ R. Çäåñü X, Y � ïðîñòðàíñòâà âåêòîð-ôóíêöèé,
r ∈ Cp, p ⩾ 2.

Òåîðåìà 3. Äëÿ ýëëèïñà r(t) = (a cos t, b sin t) ïðè λ ̸= 1 − b2

a
è

λ < −b
2

a
, òî÷êà (t, λ) ÿâëÿåòñÿ òî÷êîé áèôóðêàöèè ýêâèäèñòàíò

ýëëèïñà.
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ÊÎÍÅ×ÍÎÃÎ ÏÎÐßÄÊÀ Ñ ÇÀÄÀÍÍÎÉ

(ÏÎÄ)ÏÎÑËÅÄÎÂÀÒÅËÜÍÎÑÒÜÞ ÍÓËÅÉ
Ã.Ã. Áðàé÷åâ (Ìîñêâà, ÐÓÄÍ)

braichev@mail.ru

Ðàññìîòðèì êëàññ E[ρ,∞), ñîñòîÿùèé èç âñåõ öåëûõ ôóíêöèé f ,
èìåþùèõ ïðè ïîðÿäêå ρ > 0 êîíå÷íûé òèï σρ(f), îïðåäåëÿåìûé ðà-
âåíñòâîì

σρ(f) = lim
r→+∞

ln max
θ∈[0,2π]

|f(reiθ)|

rρ
.

Ïîñëåäîâàòåëüíîñòü íóëåé ôóíêöèè f , çàïèñàííóþ ñ ó÷åòîì èõ êðàò-
íîñòåé, îáîçíà÷àåì Λf = {λn} . Òåïåðü îïðåäåëèì âåëè÷èíû

T (Λ, ρ) = inf {σρ(f) : f ∈ E[ρ,∞), Λf = Λ} ,

T ∗(Λ, ρ) = inf {σρ(f) : f ∈ E[ρ,∞), Λf ⊃ Λ} .

Áëèçêèå ïîíÿòèÿ ââîäèëèñü â ðàáîòå Á.Í. Õàáèáóëëèíà [1].
Ïðè ρ ∈ (0, 1) â ñèòóàöèÿõ, êîãäà âñå íóëè ôóíêöèé ðàñïîëîæå-

íû íà îäíîì èëè íåñêîëüêèõ ëó÷àõ, à òàêæå â íåñêîëüêèõ ïðàâèëü-
íî ðàñïîëîæåííûõ óãëàõ, òî÷íûå çíà÷åíèÿ ýêñòðåìàëüíûõ âåëè÷èí
T (Λ, ρ), âûðàæåííûå ÷åðåç ðàçëè÷íûå ïëîòíîñòè ïîñëåäîâàòåëüíî-
ñòè Λ, íàéäåíû â ðàáîòàõ À.Þ. Ïîïîâà [2], Â. Á. Øåðñòþêîâà [3],
Ã. Ã. Áðàé÷åâà [4]. Âåëè÷èíû T ∗(Λ, ρ), âàæíûå äëÿ ïðèëîæåíèé, âû-
÷èñëÿþòñÿ ðåæå, ïðè÷åì ïðè äîïîëíèòåëüíûõ ïðåäïîëîæåíèÿõ ðå-
ãóëÿðíîñòè ðîñòà ôóíêöèé (ñì., íàïðèìåð, [4], [5]).

Íàïîìíèì íåêîòîðûå îïðåäåëåíèÿ è ïðèâåäåì íîâûå ðåçóëüòàòû.
Èíäèêàòîð öåëîé ôóíêöèè f ïðè ïîðÿäêå ρ äàåòñÿ ôîðìóëîé

hρ(θ, f) = lim
r→+∞

ln |f(reiθ)|
rρ

.

Ôóíêöèÿ f èìååò âïîëíå ðåãóëÿðíûé ðîñò íà ëó÷å arg z = θ, åñëè
â ýòîé ôîðìóëå ñóùåñòâóåò ïðåäåë, êîãäà r → +∞, r /∈ C0. Äëÿ
âñåõ θ ∈ [0, 2π] âûïîëíÿåòñÿ íåðàâåíñòâî hρ(θ, f) ⩽ σρ(f). Ëó÷è, íà
êîòîðûõ äîñòèãàåòñÿ ðàâåíñòâî hρ(θ, f) = σρ(f), íàçîâåì ëó÷àìè ýêñ-
òðåìàëüíîãî ðîñòà ôóíêöèè.

© Áðàé÷åâ Ã.Ã., 2025
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Òåîðåìà 1. Ïóñòü öåëàÿ ôóíêöèÿ f(z) =
∞∑
n=0

fn
n! z

n èìååò ïðè

ïîðÿäêå ρ ∈ N òèï σρ(f) = σ > 0 è Λf = Λ. Òîãäà âåðíà ôîðìóëà

T (Λ, ρ) =
1

ρ
inf

|a|⩽σ

 lim
n→∞

∣∣∣∣∣∣
n∑

k=0, k|ρ

Ckn fn−k a
k

∣∣∣∣∣∣
ρ/n
 .

Òåîðåìà 2. Ïóñòü ρ > 0, f ∈ E[ρ,∞) è Λf = Λ. Ðàâåíñòâà

T ∗(Λ, ρ) = T (Λ, ρ) = σρ(f)

ñïðàâåäëèâû ïðè âûïîëíåíèè ëþáîãî èç ñëåäóþùèõ óñëîâèé:
1) ρ ∈ (0, 1/2] è f èìååò âïîëíå ðåãóëÿðíûé ðîñò íà îäíîì ëó÷å

ýêñòðåìàëüíîãî ðîñòà;
2) ρ > 1/2 è f èìååò âïîëíå ðåãóëÿðíûé ðîñò íà äâóõ ëó÷àõ

ýêñòðåìàëüíîãî ðîñòà, îáðàçóþùèõ óãîë ðàñòâîðà π/ρ ;
3) ρ > 1/2 è f èìååò âïîëíå ðåãóëÿðíûé ðîñò íà òðåõ ëó÷àõ

ýêñòðåìàëüíîãî ðîñòà arg z = θ1, θ2, θ3 òàêèõ, ÷òî θ1 < θ2 < θ3 è
θ2 − θ1 < π/ρ, θ3 − θ2 < π/ρ, θ3 − θ1 > π/ρ.
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J-ÏÐÅÎÁÐÀÇÎÂÀÍÈÅ ÁÅÑÑÅËß
ÐÀÑÏÐÅÄÅËÅÍÈß ÄÈÐÀÊÀ�ÊÈÏÐÈßÍÎÂÀ1

Þ.Í. Áóëàòîâ (Åëåö, ÅÃÓ èì. È.À. Áóíèíà)
y.bulatov@bk.ru

Ïóñòü Rn={x=(x1, . . . , xn)}, R+
n={x : xi > 0}, R+

n={x : xi⩾0},
i = 1, n. Ñëåäóþùèé ñèíãóëÿðíûé äèôôåðåíöèàëüíûé îïåðàòîð

∆B−γ
=

n∑
i=1

B−γi , B−γi =
∂2

∂x2i
− γi
xi

∂

∂xi
, γ = (γ1, . . . , γn), 0<γi<1,

ñëåäóÿ [1], áóäåì íàçûâàòü ∆B-îïåðàòîðîì Êèïðèÿíîâà. Ïðè ýòîì
÷èñëî −|γ|=−γ1 . . .−γn (âîçìîæíî öåëîå, íî âñåãäà îòðèöàòåëüíîå)
íàçâàíî â [2] êîýôôèöèåíòîì ñêðûòîé ñôåðè÷åñêîé ñèììåòðèè.

Âåñîâàÿ áèëèíåéíàÿ ôîðìà â R+
n , îòâå÷àþùàÿ ïàðàìåòðó −γ çà-

äàíà ñëåäóþùèì âûðàæåíèåì:

(u, v)−γ =

∫
R+

n

u(x) v(x) x−γdx , x−γdx =

n∏
i=1

x−γii dxi , 0<γi<1. (1)

Îïðåäåëåíèå (1) ïîðîæäàåò âåñîâîå ôóíêöèîíàëüíîå ïðîñòðàíñòâî

L−γ
2 = L−γ

2 (R+
n ) =

{
u : ∥u∥L−γ

2
=
√

(u, u)−γ <∞
}
,

êîòîðîå, âîîáùå ãîâîðÿ, îïðåäåëåíî äëÿ âñåõ −γi > −1.
Â êà÷åñòâå îñíîâíîãî ïðîñòðàíñòâà ôóíêöèé ðàññìàòðèâàåì ïîä-

ïðîñòðàíñòâî Øâàðöà Sev = Sev(R+
n ), ñîñòîÿùåå èç ôóíêöèé áûñòðî

óáûâàþùèõ âìåñòå ñî âñåìè ïðîèçâîäíûìè, ÷åòíûõ ïî Êèïðèÿíîâó
[3, ñ.21] ïî êàæäîé êîîðäèíàòå ñâîåãî àðãóìåíòà. Ïðîñòðàíñòâî ðåãó-
ëÿðíûõ îáîáùåííûõ ôóíêöèé ñòðîèòñÿ íà îñíîâå âåñîâîé áèëèíåé-
íîé ôîðìû (1) â L−γ

2 (R+
n ) è îáîçíà÷àåòñÿ S

′
ev,−γ .

Ïóñòü −γ=(−γ1, . . . ,−γn), −1<−γi<0 è µi=(γi + 1) /2. Ëèíåéíî
íåçàâèñèìûå ðåøåíèÿ ñèíãóëÿðíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
Áåññåëÿ B−γi u1,2 + u1,2 = 0, èìåþò ñëåäóþùèé âèä [4]:

u1=Jµi
(xi)=

∞∑
m=0

(−1)mΓ(1 + µi)

m! Γ(m+ 1 + µi)

x
2(m+µi)
i

22m
=Γ(1 + µi) 2

µi xµi

i Jµi(xi),

1 Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ïðîåêò � 24-21-00387).
© Áóëàòîâ Þ.Í., 2025
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u2=J−µi
(xi)=

∞∑
m=0

(−1)mΓ (1−µi)
m!Γ (m+1−µi)

(xi
2

)2m
=Γ(1−µi)2−µixi

µiJ−µi
(xi),

ãäå J±µi
� ôóíêöèè Áåññåëÿ ïåðâîãî ðîäà. Îòìåòèì, ÷òî ðàíåå ñîá-

ñòâåííûå ôóíêöèè u1 è u2 èñïîëüçîâàëèñü â ðàáîòàõ [5, 6] äëÿ ðåøå-
íèÿ ñïåêòðàëüíûõ çàäà÷ ñ îïåðàòîðîì B−γ .

Îïåðàòîð T-ïñåâäîñäâèãà îïðåäåëåí ôîðìóëîé (ñì. [4]):

Tyxf(x, t)=
π∫

0

. . .

π∫
0

f
(
x

α→ y , t
) n∏
i=1

Γ
(
γi+3
2

)
Γ
(
1
2

)
Γ
(
γi+2
2

) (xi yi sinαi)γi+1

(xi
αi→ yi )γi+1

dαi,

ãäå ¾ñäâèíóòûé¿ àðãóìåíò ôóíêöèè f èìååò ñëåäóþùèé âèä

(x
α→ y ) = (. . . , xi

α→ yi, . . .) = (. . . ,
√
x2i + y2i − 2xi yi cosαi, . . .).

Îïåðàòîð T-ïñåâäîñäâèãà íå ïðèíàäëåæèò êëàññó ëåâèòàíîâñêèõ
îáîáùåííûõ ñäâèãîâ (ñì. [7]). Îòìåòèì îñíîâíûå ñâîéñòâà:

Ty∆B−γ, x
u(x) = ∆B−γ, x

Tyu(x) = ∆B−γ, y
Tyu(x),

(Tyxu , v)−γ=(u , Tyxv)−γ , TyxJµ(xξ) = Jµ(xξ)Jµ(yξ).

Ïóñòü x, ξ ∈ R+
n , −γi∈(−1, 0) è f∈L−γ

2 (R+
n ). Âçàèìíî îáðàòíûå

ïðÿìîå è îáðàòíîå J-ïðåîáðàçîâàíèÿìè Áåññåëÿ ôóíêöèè f ââåäåíû
â [4] è ïðåäñòàâëåíû ñëåäóþùèìè âûðàæåíèÿìè:

F [f ] (x) = f̂(ξ) =

∫
R+

n

f(x)

n∏
i=1

Jµi
(xiξi)x

−γi
i dx ,

F−1[f̂ ](ξ) = f(x) =

∫
R+

n

f̂(ξ)

n∏
i=1

(
1

2µi Γ(µi+1)

)2

Jµi
(ξixi) ξ

−γi
i dξi .

Õîðîøî èçâåñòíî, ÷òî ñèíãóëÿðíûé ôóíêöèîíàë, íàçûâàåìûé δ-
ôóíêöèåé Äèðàêà, ïðèìåíåííûé ê ðàäèàëüíîé ôóíêöèè φ=φ(|x|),
ïðèíèìàåò ôîðìó âåñîâîãî ñèíãóëÿðíîãî ðàñïðåäåëåíèÿ (1) ñ öåëî-
÷èñëåííûì âåñîì γ=n−1 :

(δ , φ) = (δBγ , φ(r))γ=|S1(n)|φ(0), r=|x|, γ=n−1,

ãäå |S1(n)| � ïëîùàäü åäèíè÷íîé ñôåðû ñ öåíòðîì â íà÷àëå êîîðäè-
íàò â åâêëèäîâîì ïðîñòðàíñòâå òî÷åê Rn.
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È.À. Êèïðèÿíîâ ââåë ïîíÿòèå âåñîâîé δ-ôóíêöèè (ñì. [3, ñ.12])
ðàâåíñòâîì (δγ , φ)γ=φ(0), ðåãóëÿðíûå ïðåäñòàâèòåëè êîòîðûõ îïðå-
äåëåíû ôóíêöèîíàëîì (· , ·)γ íà îñíîâå âåñîâîé áèëèíåéíîé ôîðìû
(1) ñ γ=(γ1, . . . , γn), ãäå óæå γi>0 è íå îáÿçàòåëüíî öåëîå ÷èñëî, à
ïëîùàäü âçâåøåííîé ñôåðû îïðåäåëÿåòñÿ ðàâåíñòâîì (ñì. [3])

|S1(n)|γ = 2

∏n
i=1 Γ

(
γi+1
2

)
Γ
(
n+|γ|

2

) =

∫
S1(n)

n∏
i=1

|xi|γidS .

Íåòðóäíî ïðîâåðèòü, ÷òî ýòà æå ôîðìóëà ïëîùàäè âçâåøåííîé ñôå-
ðû ñïðàâåäëèâà äëÿ âñåõ çíà÷åíèé γi > −1, i=1, n.

Ïóñòü x∈R+
1 è γ=2µ−1. Ïîëîæèì δk=|x|2µδ−γ . Òîãäà

(δk, φ)−γ = (x2µδ−γ , φ)−γ = lim
ε→0

∫ ε

0

δ−γ,ε(x)φ(x) xdx,

ãäå δ−γ,ε � ñîîòâåòñòâóþùàÿ δ-îáðàçíàÿ ïîñëåäîâàòåëüíîñòü. Îáîá-
ùåíèåì ýòîãî ðàâåíñòâà ñëóæèò ñëåäóþùåå îïðåäåëåíèå.

Îïðåäåëåíèå 1. Ïóñòü xdx =
n∏
i=1

xi dxi. Ñèíãóëÿðíîå ðàñïðåäå-

ëåíèå, ïðèíàäëåæàùåãî ïðîñòðàíñòâó ðàñïðåäåëåíèé S′
ev,−γ , îïðå-

äåëåííîå ðàâåíñòâîì

(δk , φ)−γ = lim
ε→0

∫
{x: 0⩽|x|<ε}

δ−γ,ε(x) φ(x) xdx = φ(0), ∀φ(|x|) ∈ Cev[0, ε),

áóäåì íàçûâàòü δk-ðàñïðåäåëåíèåì Äèðàêà�Êèïðèÿíîâà â S′
ev,−γ .

Ïðèìåíåíèåì îïðåäåëåíèÿ ðàñïðåäåëåíèÿ Äèðàêà�Êèïðèÿíîâà
ïîëó÷åíî ñëåäóþùåå óòâåðæäåíèå, êîòîðîå ñëóæèò ðàñøèðåíèåì
(íî íå îáîáùåíèåì) èçâåñòíîé ôîðìóëû ¾ïðåîáðàçîâàíèÿ Ôóðüå�
Áåññåëÿ âåñîâîé δ-Ôóíêöèè¿.

Òåîðåìà 1. Â ñìûñëå ðàñïðåäåëåíèé S′
ev,−γ èìååò ìåñòî ðàâåí-

ñòâî

F [ δ−γ Tx0
x Jµ ] (ξ) = Jµ(x0ξ).

Äîêàçàòåëüñòâî ýòîãî óòâåðæäåíèÿ ïîëó÷åíî ïåðåõîäîì îò äåéñò-

âèÿ T-ïñåâäîñäâèãà ê äåéñòâèþ
∗
T-ñäâèãà:

∗
Tyx f(x, t)=x−2µTyxf(x, t).
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Ñëåäñòâèå 1. Â ñìûñëå ðàñïðåäåëåíèé S′
ev,−γ èìååò ìåñòî ðà-

âåíñòâî

F [δ−γ ] = δ̂−γ = 1 ⇐⇒ δ−γ(x)=F−1
x [ 1 ] =

n∏
i=1

(2µi Γ(µi+1))
2 F[1].

Àâòîð áëàãîäàðåí ïðîôåññîðó Ë.Í. Ëÿõîâó çà ïîñòàíîâêó ðåøàåìîé
â ðàáîòå çàäà÷è è ñâîåâðåìåííûå êîíñóëüòàöèè.
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Êàê èçâåñòíî, ïåðåñòðàõîâàíèå � ýòî ñòðàõîâàíèå ñòðàõîâùèêîâ.
Èíûìè ñëîâàìè, ñòðàõîâàÿ êîìïàíèÿ (íåïîñðåäñòâåííûé ñòðàõîâ-
ùèê) ìîæåò ïåðåäàòü ÷àñòü ïðèíÿòîãî ðèñêà äðóãîé êîìïàíèè (ïå-
ðåñòðàõîâùèêó), âíîñÿ îïðåäåëåííóþ ïëàòó (ïðåìèþ ïåðåñòðàõîâà-
íèÿ).

Â ïåðâûõ ðàáîòàõ ïî ïåðåñòðàõîâàíèþ (ñì., íàïðèìåð, [1 - 2]),
ó÷èòûâàëèñü èíòåðåñû òîëüêî îäíîé ñòîðîíû (ñòðàõîâùèêà èëè ïå-
ðåñòðàõîâùèêà). Îäíàêî óæå â ðàáîòå [3] áûëî ïðåäëîæåíî, êàê ìîæ-
íî ïðèíÿòü âî âíèìàíèå çàïðîñû îáåèõ ñòîðîí.

Îòìåòèì, ÷òî ïðè îöåíêå êà÷åñòâà ôóíêöèîíèðîâàíèÿ ñèñòåìû
èñïîëüçîâàëèñü ðàçëè÷íûå öåëåâûå ôóíêöèè. Ñ íà÷àëà 20-ãî âåêà,
êîãäà áûëà ñîçäàíà òåîðèÿ êîëëåêòèâíîãî ðèñêà, îñîáóþ ïîïóëÿð-
íîñòü ïðèîáðåëà âåðîÿòíîñòü ðàçîðåíèÿ ñòðàõîâûõ êîìïàíèé, êîòî-
ðàÿ øèðîêî èñïîëüçóåòñÿ èññëåäîâàòåëÿìè è â íàøè äíè. Ðàññìàò-
ðèâàëèñü âåðîÿòíîñòè ðàçîðåíèÿ çà êîíå÷íîå èëè áåñêîíå÷íîå âðåìÿ.
Òàêæå áûëî ââåäåíî ïîíÿòèå ïàðèæñêîé âåðîÿòíîñòè ðàçîðåíèÿ, ò.å.
ðàçðåøàëîñü êàïèòàëó êîìïàíèè ïðîâåñòè ôèêñèðîâàííîå (èëè ñëó-
÷àéíîå âðåìÿ ñ çàäàííûì ðàñïðåäåëåíèåì) â îòðèöàòåëüíîé îáëàñòè
äî íàñòóïëåíèÿ ðàçîðåíèÿ.

Ïîñêîëüêó äàëåêî íå äëÿ âñåõ ìîäåëåé ìîæíî íàéòè â ÿâíîì âèäå
óïîìÿíóòûå âåðîÿòíîñòè, ñòàëè àêòèâíî ðàçâèâàòüñÿ ÷èñëåííûå ìå-
òîäû. Äëÿ ïðàêòè÷åñêîé äåÿòåëüíîñòè ïîëåçíî ïîëó÷åíèå íå òîëüêî
îöåíîê âåðîÿòíîñòè ðàçîðåíèÿ ñâåðõó (òèïà íåðàâåíñòâà Ëóíäáåðãà),
íî è îöåíîê ñíèçó.

Äðóãèì âàæíûì ïîêàçàòåëåì êà÷åñòâà ôóíêöèîíèðîâàíèÿ ñòðà-
õîâîé êîìïàíèè ñëóæèò ôóíêöèÿ Ãåðáåðà-Øèó, îöåíèâàþùàÿ îæè-
äàåìûé ðàçìåð äèñêîíòèðîâàííûõ äèâèäåíäîâ, âûïëà÷åííûõ äî ìî-
ìåíòà ðàçîðåíèÿ, è äðóãèå ïàðàìåòðû êàïèòàëà (ñì. [4]).

Â ïîñëåäíåå äåñÿòèëåòèå ïðèøëî ïîíèìàíèå, ÷òî íåîáõîäèìî èçó-
÷àòü òàê íàçûâàåìûå ñåòè ðèñêà, ò.å. ó÷èòûâàòü ìíîãîìåðíîñòü ñè-
ñòåì ñòðàõîâûõ êîìïàíèé. Îíà ìîæåò áûòü îáóñëîâëåíà íàëè÷èåì
ðàçëè÷íûõ âèäîâ ñòðàõîâàíèÿ, ñóùåñòâîâàíèåì ó êîìïàíèè ôèëèà-
ëîâ, à òàêæå èñïîëüçîâàíèåì ïåðåñòðàõîâàíèÿ (ñì. [5]).

Óêàçàííûå íàïðàâëåíèÿ èññëåäîâàíèé áóäóò ïðîèëëþñòðèðîâà-
íû ðåçóëüòàòàìè, äîêàçàííûìè àâòîðîì â ïîñëåäíåå âðåìÿ. Èíòå-
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ðåñíî òàêæå îòìåòèòü, ÷òî äëÿ ïîëó÷åíèÿ ÷èñëåííûõ ðåçóëüòàòîâ
ïîëåçíî ðàññìîòðåíèå ìîäåëåé ñ äèñêðåòíûì âðåìåíåì (ñì. [6]).
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Äèôôåðåíöèàëüíûå îïåðàòîðû íà ãåîìåòðè÷åñêèõ ãðàôàõ àêòèâ-
íî èçó÷àþòñÿ ñ ïðîøëîãî âåêà â ñâÿçè ñ ìîäåëèðîâàíèåì ðàçëè÷íûõ
ïðîöåññîâ, ïðîòåêàþùèõ â ñëîæíûõ ñèñòåìàõ, ïðåäñòàâèìûõ â âèäå
ïðîñòðàíñòâåííûõ ñåòåé [1].

Â äîêëàäå ðå÷ü èäåò î âðåìåíí�ûõ ãðàôàõ [2�4], êîãäà ïåðå-
ìåííàÿ, ïàðàìåòðèçóþùàÿ ðåáðà, îòîæäåñòâëÿåòñÿ ñî âðåìåíåì.
Ïðè ýòîì â êàæäîé âíóòðåííåé âåðøèíå ïðîöåññ ðàçâåòâëÿåòñÿ íà
íåñêîëüêî ïàðàëëåëüíûõ ïðîöåññîâ ïî ÷èñëó èñõîäÿùèõ ðåáåð. Êàê
è â ïðîñòðàíñòâåííûõ ñåòÿõ, çäåñü òàêæå ìîãóò âîçíèêàòü óñëîâèÿ
òèïà Êèðõãîôà. Èì áóäåò óäîâëåòâîðÿòü òðàåêòîðèÿ òå÷åíèÿ ïðî-
öåññà, ÿâëÿþùàÿñÿ îïòèìàëüíîé ñ ó÷åòîì ñðàçó âñåõ ïåðñïåêòèâ.

1 Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ïðîåêò � 24-71-10003).
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Â [2, 3] ïðè ïîìîùè èäåè ãëîáàëüíîãî çàïàçäûâàíèÿ [5] çàäà÷à
Êðàñîâñêîãî [6, 7] îá óñïîêîåíèè óïðàâëÿåìîé ñèñòåìû ñ ïîñëåäåé-
ñòâèåì áûëà ïåðåíåñåíà íà ãðàôû, ÷òî ïðèâåëî ê êîíöåïöèè âðå-
ìåíí�îãî ãðàôà. Ïðè ýòîì â [2] ðàññìàòðèâàëàñü áîëåå îáùàÿ íåñòàöè-
îíàðíàÿ óïðàâëÿåìàÿ ñèñòåìà, çàäàííàÿ óðàâíåíèÿìè ïðîèçâîëüíî-
ãî ïîðÿäêà íåéòðàëüíîãî òèïà ñ íåãëàäêèìè êîýôôèöèåíòàìè, ÷òî,
â ñâîþ î÷åðåäü, ïîòðåáîâàëî ââåäåíèÿ ñïåöèàëüíûõ íåëîêàëüíûõ
êâàçèïðîèçâîäíûõ. Òàêæå áûëî ïðîâåäåíî èõ ñðàâíåíèå â ëîêàëü-
íîì ñëó÷àå ñ êâàçèïðîèçâîäíûìè, ïðèìåíÿåìûìè äëÿ ðåãóëÿðèçà-
öèè ñèíãóëÿðíûõ äèôôåðåíöèàëüíûõ âûðàæåíèé ñ êîýôôèöèåíòà-
ìè èç ïðîñòðàíñòâ îáîáùåííûõ ôóíêöèé [8�10].

Îáñóæäàþòñÿ äâå èíòåðïðåòàöèè ñèñòåì óïðàâëåíèÿ íà âðåìåí-
í�ûõ ãðàôàõ. Â ðàìêàõ ñòîõàñòè÷åñêîé èíòåðïðåòàöèè [3, 4] èç ðàç-
ëè÷íûõ ñöåíàðèåâ, âîçíèêàþùèõ â êàæäîé âíóòðåííåé âåðøèíå ðå-
àëèçóåòñÿ òîëüêî îäèí. Ïðè ýòîì â ýíåðãåòè÷åñêèé ôóíêöèîíàë äî-
áàâëÿþòñÿ âåñà, ðàâíûå âåðîÿòíîñòÿì âñåõ ñöåíàðèåâ. Â ÷àñòíîñòè,
çàìåíà ïàðàìåòðîâ óðàâíåíèÿ, îïèñûâàþùåãî ñèñòåìó óïðàâëåíèÿ
íà èíòåðâàëå, äèñêðåòíûìè ñëó÷àéíûìè ïðîöåññàìè ñ äèñêðåòíûì
âðåìåíåì ïðèâåäåò ê ñèñòåìå óïðàâëåíèÿ íà âðåìåíí�îì äåðåâå.

Àëüòåðíàòèâíàÿ èíòåðïðåòàöèÿ ïîäðàçóìåâàåò äîñòîâåðíóþ ðå-
àëèçóåìîñòü ïðîöåññîâ, ñîîòâåòñòâóþùèõ âñåì ðåáðàì, è ïðèâîäèò,
âîîáùå ãîâîðÿ, ê ïðîèçâîëüíîìó ãðàôó ñ öèêëàìè. Ïîäîáíàÿ ñèòó-
àöèÿ âîçíèêàåò, íàïðèìåð, åñëè äëÿ íåêîòîðîãî íàáîðà èçíà÷àëüíî
íåçàâèñèìûõ ñèñòåì óïðàâëåíèÿ ïîòðåáîâàòü ñîâïàäåíèå èõ òðàåêòî-
ðèé â îïðåäåëåííûå ìîìåíòû ëèáî ïðîìåæóòêè âðåìåíè. Ïîñëåäíåå
îçíà÷àåò, ÷òî íà íåêîòîðûõ ðåáðàõ áóäåò ðàçâîðà÷èâàòüñÿ íåñêîëü-
êî ëîêàëüíûõ ïðîöåññîâ, à óïðàâëÿþùåå âîçäåéñòâèå äîëæíî ñîâìå-
ñòèòü èõ òðàåêòîðèè. Â îáùåé ïîñòàíîâêå ãëîáàëüíàÿ îïòèìàëüíàÿ
òðàåêòîðèÿ íà âñåì ãðàôå áóäåò óäîâëåòâîðÿòü îáùèì ñàìîñîïðÿ-
æåííûì óñëîâèÿì ñêëåéêè â åãî âåðøèíàõ.
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Â ðàáîòå [1] áûë îïèñàí íîâûé ïîäõîä ê èññëåäîâàíèþ ðàçðåøè-
ìîñòè ýëëèïòè÷åñêèõ ïñåâäîäèôôåðåíöèàëüíûõ óðàâíåíèé â îáëà-
ñòÿõ ñ íåãëàäêîé ãðàíèöåé. Ðàññìàòðèâàëèñü ìíîãîìåðíûå óðàâíå-
íèÿ, ôðåäãîëüìîâà ðàçðåøèìîñòü êîòîðûõ ñ ïîìîùüþ ëîêàëüíîãî
ïðèíöèïà ñâîäèëàñü ê èññëåäîâàíèÿ îäíîçíà÷íîé ðàçðåøèìîñòè ìî-
äåëüíûõ óðàâíåíèé (êðàåâûõ çàäà÷) â êàíîíè÷åñêèõ îáëàñòÿõ. Òàêèå
îáëàñòè ïðåäñòàâëÿþò ñîáîé êîíóñû â ìíîãîìåðíîì ïðîñòðàíñòâå,
è íåêîòîðûå ñëó÷àè îäíîçíà÷íîé ðàçðåøèìîñòè òàêèõ óðàâíåíèé è
êðàåâûõ çàäà÷ â ïðîñòðàíñòâàõ Ñîáîëåâà�Ñëîáîäåöêîãî òàêæå îïè-
ñàíû â [1].
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Îäíà èç òàêèõ ìîäåëüíûõ çàäà÷ ñâÿçàíà ñ çàäà÷åé äèôðàêöèè
ýëåêòðîìàãíèòíîé âîëíû íà ïëîñêîì ýêðàíå. Îíà ïðåäñòàâëÿåò ñî-
áîé òðåõìåðíûé àíàëîã çàäà÷è Çîììåðôåëüäà [4], êîòîðûé ïîëó÷èë
èíòåãðàëüíóþ ôîðìóëó äëÿ ðåøåíèÿ ýòîé çàäà÷è íà ïëîñêîñòè ñ âû-
ðåçàííûì ëó÷îì.

Ïóñòü Γ = {x ∈ R3 : x = (x1, x2, x3), x3 = 0, x1 > 0, x2.0} �
ïëîñêèé ýêðàí â òðåõìåðíîì ïðîñòðàíñòâå. Ìàòåìàòè÷åñêè çàäà÷à
ñôîðìóëèðîâàíà ñëåäóþùèì îáðàçîì: íàéòè ôóíêöèþ . óäîâëåòâî-
ðÿþùóþ óðàâíåíèþ Ãåëüìãîëüöà âíå Γ

(∆u)(x)− k2u(x) = 0, x ∈ R3 \ Γ, k ∈ C, (1)

óäîâëåòâîðÿþùåå íà Γ ãðàíè÷íîìó óñëîâèþ Äèðèõëå

u|x3=0 = f(x′), x′ = (x1, x2) ∈ Γ, (2)

èëè Íåéìàíà (
∂u

∂x3

) ∣∣∣∣∣
x3=0

= g(x′), x′ = (x1, x2) ∈ Γ. (3)

Â ðàáîòàõ [1,4] äëÿ íåêîòîðûõ çíà÷åíèé k ïîëó÷åíû àíàëèòè÷å-
ñêèå ôîðìóëû , îäíàêî îíè íå äîâåäåíû äî ÷èñëåííûõ ðåçóëüòàòîâ.
Ñ ýòîé öåëüþ â ðàáîòàõ [2,5] áûë ðàññìîòðåí ïëîñêèé àíàëîã çàäà-
÷è (1),(2) è äèñêðåòíûé àíàëîã óðàâíåíèÿ (1) â áîëåå îáùåì ñëó-
÷àå ïñåâäîäèôôåðåíöèàëüíûõ óðàâíåíèé. Äèñêðåòèçàöèÿ è ïîñòðî-
åíèå äèñêðåòíûõ ôóíêöèîíàëüíûõ ïðîñòðàíñòâ ðåàëèçîâûâàëèñü ñ
èñïîëüçîâàíèåì ðàçäåëåííûõ ðàçíîñòåé [3] è äèñêðåòíîãî ïðåîáðà-
çîâàíèÿ Ôóðüå.

Ïåðâûå ÷èñëåííûå ýêñïåðèìåíòû ìåòîäîì ñåòîê [3] áûëè ïðîâå-
äåíû â ïëîñêîì ñëó÷àå äëÿ k = 0 (çàäà÷à (1),(2)). Äëÿ ôóíêöèé
e−x

2
2 , 1

x2
2
áûëè ïîëó÷åíû ÷èñëåííûå ðåøåíèÿ ñ øàãîì h = 0, 1.
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ÏÎÏÅÐÅ×ÍÈÊÈ ÏÎ ÊÎËÌÎÃÎÐÎÂÓ ÏÅÐÅÑÅ×ÅÍÈß
ÀÍÈÇÎÒÐÎÏÍÛÕ ÊÎÍÅ×ÍÎÌÅÐÍÛÕ ØÀÐÎÂ Â lNq

ÏÐÈ q ⩽ 2
À.À. Âàñèëüåâà (Ìîñêâà, ÌÃÓ)

vasilyeva_nastya@inbox.ru

×åðåç dn(M, X) áóäåì îáîçíà÷àòü êîëìîãîðîâñêèé n-ïîïåðå÷íèê
ìíîæåñòâà M â ïðîñòðàíñòâå X.

Ïóñòü k1, . . . , kd ∈ N, 1 ⩽ p1, . . . , pd ⩽ ∞, k = (k1, . . . , kd),
p = (p1, . . . , pd). ×åðåç lkp îáîçíà÷èì ïðîñòðàíñòâî Rk1...kd =
{(xj1,...,jd)1⩽js⩽ks, 1⩽s⩽d : xj1,...,jd ∈ R} ñ íîðìîé, çàäàâàåìîé èí-
äóêöèåé ïî d: ïðè d = 1 ýòî

∥(xj1)1⩽j1⩽k1∥lk1
p1

=


( k1∑
j1=1

|xj1 |p1
)1/p1

, p1 <∞,

max1⩽j1⩽k1 |xj1 |, p1 = ∞,

ïðè d ⩾ 2

∥(xj1,...,jd)1⩽js⩽ks, 1⩽s⩽d∥lkp =

=

∥∥∥∥(∥(xj1,..., jd−1, jd)1⩽js⩽ks, 1⩽s⩽d−1∥
l
(k1,..., kd−1)

(p1,..., pd−1)

)kd
jd=1

∥∥∥∥
l
kd
pd

.

Äëÿ k = (k1, . . . , kd) äàëåå áóäåì îáîçíà÷àòü k = k1 . . . kd.
Ïóñòü A � íåïóñòîå ìíîæåñòâî, äëÿ êàæäîãî α ∈ A çàäàíû ÷èñëî

να > 0 è âåêòîð pα = (pα,1, . . . , pα,d), ãäå 1 ⩽ pα,j ⩽ ∞, 1 ⩽ j ⩽ d.
Ïóñòü k ∈ Nd. Ïîëîæèì

M = ∩α∈AναBkpα . (1)
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Äëÿ a ∈ R îáîçíà÷èì a+ = max{a, 0}. Äëÿ p = (p1, . . . , pd),
1 ⩽ q ⩽ 2, k = (k1, . . . , kd) ïîëîæèì

Φ(p, k, q) =
d∏
j=1

k
(1/q−1/pj)+
j . (2)

Èç ðåçóëüòàòîâ ðàáîòû [1] ñëåäóåò, ÷òî

dn(B
k
p , l

k
q ) ≍

q
Φ(p, k, q), 1 ⩽ q ⩽ 2, n ⩽ k/2.

Äëÿ p = (p1, . . . , pd), λ ∈ R áóäåì îáîçíà÷àòü ÷åðåç λ
p âåêòîð ñ

êîîðäèíàòàìè
(
λ
p1
, . . . , λ

pd

)
.

Ïóñòü I = {i1, . . . , il} ⊂ {1, . . . , d} � íåïóñòîå ïîäìíîæåñòâî,
i1 < · · · < il. Äëÿ x = (x1, . . . , xd) ∈ Rd ïîëîæèì xI = (xi1 , . . . , xil) ∈
Rl.

Îïðåäåëåíèå 1. Ïóñòü 1 ⩽ m ⩽ d+ 1, α = (α1, . . . , αm) ∈ Am.
Ñêàæåì, ÷òî α ∈ Nm, åñëè ñóùåñòâóþò ìíîæåñòâî I ⊂ {1, . . . , d}
è ÷èñëà λj = λj(α, I) > 0, j = 1, . . . , m, òàêèå, ÷òî

m∑
j=1

λj = 1,

#I = m − 1,
m∑
j=1

λj

pαj,i
= 1

q , i ∈ I, ïðè ýòîì ñèñòåìà âåêòîðîâ

(1/pαj
)I , j = 1, . . . , m, ÿâëÿåòñÿ àôôèííî íåçàâèñèìîé. Â ýòîì ñëó-

÷àå îïðåäåëÿåì âåêòîð θ(α, I) = (θ1(α, I), . . . , θd(α, I)) ðàâåíñòâîì

1
θ(α, I)

=
m∑
j=1

λj

pαj

.

Òåîðåìà 1. Ïóñòü d ∈ N, k = (k1, . . . , kd) ∈ Nd, k = k1 . . . kd,
1 ⩽ q ⩽ 2, n ⩽ k

2 . Ïóñòü A � íåïóñòîå ìíîæåñòâî, να > 0,
pα = (pα,1, . . . , pα,d) ∈ [1, ∞]d, α ∈ A. Ìíîæåñòâî M îïðåäå-
ëèì ôîðìóëîé (1), ôóíêöèþ Φ � ôîðìóëîé (2), ìíîæåñòâà Nm

(1 ⩽ m ⩽ d+ 1), ìíîæåñòâà I, ÷èñëà λj(α, I) è âåêòîð θ(α, I) � â
ñîîòâåòñòâèè ñ îïðåäåëåíèåì 1. Òîãäà

dn(M, lkq ) ≍
q,d

min
1⩽m⩽d+1

inf
α∈Nm, I

νλ1(α, I)
α1

. . . νλm(α, I)
αm

Φ(θ(α, I), k, q)
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ÈÅÐÀÐÕÈ×ÅÑÊÈÅ ÌÎÄÅËÈ Â ÄÈÑÊÐÅÒÍÛÕ
ÇÀÄÀ×ÀÕ ÒÅÎÐÈÈ ÏÅÐÊÎËßÖÈÈ

Þ.Ï. Âèð÷åíêî, Ä.À. ×åðêàøèí (Áåëãîðîä, ÁÃÒÓ)
virch@bsuedu.ru

Ðàçðàáàòûâàåòñÿ ìåòîä àïïðîêñèìàöèè âåðîÿòíîñòè ïåðêîëÿöèè
íà áåñêîíå÷íûõ ãðàôàõ [1]. Îí îñíîâàí íà êîíñòðóèðîâàíèè ïîñëåäî-
âàòåëüíîñòè ¾àïïðîêñèìèðóþùèõ¿ áåñêîíå÷íûõ ãðàôîâ ñïåöèàëüíî-
ãî òèïà, íàçûâàåìûõ èåðàðõè÷åñêèìè. Âû÷èñëåíèå âåðîÿòíîñòè ïåð-
êîëÿöèè ñâîäèòñÿ ê àíàëèçó ïîäõîäÿùåãî ìàðêîâñêîãî âåòâÿùåãîñÿ
ïðîöåññà ñ äèñêðåòíûì âðåìåíåì [2].

Ðàññìàòðèâàåòñÿ çàäà÷à òåîðèè ïåðêîëÿöèè íà áåñêîíå÷íîì ãðà-
ôå Z2, íàçûâàåìîì êâàäðàòíîé ðåøåòêîé (ñì. [1]). Ýòîò ïåðèîäè÷å-
ñêèé ãðàô ïðè ïîãðóæåíèè à R2 îïðåäåëÿåòñÿ áèíàðíûì îòíîøåíèåì
ñìåæíîñòè φ òàê, ÷òî xφy, åñëè y = x±ej , j ∈ {1, 2}. Ðàçðàáàòûâàåò-
ñÿ ìåòîä ïîñòðîåíèÿ àïïðîêñèìàöèé äëÿ âåðîÿòíîñòè P (c) ïåðêîëÿ-
öèè íà áåñêîíå÷íîñòü èç çàäàííîé âåðøèíû, òî åñòü ñóùåñòâîâàíèÿ
áåñêîíå÷íîãî íåñàìîïåðåñåêàþùåãîñÿ ïóòè γ ïî âåðøèíàì ãðàôà, â
êîòîðûõ ñëó÷àéíîå áåðíóëëèåâñêîå ïîëå ρ(x), x ∈ Z2 ïðèíèìàåò çíà-
÷åíèå 1 è c = Pr{ρ(x) = 1}.

Ìåòîä îñíîâàí íà ïîñòðîåíèè ïîñëåäîâàòåëüíîñòè ⟨Γm;m ∈ N⟩
áåñêîíå÷íûõ ãðàôîâ ñïåöèàëüíîãî òèïà, êîòîðûå íàçâàíû èåðàðõè-
÷åñêèìè. Îíè ïîëó÷àþòñÿ âûðåçàíèåì èç Z2 êâàäðàòà ñ ðàçìåðîì
2m + 1 è ïðîöåäóðîé ïîñëåäîâàòåëüíîãî ïîäêëåèâàíèÿ ê åãî âíåø-
íèì ãðàíè÷íûì âåðøèíàì òàêèõ æå êâàäðàòîâ, ñîâìåùàÿ íóëåâóþ
âåðøèíó êàæäîãî èç íèõ ñ ãðàíè÷íîé âåðøèíîé êâàäðàòà, ê êîòîðîé
ïðîèçâîäèòñÿ ïîäêëåèâàíèå. Ðåøåíèå çàäà÷è òåîðèè ïåðêîëÿöèè �
âû÷èñëåíèå âåðîÿòíîñòè ïåðêîëÿöèè Pm(c) íà èåðàðõè÷åñêîì ãðàôå
Γm èç åãî öåíòðàëüíîé âåðøèíû ñâîäèòñÿ ê ðåøåíèþ àëãåáðàè÷åñêî-
ãî óðàâíåíèÿ

Qm(c) =
∑
A⊂Γm

Q|A|
m (c)c|A|(1− c)n−|A| (1)

äëÿ âåðîÿòíîñòè Qm(c) = 1−Pm(c). Ýòî óðàâíåíèå èìååò åäèíñòâåí-
íîå ðåøåíèå, îòëè÷íîå îò åäèíèöû ïðè c > c∗, ãäå c∗ � ò.í. ïîðîã
ïåðêîëÿöèè, êîòîðûé ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

1 =
∑
A⊂Γm

|A|c|A|−1(1− c)n−|A| . (2)

© Âèð÷åíêî Þ.Ï., ×åðêàøèí Ä.À., 2025
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Äîêàçàíî, ÷òî âûïîëíÿåòñÿ àïïðîêñèìàöèîííîå íåðàâåíñòâî
Pm(c) ⩽ P (c). Ïðè ýòîì èìååò ìåñòî ïðåäåëüíîå ñîîòíîøåíèå

lim
m→∞

Pm(c) = P (c) ,

÷òî ïîçâîëÿåò ðåøàòü ïðèáëèæåííî çàäà÷ó ïåðêîëÿöèè íà êâàä-
ðàòíîé ðåøåòêå. Ïðè m = 0 óðàâíåíèåì äëÿ Q0(c) ïðèíèìàåò âèä
Q0(c) = 1− c + cQ4

0(c). Ñîîòâåòñòâóþùåå çíà÷åíèå ïîðîãà c∗ = 0.25.
Ïîëó÷åíî è ïðîàíàëèçèðîâàíî óðàâíåíèå âèäà (1) äëÿ ñëåäóþùåãî
ïðèáëèæåíèÿ ñ m = 1, êîãäà deg Q1(c) = 12. Ïîëîæèâ Q1(c) = q, ýòî
óðàâíåíèå èìååò âèä

q = 1−c+c(1−c)4+4c2(1−c)5q+2c3(1−c)5[3−2c]q2+

+4c3(1−c)4[2+c(1−c)]q3+c4(1−c)4[20−7c]q4+4c4(1−c)3[1+4c(1−c)]q5

+8c5(1−c)3[3−c]q6+24c6(1−c)3q7+2c6(1−c)2[6−c]q8+16c7(1−c)2q9+

+2c7(1− c2)q10 + 4c8(1− c)q11 + c9q12 . (3)

Ñîîòâåòñòâåííî, óðàâíåíèå (2) äëÿ îïðåäåëåíèÿ ïîðîãà ïåðêîëÿöèè,
êîòîðîå ïîëó÷àåòñÿ äèôôåðåíöèðîâàíèå ïî q óðàâíåíèÿ

1 = 4c2(1− c)5 + 4c3(1− c)5[3− 2c] + 12c3(1− c)4[2 + c(1− c)]+

+4c4(1− c)4[20− 7c] + 20c4(1− c)3[1 + 4c(1− c)] + 48c5(1− c)3[3− c]+

+168c6(1− c)3 + 16c6(1− c)2[6− c] + 144c7(1− c)2 + 20c7(1− c2)+

+44c8(1− c) + 12c9 . (4)

Â ýòîì ïðèáëèæåíèè, â ðåçóëüòàòå ðåøåíèÿ óðàâíåíèÿ (4), äëÿ ïî-
ðîãà ïîëó÷àåòñÿ çíà÷åíèå (ñ íåäîñòàòêîì) c∗ = 0.343.

Äîñòîèíñòâîì ïðåäëîæåííîé ñõåìû àïïðîêñèìàöèè âåðîÿòíîñòè
ïåðêîëÿöèè ÿâëÿåòñÿ òî, ÷òî îíà, íàðÿäó ñî ñõîäèìîñòüþ àïïðîêñè-
ìàöèé ê èñòèííîìó çíà÷åíèþ ýòîé âåëè÷èíû, äàåò äëÿ íåå ãàðàíòè-
ðîâàííûå âåðõíèå îöåíêè.
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Ïóñòü U = C×C×. . .×C� äåêàðòîâî ïðîèçâåäåíèå r ýêçåìïëÿðîâ
ïîëÿ êîìïëåêñíûõ ÷èñåë C, mi ∈ N, mi ⩾ 2 äëÿ i = 1, . . . , r. Ãðóïïà
G = Zm1

⊕ Zm2
⊕ . . .⊕ Zmr

äåéñòâóåò íà U ñëåäóþùèì îáðàçîì:

Φ : G× U → U,

Φ((ζj1m1
, ζj2m2

, . . . , ζjrmr
), (z1, . . . , zr)) = (ζj1m1

z1, ζ
j2
m2
z2, . . . , ζ

jr
mr
zr),

ãäå ζmi � ïðèìèòèâíûé êîðåíü èç åäèíèöû ñòåïåíè mi è ji ∈ Z
äëÿ i = 1, . . . , r. Êàê èçâåñòíî, ôóíêöèÿ f : U → C ÿâëÿåòñÿ ïî
îïðåäåëåíèþ G-èíâàðèàíòíîé, åñëè f(gz) = f(z) ∀(g ∈ G) ∀(z ∈ U).

Òåîðåìà 1. Ïóñòü G = Zm1
⊕ Zm2

⊕ . . .⊕ Zmr
. Ìíîãî÷ëåí

f(z) =
∑

al1l2...lrz
l1
1 z

l2
2 . . . zlrr ∈ C[z1, . . . , zr]

ÿâëÿåòñÿ G-èíâàðèàíòíîé ôóíêöèåé, åñëè è òîëüêî åñëè äëÿ êàæ-
äîãî èç åãî ìîíîìîâ al1l2...lrz

l1
1 z

l2
2 . . . zlrr êàæäûé ïîêàçàòåëü lj äå-

ëèòñÿ íà mj.
Ïóñòü

K = Z⊕ . . . ⊕ Z︸ ︷︷ ︸
r øòóê

.

Òîãäà àëãåáðà ìíîãî÷ëåíîâ C[z1, . . . , zr] � K-ãðàäóèðîâàííàÿ C-
àëãåáðà è îòîáðàæåíèå

ψ : K → G : (p1, . . . , pr) 7→ ([p1]m1
, . . . , [pr]mr

)

ÿâëÿåòñÿ ãîìîìîðôèçìîì ãðóïï. Çäåñü [pi]mi ∈ Zmi � ýòî êëàññ âû-
÷åòîâ ïî ìîäóëþ mi ÷èñëà pi ∈ Z, i = 1, . . . , r.

Ñëåäñòâèå. Ìíîãî÷ëåí

f(z) =
∑

al1l2...lrz
l1
1 z

l2
2 . . . zlrr ∈ C[z1, . . . , zr]

ÿâëÿåòñÿ G-èíâàðèàíòíîé ôóíêöèåé, åñëè è òîëüêî åñëè êàæäûé
èç åãî ìîíîìîâ al1l2...lrz

l1
1 z

l2
2 . . . zlrr èìååò ñòåïåíü (â ñìûñëå ãðàäó-

èðîâêè), ïðèíàäëåæàùóþ Ker ψ.

© Ãåðàñèìåíêî Â.À., Êîíåâ Â.Â., Êóíàêîâñêàÿ Î.Â., 2025
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Äëÿ îáåñïå÷åíèÿ íàäåæíîãî è êà÷åñòâåííîãî îáñëóæèâàíèÿ â èí-
ôîðìàöèîííûõ ñèñòåìàõ êðèòè÷åñêè âàæíî îñóùåñòâëÿòü ìîíèòî-
ðèíã è óïðàâëåíèå çàãðóæåííîñòüþ ñåòè. Ýòî îñîáåííî àêòóàëüíî â
êîíòåêñòå ñåòåé ìÿãêîãî èëè æåñòêîãî ðåàëüíîãî âðåìåíè, ãäå âðå-
ìåííûå çàäåðæêè ìîãóò èìåòü ðåøàþùåå çíà÷åíèå. Ðàñøèðåíèå îá-
ëàñòåé ïðèìåíåíèÿ áåñïðîâîäíûõ ñåòåé ïðèâîäèò ê íåîáõîäèìîñòè
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èññëåäîâàíèÿ âîçìîæíîñòåé èõ ìîíèòîðèíãà è óïðàâëåíèÿ. Ïðè ïî-
ñòðîåíèè ãèáðèäíûõ ñåòåé, êàê ïðàâèëî, ¾óçêèì¿ ìåñòîì ÿâëÿþòñÿ
áåñïðîâîäíûå ñåãìåíòû, â êîòîðûõ çàòðóäíåíà îöåíêà çàãðóæåííî-
ñòè èç-çà ñòîõàñòè÷åñêèõ ïðîöåññîâ â ñåòè.

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü, êîòî-
ðàÿ ó÷èòûâàåò ðåæèìû ïåðåäà÷è äàííûõ â ñåòè Wi-Fi, ïðåäñòàâëåí-
íûå íà ðèñ.1.

Ðèñ 1.

Äëÿ ýòîé ìîäåëè ñòðîèòñÿ ãðàô ñîñòîÿíèé ñèñòåìû ìàññîâîãî
îáñëóæèâàíèÿ ïðè ïåðåäà÷å ïàêåòîâ â áåñïðîâîäíîì ñåãìåíòå ñåòè
(ðèñ. 2).

Ðèñ 2.
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Äëÿ ìîäèôèöèðîâàííîãî ãðàôà ñòðîèòñÿ è ðåøàåòñÿ ñèñòåìà
óðàâíåíèé Êîëìîãîðîâà

dp0/dt = −λ1p0
dp1/dt = λ1p0 − αλ8p1 − (1− α)λ3p1
dp2/dt = (1− α)λ3p1 − λ4p2
dp3/dt = λ4p2 − γλ6p3 − (1− γ)λ2p3
dp4/dt = (1− γ)λ2p3 − λ5p4
dp5/dt = λ5p4 − λ4p5
dp6/dt = λ4p5 − βλ6p6 − (1− β)λ2p6
dp7/dt = βλ6p6 + γλ6p3 + δλ6p12 − λ7p7
dp8/dt = αλ8p1 − λ7p8
dp9/dt = λ7p7 + λ7p8 − λ9p9
dp10/dt = (1− β)λ2p6 − λ5p10
dp11/dt = λ5p10 − λ4p11
dp12/dt = λ4p11 − δλ6p12 − (1− δ)λ2p12
dp13/dt = (1− δ)λ2p12 − λ13p13
dp14/dt = λ13p13 − λ4p14
dp15/dt = λ4p14 − λ6p15

(1)

ñ íà÷àëüíûìè óñëîâèÿìè{
p0(0) = 1
pi(0) = 0 (i = 1, ..., 15)

. (2)

Äëÿ ìîíèòîðèíãà çàãðóæåííîñòè ñåòè ïðåäñòàâëÿåò èíòåðåñ äîëÿ
ïàêåòîâ, ïåðåäàâàåìûõ ïî êàæäîìó èç âîçìîæíûõ ðåæèìîâ ôóíêöè-
îíèðîâàíèÿ. Äëÿ ýòîãî âåñü äèàïàçîí âðåìåíè äîñòàâêè ôðàãìåíòîâ
áûë ðàçáèò íà 5 äèàïàçîíîâ. Ãðàíèöàìè êàæäîãî äèàïàçîíà ÿâëÿþò-
ñÿ òî÷êè ïåðåñå÷åíèÿ ãðàôèêîâ ïëîòíîñòè âåðîÿòíîñòåé äëÿ êàæäîãî
èç ðåæèìîâ (ðèñ. 3).

Ðèñ 3.
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Äàííàÿ ìîäåëü ïîçâîëÿåò îñóùåñòâëÿòü êà÷åñòâåííûé àíàëèç
âêëàäà âåðîÿòíîñòåé âðåìåíè äîñòàâêè ïàêåòîâ äëÿ ïÿòè ðåæèìîâ
ïåðåäà÷è (ðèñ. 4):

I. óñêîðåííàÿ ïåðåäà÷à ïàêåòîâ â ðåæèìå Bursting;
II. óñïåøíàÿ ïåðåäà÷à ïàêåòà ñ ïåðâîé ïîïûòêè;
III. óñïåøíàÿ ïåðåäà÷à ïàêåòà ñî âòîðîé ïîïûòêè;
IV. óñïåøíàÿ ïåðåäà÷à ïàêåòà ñ òðåòüåé ïîïûòêè;
V. óñïåøíàÿ ïåðåäà÷à ïàêåòà ñ ÷åòâ¼ðòîé ïîïûòêè.

Ðèñ 4.

Â ñòàòüÿõ [1]-[2] ïîêàçàíî, ÷òî ëó÷øèì ïîêàçàòåëåì çàãðóæåííî-
ñòè êàíàëà ÿâëÿåòñÿ îïðåäåëåíèå çàãðóçêè íà îñíîâå äîëè ïàêåòîâ,
âðåìÿ äîñòàâêè êîòîðûõ ïîïàäàåò â èíòåðâàë, õàðàêòåðèçóþùèéñÿ
óñïåøíîé ïåðåäà÷åé ïîñëå äâóõ íåóäà÷íûõ ïîïûòîê. Ðåçóëüòàòû èñ-
ñëåäîâàíèé îáîñíîâûâàþò ìåòîäèêó, îïèñàííóþ â [1]-[2], îñíîâàííóþ
íà âûäåëåíèè âðåìåííûõ èíòåðâàëîâ äîñòàâêè èíôîðìàöèè, êîòîðàÿ
áàçèðóåòñÿ íà àíàëèçå ïðèíöèïîâ ôóíêöèîíèðîâàíèÿ è ìîäåëèðî-
âàíèè èíôîðìàöèîííûõ ïðîöåññîâ. Äàííàÿ ìåòîäèêà ïðåäîñòàâëÿåò
âîçìîæíîñòü ñ äîñòàòî÷íîé òî÷íîñòüþ îöåíèòü çàãðóæåííîñòü ñåòè,
îïèðàÿñü íà ýêñïåðèìåíòàëüíî ïîëó÷åííîå âðåìÿ äîñòàâêè äàííûõ.
Ìåòîäîëîãèÿ îöåíêè çàãðóæåííîñòè ñåòè îñíîâûâàåòñÿ íà ìîäåëè-
ðîâàíèè äèàïàçîíîâ âðåìåíè äîñòàâêè èíôîðìàöèè, ÷òî ïîçâîëÿåò
îöåíèòü äîëþ ïàêåòîâ, äîñòàâëåííûõ â çàäàííûå âðåìåííûå èíòåð-
âàëû.
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Âûñîêîå áûñòðîäåéñòâèå àíàëèçà ðåãðåññèîííûõ ìîäåëåé êðèòè-
÷åñêè âàæíî äëÿ óñïåøíîãî óïðàâëåíèÿ äèíàìè÷åñêèìè ñèñòåìàìè,
îáåñïå÷èâàÿ èõ àäàïòèâíîñòü, òî÷íîñòü è óñòîé÷èâîñòü â óñëîâèÿõ
íåîïðåäåëåííîñòè è èçìåí÷èâîñòè äàííûõ. Îäíàêî âîçìîæíàÿ ñòîõà-
ñòè÷åñêàÿ íåîäíîðîäíîñòü îáÿçûâàåò èñïîëüçîâàòü ðîáàñòíûå ìîäå-
ëè, òàêèå êàê ìåòîä íàèìåíüøèõ ìîäóëåé (ÌÍÌ), îáåñïå÷èâàþùèå
óñòîé÷èâîñòü ê âûáðîñàì, íî óñòóïàþùèå ïàðàìåòðè÷åñêèì ìåòî-
äàì â áûñòðîäåéñòâèè. Ïðè íåâûïîëíåíèè íåñêîëüêèõ ïðåäïîñûëîê
Ãàóññà-Ìàðêîâà [1] ÌÍÌ-îöåíêè òàêæå ìîãóò îêàçàòüñÿ íåóñòîé÷è-
âûìè, ÷òî òðåáóåò èñïîëüçîâàíèÿ îáîáùåííîãî ìåòîäà íàèìåíüøèõ
ìîäóëåé (ÎÌÍÌ). Íåîáõîäèìî îïèñàòü âû÷èñëèòåëüíî ýôôåêòèâ-
íûå ðåàëèçàöèè àëãîðèòìîâ ñïóñêà äëÿ äèíàìè÷åñêèõ çàäà÷ îöåíè-
âàíèÿ. Ñôîðìèðóåì çàäà÷ó äëÿ ÌÍÌ è ÎÌÍÌ [2]

Q(a) =
∑n
i=1 ρ (|yi − xia|) → mina∈Rm , (1)

ãäå ôóíêöèÿ ïîòåðü ρ(·) = |yi − xia| äëÿ ÌÍÌ è ln(|x|+1) äëÿ ÎÌ-
ÍÌ, y è x � çàâèñèìûå è íåçàâèñèìûå ïåðåìåííûå, a � èñêîìûå
ïàðàìåòðû ìîäåëè.

Äëÿ ïîâûøåíèÿ âû÷èñëèòåëüíîé ýôôåêòèâíîñòè ÎÌÍÌ ìîæíî
ñâåñòè ê èòåðàöèîííîìó ðåøåíèþ ïîñëåäîâàòåëüíîñòè çàäà÷ ìèíè-
ìèçàöèè âçâåøåííûì ìåòîäîì íàèìåíüøèõ ìîäóëåé (ÂÌÍÌ) [3]

V (k)(a) =
∑n
i=1 p

(k)
i (|yi − xia|) → mina∈Rm , (2)

ãäå pi � âåñîâûå êîýôôèöèåíòû, ðàâíûå 1 íà íóëåâîé èòåðàöèè è
ρ(|e(k−1)

i |)/|e(k−1)
i | íà ïîñëåäóþùèõ, e(k−1)

i = yi −
∑m
j=1 a

(k−1)
j xij �
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îøèáêè íà (k−1)-é èòåðàöèè, â êà÷åñòâå ôóíêöèè ïîòåðü ρ(·) òàêæå
èñïîëüçóåì ln(|x|+ 1).

Àëãîðèòì äèíàìè÷åñêîãî ñïóñêà îòëè÷àåòñÿ îò ñòàòè÷åñêîãî [4]
ó÷åòîì ðåøåíèé ñ ïðåäûäóùèõ èòåðàöèé, ÷òî ïîçâîëÿåò áûñòðåå
äîñòè÷ü ìèíèìóìà íà òåêóùåé èòåðàöèè. Ïðèíÿâ ìåòîä íàèìåíü-
øèõ êâàäðàòîâ (ÌÍÊ) çà ýòàëîí, îöåíèì áûñòðîäåéñòâèå àëãîðèò-
ìîâ ñïóñêà (Ðèñ. 1).

Ðèñ. 1. Äåñÿòè÷íûé ëîãàðèôì îò îòíîøåíèÿ ñðåäíåãî âðåìåíè
àíàëèçà äèíàìè÷åñêèìè àëãîðèòìàìè ñïóñêà ê ÌÍÊ ïðè a) m = 4,

b) n = 150

Â ðåçóëüòàòå âñå àëãîðèòìû ñïóñêà äåìîíñòðèðóþò ñóùåñòâåí-
íîå óëó÷øåíèå âû÷èñëèòåëüíîé ýôôåêòèâíîñòè ïî ñðàâíåíèþ ñ èõ
ñòàòè÷åñêèìè ðåàëèçàöèÿìè, ïðèáëèçèâøèñü ïî ñêîðîñòè ê ÌÍÊ.
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àíòîâ ìåòîäà íàèìåíüøèõ ìîäóëåé / À.Â. Ïàíþêîâ , À.Í. Òûðñèí //
Èçâåñòèÿ ×åëÿáèíñêîãî íàó÷íîãî öåíòðà. � 2007. � Â. 1(35). �
Ñ. 6�11.

4. Ãîëîâàíîâ Î.À. Ðåãðåññèîííûé àíàëèç äàííûõ íà îñíîâå ìå-
òîäà íàèìåíüøèõ ìîäóëåé â äèíàìè÷åñêèõ çàäà÷àõ îöåíèâàíèÿ /
Î.À. Ãîëîâàíîâ , À.Í. Òûðñèí // Çàâîäñêàÿ ëàáîðàòîðèÿ. Äèàãíî-
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ñòèêà ìàòåðèàëîâ. � 2023. � Ò. 89, � 5. � Ñ. 71�80. � DOI:
10.26896/1028-6861-2023-89-5-71-80

Ê ÂÎÏÐÎÑÓ Î ÂÂÅÄÅÍÈÈ ÏÐÎÃÐÅÑÑÈÂÍÎÉ
ØÊÀËÛ ÍÀËÎÃÎÎÁËÎÆÅÍÈß Â ÐÎÑÑÈÈ
C.Ê. Ãîðëîâ , Â.À. Ðîäèí (Âîðîíåæ, ÂÈ ÌÂÄ ÐÔ)

rodin_v@mail.ru

Ïîñòðîåíèå è àíàëèç ýôôåêòèâíîñòè ëþáîé øêàëû íàëîãîîáëî-
æåíèÿ íà äîõîäû íàñåëåíèÿ íå âîçìîæåí, åñëè íåèçâåñòíî ñòàòèñòè-
÷åñêîå ðàñïðåäåëåíèå äîõîäîâ. Â 2006 ãîäó â ðàáîòå [1] áûëî äîêà-
çàíî, ÷òî: ðàñïðåäåëåíèå ëîãíîðìàëüíîå è ñ ðàçíûìè ïàðàìåòðàìè
äëÿ ðàçíûõ ðåãèîíîâ ÐÔ. Èñïîëüçóÿ äàííûé ôàêò, â 2015 ãîäó â ðà-
áîòå [2] áûëà ðåàëèçîâàíà âîçìîæíîñòü ïîñòðîåíèÿ ðàçíûõ ìîäåëåé
ïðîãðåññèâíîãî íàëîãîîáëîæåíèÿ. Ïîëó÷åíà óíèâåðñàëüíàÿ ìîäåëü
â âèäå ôîðìóëû:

S = Nµ∗
n∑
k=1

[
Φ

(
1

σ
lnβk+1 −

σ

2

)
−Φ

(
1

σ
lnβk −

σ

2

)]

µ∗ = eµ+σ
2/2, βk =

ak
µ8
,Φ(x) =

1√
2π

x∫
0

e
−x2

2 dx

Âåëè÷èíà íàëîãà:

N(x) =


t0, åñëè 0 ⩽ x ⩽ a1;

t1, åñëè a1 ⩽ x ⩽ a2;

...

tn, åñëè x ⩾ an+1.

Ýòà ôîðìóëà ÿâëÿåòñÿ íîâûì õàðàêòåðèñòè÷åñêèì ñâîéñòâîì ëî-
ãíîðìàëüíîãî ðàñïðåäåëåíèÿ è çíà÷èòåëüíî óïðîùàåò âû÷èñëåíèÿ
ýôôåêòà îò ââåäåíèÿ ëþáîé øêàëû. Íå âàæíî, êîãî ñ÷èòàòü áîãà-
òûì è íèùèì. Îòíîñèòåëüíûé ýôôåêò ñáîðà çàâèñèò îò ïàðàìåòðà
σ, êîòîðûé îïðåäåëÿåò ðàçáðîñ ðàñïðåäåëåíèÿ. Èìåííî ýòî ÿâëåíèå
âñêðûâàåò íåñîâåðøåíñòâî è íå îïòèìàëüíîñòü ââåäåíèÿ åäèíîé øêà-
ëû äÿ âñåõ ðàéîíîâ ÐÔ. Íóæåí äèôôåðåíöèðóåìûé ïîäõîä. Â ðàáîòå
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[2], êàê ïðèìåð ïîêàçàíî, ÷òî ââåäåíèå äàæå äîâîëüíî ùàäÿùåé ïðî-
ãðåññèâíîé øêàëû â Âîðîíåæñêîé îáëàñòè âäâîå óâåëè÷èâàåò ñóì-
ìó íàëîãà. Ïðè ýòîì ïðåäïîëàãàåòñÿ ïîëíîå îñâîáîæäåíèå îò íàëîãà
áåäíåéøèõ ñëîåâ íàñåëåíèÿ. Øêàëà ïðîöåíòîâ îïðåäåëÿåòñÿ â äîëÿõ
ìåäèàíîé ñðåäíåé ðàñïðåäåëåíèÿ, íî çàâèñèò è îò ðàññåèâàíèÿ � îò
ïàðàìåòðà σ.

Ëèòåðàòóðà
1. Êîëìàêîâ È.Á. Ïðîãíîçèðîâàíèå ïîêàçàòåëåé äèôôåðåíöèà-

öèè äåíåæíûõ äîõîäîâ íàñåëåíèÿ // Ïðîáëåìû ïðîãíîçèðîâàíèÿ. �
2006. � � 1. � Ñ. 136-162.

2. Äàâíèñ Â.Â., Ðîäèí Â.À. Ìîäåëü íåðàâíîìåðíîé øêàëû íàëî-
ãîîáëîæåíèÿ è ïðèìåðû åå âîçìîæíîãî èñïîëüçîâàíèÿ. / Â.Â.Äàâíèñ
, Â.À.Ðîäèí // Ñîâðåìåííàÿ ýêîíîìèêà: ïðîáëåìû è ðåøåíèÿ. �
2016 �� 3. �C. 8-19.

ÎÏÒÈÌÀËÜÍÎÅ ÐÅØÅÍÈÅ ÇÀÄÀ×È ÓÏÐÀÂËÅÍÈß
ÑÈÍÃÓËßÐÍÎ ÂÎÇÌÓÙÅÍÍÎÉ ÑÈÑÒÅÌÎÉ

Ñ ÇÀÏÀÇÄÛÂÀÍÈÅÌ ÏÐÈ ÃÅÎÌÅÒÐÈ×ÅÑÊÈÕ
ÎÃÐÀÍÈ×ÅÍÈßÕ

È.Â.Ãðåáåííèêîâà (Åêàòåðèíáóðã, ÓÃÃÓ)
giv001@mail.ru

Ðàññìàòðèâàþòñÿ óïðàâëÿåìûå ñèíãóëÿðíî âîçìóùåííûå ñèñòå-
ìû (ñ ìàëûì ïàðàìåòðîì µ > 0, çàïàçäûâàíèåì h > 0) :

M(µ)dz/dt = A(t)z(t) +G(t)z(t− h) +B(t)u(t),

ãäå t ∈ T = [t0, t1], ìàòðèöàM(µ) = diag(En, µEm), ãäå Ek � åäèíè÷-
íàÿ k×k ìàòðèöà. Íà÷àëüíîå ñîñòîÿíèå ñèñòåìû z(t) = ψ(t), t0−h ⩽
t < t0, z0 = z(t0) òî÷íî íåèçâåñòíî è çàäàíû ëèøü îãðàíè÷åíèÿ z0 ∈
Z0, Z0 � âûïóêëûé êîìïàêò â Rn+m; ψ(t) ∈ Ψ(t), t0−h ⩽ t < t0, Ψ(t)
� çàäàííîå ìíîãîçíà÷íîå îòîáðàæåíèå ñî çíà÷åíèÿìè â âèäå âûïóê-
ëûõ êîìïàêòîâ, íåïðåðûâíîå ïî t â ìåòðèêå Õàóñäîðôà. Ðåàëèçàöèè
óïðàâëåíèÿ u(t), t ∈ T � èçìåðèìûå ïî Ëåáåãó ôóíêöèè, óäîâëåòâî-
ðÿþùèå óñëîâèþ u(·) ∈ P , P � ñëàáî êîìïàêòíîå âûïóêëîå ìíîæå-
ñòâî â Lr2(T ). Â äàííîì ñëó÷àå P = {u(·) | u(t) ∈ P (t), t ∈ T}, ãäå
P (t) � çàäàííîå íåïðåðûâíîå, îãðàíè÷åííîå, âûïóêëîå ìíîãîçíà÷-
íîå îòîáðàæåíèå. Âûïîëíåíî óñëîâèå àñèìïòîòè÷åñêîé óñòîé÷èâîñòè
äëÿ ëèíåéíûõ ñèñòåì ñ çàïàçäûâàíèåì.
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Ðàññìàòðèâàåòñÿ ìèíèìàêñíàÿ çàäà÷à óïðàâëåíèÿ [1]: ñðåäè
u(·) ∈ P íàéòè u0 = u0(·), äîñòàâëÿþùåå

ε0(t1, µ) = J(u0) = min
u(·)∈P

J(u(·)),

J(u(·)) = max
z0∈Z0

max
ψ(·)∈Ψ(·)

φ(z(t1;u(·), z0, ψ(·))),

ãäå φ(·) � çàäàííàÿ âûïóêëàÿ ôóíêöèÿ; z(t;u(·), z0, ψ(·)) � ðåøåíèå
èñõîäíîé ñèñòåìû, èñõîäÿùåå èç Z0, ïðè íåêîòîðîì ψ(·) ∈ Ψ(·) è
ôèêñèðîâàííîì u(·) ∈ P .

Ïðåäëàãàåìàÿ ïðîöåäóðà [2] ïîçâîëÿåò ïîñòðîèòü óïðàâëÿþùåå
âîçäåéñòâèå, äîñòàâëÿþùåå îïòèìàëüíîå çíà÷åíèå ñ çàäàííîé ñòå-
ïåíüþ òî÷íîñòè o(µk). Ðàçðåøèìîñòü èñõîäíîé çàäà÷è óïðàâëåíèÿ,
à òàêæå äîïóñòèìîñòü èñïîëüçóåìûõ àíàëèòè÷åñêèõ êîíñòðóêöèé
îïðåäåëÿåòñÿ ðÿäîì òðåáîâàíèé.

Ëèòåðàòóðà
1. Êóðæàíñêèé À.Á. Óïðàâëåíèå è íàáëþäåíèå â óñëîâèÿõ íåîïðå-

äåëåííîñòè / À.Á. Êóðæàíñêèé. � Ì. : Íàóêà, 1977. � 392 ñ.
2. Ãðåáåííèêîâà È.Â. Èòåðàöèîííàÿ ïðîöåäóðà ïîñòðîåíèÿ îï-

òèìàëüíîãî ðåøåíèÿ à ìèíèìàêñíîé çàäà÷å óïðàâëåíèÿ ñèíãóëÿðíî
âîçìóùåííîé ñèñòåìîé ñ çàïàçäûâàíèåì ïðè ãåîìåòðè÷åñêèõ îãðà-
íè÷åíèÿõ / È.Â. Ãðåáåííèêîâà, À.Ã. Êðåìëåâ // Èçâåñòèÿ Ñàðàòîâ-
ñêîãî óíèâåðñèòåòà. Ñåðèÿ Ìàòåìàòèêà. Ìåõàíèêà. Èíôîðìàòèêà. �
2016. � Ò. 16, âûï. 3. � Ñ. 272�280.

ÎÁ ÎÄÍÎÉ ÒÅÎÐÅÌÅ ÐÀÂÍÎÑÕÎÄÈÌÎÑÒÈ
ÄËß ÎÏÅÐÀÒÎÐÀ Ñ ÈÍÂÎËÞÖÈÅÉ ÍÀ ÃÐÀÔÅ

Å.È. Ãðèãîðüåâà (Âîðîíåæ, ÂÃÓ)
elenabiryukova2010@yandex.ru

Íà ãåîìåòðè÷åñêîì ãðàôå Γ = {γ1, γ2}, ñîñòîÿùåì èç äâóõ ðåáåð,
çàäàí ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûé îïåðàòîð ñ èíâîëþöèåé
êàê îïåðàòîð â ïðîñòðàíñòâå âåêòîð-ôóíêöèé y(x) = (y1(x), y2(x))

T

(T � çíàê òðàíñïîíèðîâàíèÿ):

Ly =

(
α1y

′
1(x) + β1y

′
1(1− x) + p11(x)y1(x) + p12(x)y1(1− x)

α2y
′
2(x) + β2y

′
2(1− x) + p21(x)y2(x) + p22(x)y2(1− x)

)
,

y1(0) = y1(1) = y2(0).
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Ðåáðî γ1 îáðàçóåò öèêë-ïåòëþ, à γ2 ïðèìûêàåò ê γ1. Êàæäîå ðåáðî
ãðàôà ïàðàìåòðèçîâàíî îòðåçêîì [0, 1]. Âñþäó ñ÷èòàåòñÿ, ÷òî αk, βk
� êîìïëåêñíûå ÷èñëà, β2

k − α2
k ̸= 0, βk ̸= 0, k = 1, 2, x ∈ [0, 1],

pi,j ∈ C1[0, 1],
1∫
0

p11(x)dx =
1∫
0

p21(x)dx, i, j = 1, 2 (ñì.[1-2]).

Òåîðåìà. Ïóñòü ìàòðèöà a(x) = diag(a1(x), a2(x)) ôóíêöèè
a1(x), a2(x) óäîâëåòâîðÿþò óñëîâèþ Ëèïøèöà ïîðÿäêà 1,
a1(x) = a1(1−x), a2(x) = a2(1−x). Òîãäà äëÿ ëþáîé âåêòîð-ôóíêöèè
f(x) = (f1(x), f2(x))

T , fk(x) ∈ L[0, 1] (k = 1, 2) âûïîëíÿåòñÿ ñîîòíî-
øåíèå:

lim
r→∞

∥a(x)Sr(f, x)− Sr(af, x)∥∞ = 0,

ãäå Sr(f, x) � ÷àñòè÷íàÿ ñóììà ðàçëîæåíèÿ âåêòîð-ôóíêöèè f(x)
â ðÿä Ôóðüå ïî ñîáñòâåííûì è ïðèñîåäèíåííûì ôóíêöèÿì îïåðàòî-
ðà L, âêëþ÷àþùàÿ ñëàãàåìûå, äëÿ êîòîðûõ ñîáñòâåííûå çíà÷åíèÿ
|λk| < r.

Ëèòåðàòóðà
1. ÁóðëóöêàÿÌ.Ø. Î ðàâíîñõîäèìîñòè ðàçëîæåíèé ïî ñîáñòâåí-

íûì ôóíêöèÿì ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîãî îïåðàòîðà ïåð-
âîãî ïîðÿäêà íà ãðàôå èç äâóõ ðåáåð, ñîäåðæàùåì öèêë / Ì.Ø. Áóð-
ëóöêàÿ, À.Ï. Õðîìîâ // Äèôôåðåíöèàëüíûå óðàâíåíèÿ. � 2007. �Ò.
43, � 12. � Ñ. 1597�1605.

2. ÁóðëóöêàÿÌ.Ø. Îá îäíîé òåîðåìå ðàâíîñõîäèìîñòè íà âñåì
îòðåçêå äëÿ ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ îïåðàòîðîâ /
Ì.Ø. Áóðëóöêàÿ, À.Ï. Õðîìîâ // Èçâ. Ñàðàòîâ. óí-òà. Íîâ. ñåð.
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ÖÅÏÍÎÅ ÏÐÀÂÈËÎ È ÃÈÏÎÒÅÇÀ ÍÅËÜÑÎÍÀ1

Í.À. Ãóñåâ (Ìîñêâà, ÌÔÒÈ)
ngusev@phystech.su

Ïóñòü v : Rd → Rd � ëîêàëüíî èíòåãðèðóåìîå áåçäèâåðãåíòíîå
âåêòîðíîå ïîëå. Áóäåì ãîâîðèòü, ÷òî äëÿ v âûïîëíåíî öåïíîå ïðà-
âèëî, åñëè äëÿ ëþáîãî îãðàíè÷åííîãî èçìåðèìîãî ñêàëÿðíîãî ïîëÿ
ρ : Rd → R, óäîâëåòâîðÿþùåãî ðàâåíñòâó

div(ρv) = 0 (1)

1 Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà � 24-
21-00315.
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(â ñìûñëå îáîáù¼ííûõ ôóíêöèé) äëÿ ëþáîé ôóíêöèè β ∈ C1(R)
âûïîëíÿåòñÿ ðàâåíñòâî

div(β(ρ)v) = 0. (2)

Öåïíîå ïðàâèëî åñòåñòâåííî ðàññìàòðèâàòü êàê ñòàöèîíàðíóþ âåð-
ñèþ ðåíîðìàëèçàöèîííîãî ñâîéñòâà, ââåä¼ííîãî ÄèÏåðíîé è Ëèîí-
ñîì.

Íýëüñîí âûäâèíóë ñëåäóþùóþ ãèïîòåçó [1] (ñì. òàêæå [2]):
Ãèïîòåçà 1. Åñëè v êâàäðàòè÷íî èíòåãðèðóåìî è èìååò êîì-

ïàêòíûé íîñèòåëü, òî ñîîòâåòñòâóþùèé íåîãðàíè÷åííûé îïåðà-
òîð A0 : L

2(Rd) → L2(Rd) âèäà A0(ρ) = v · ∇ρ ñ îáëàñòüþ îïðåäåëå-
íèÿ D(A0) = C∞

c (Rd) ñóùåñòâåííî êîñîñîïðÿæ¼í.

Â ñëó÷àå d ⩾ 3 ýòà ãèïîòåçà áûëà îïðîâåðãíóòà Àéçåíìàíîì [2],
îäíàêî ñëó÷àé d = 2 äî íåäàâíåãî âðåìåíè îñòàâàëñÿ îòêðûòûì.
Îïðîâåðæåíèå ãèïîòåçû Íåëüñîíà â ýòîì ñëó÷àå âûòåêàåò èç ðåçóëü-
òàòîâ, ïîëó÷åííûõ â [3] è [4]. Îäíàêî åñëè áû ãèïîòåçà Íåëüñîíà áûëà
âåðíà, òî èç ñóùåñòâåííîé êîñîñîïðÿæ¼ííîñòè îïåðàòîðà A0 ñëåäîâà-
ëî áû, ÷òî äëÿ ïîëÿ v âûïîëíåíî öåïíîå ïðàâèëî (äëÿ îãðàíè÷åííûõ
ïîëåé v ýòà èìïëèêàöèÿ áûëà äîêàçàíà â [4]). Äëÿ êîíòðïðèìåðîâ
ïîëåé (íå ïðèíàäëåæàùèõ L2(Rd)), êîòîðûå ïðèâ¼ë Íåëüñîí â ïîä-
äåðæêó ñâîåé ãèïîòåçû, öåïíîå ïðàâèëî íå âûïîëíÿåòñÿ, â ñâÿçè ñ
÷åì åñòåñòâåííî âîçíèêàåò îñëàáëåííûé âàðèàíò ñôîðìóëèðîâàííîé
èì ãèïîòåçû:

Ãèïîòåçà 2. Åñëè v êâàäðàòè÷íî èíòåãðèðóåìî è èìååò êîì-
ïàêòíûé íîñèòåëü, òî äëÿ v âûïîëíåíî öåïíîå ïðàâèëî.

Â ñëó÷àå d ⩾ 3 ýòà îñëàáëåííàÿ ãèïîòåçà îïðîâåðãàåòñÿ òåìè æå
êîíòðïðèìåðàìè, ÷òî èñõîäíàÿ ãèïîòåçà Íåëüñîíà. Íàø îñíîâíîé
ðåçóëüòàò ñîñòîèò â òîì, ÷òî äàííûé îñëàáëåííûé âàðèàíò ãèïîòåçû
Íåëüñîíà âåðåí â ñëó÷àå d = 2:

Òåîðåìà 3. Ãèïîòåçà 2 âåðíà ïðè d = 2.

Äîêëàä îñíîâàí íà ñîâìåñòíîé ðàáîòå [5] ñ Ì.Â. Êîðîáêîâûì.
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ÌÍÎÃÎÔÀÇÍÛÅ ÀÑÈÌÏÒÎÒÈÊÈ
ÂÛÐÎÆÄÀÞÙÈÕÑß ÏÀÐÀÁÎËÈ×ÅÑÊÈÕ

ÓÐÀÂÍÅÍÈÉ1

Â.Ã. Äàíèëîâ, Ì.À. Ðàõåëü (Ìîñêâà, ÌÈÝÌ ÍÈÓ ÂØÝ)
mrahel@hse.ru, vgdanilov@mail.ru

Â äîêëàäå áóäåò ðàññêàçàí ïðèìåð ïîñòðîåíèÿ àñèìïòîòèêè ôóí-
äàìåíòàëüíîãî ðåøåíèÿ âûðîæäàþùåãîñÿ ïàðàáîëè÷åñêîãî óðàâíå-
íèÿ ñ ìàëûì ïàðàìåòðîì

ε
∂G

∂t
− ε2

∂

∂x

(
xa(x)

∂G

∂x

)
= 0, x ⩾ 0, t > 0;

G|t=0, x>0 = δ(x− ξ),

(1)

Áëèçêèé ê ýòîìó ïðèìåð ðàññìàòðèâàëñÿ ðàíåå [1],[2] â òðàäèöèîííîé
ïîñòàíîâêå (àñèìïòîòèêà ïðè t→ 0, òðàäèöèÿ ñî âðåìåí ðàáîòû Ñ.À.
Ìîë÷àíîâà [4]).

Íàëè÷èå ìàëîãî ïàðàìåòðà ïîçâîëÿåò âûÿâèòü ñòðóêòóðó ðåøå-
íèÿ. Â äàííîì ïðèìåðå îêàçàëîñü, ÷òî ðåøåíèå çàâèñèò îò äâóõ áûñò-
ðûõ ïåðåìåííûõ S1(x, ξ, t)/ε è S2(x, ξ, t)/ε, à òî÷íåå, èìååò âèä

G(x, ξ, t) =
1

εt
e−

S1(x,ξ,t)
ε I0

(
S2(x, ξ, t)

ε

)
, (2)

ãäå I0(z) � ìîäèôèöèðîâàííàÿ ôóíêöèÿ Áåññåëÿ ïåðâîãî ðîäà. Â
÷àñòíîñòè, ïðè a(x) ≡ 1: S1 = (x+ ξ)/t, S2 = 2

√
xξ/t.

Òàêèå ðåøåíèÿ íåëèíåéíûõ óðàâíåíèé (íåòðèâèàëüíî çàâèñÿùèå
îò äâóõ áûñòðûõ ïåðåìåííûõ) èçâåñòíû è îïèñûâàþò âçàèìîäåé-
ñòâèå íåëèíåéíûõ âîëí. Çäåñü æå ïîÿâëåíèå äâóõôàçíîãî ðåøåíèÿ
ñâÿçàíî ñ âûðîæäåíèåì ãëàâíîé ÷àñòè îïåðàòîðà.

1 Ðàáîòà âûïîëíåíà â ðàìêàõ ïðîåêòà ¾Ìîäåëèðîâàíèå ôèçè÷åñêèõ ïðîöåñ-
ñîâ â íåïðåðûâíûõ è äèñêðåòíûõ ñðåäàõ¿
© Äàíèëîâ Â.Ã., Ðàõåëü Ì.À., 2025
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Ïðè a(x) ̸= 1 ðåøåíèå óòî÷íÿåòñÿ ïî òåîðèè âîçìóùåíèé, àíàëî-
ãè÷íîé òåîðèè Ëàíãåðà.

Äëÿ îáîñíîâàíèÿ àñèìïòîòèêè ìîæíî ïðèìåíÿòü ñõåìó èç [3]. Åñ-
ëè G0 � ãëàâíîå ñëàãàåìîå àñèìïòîòèêè, òî G0 � ðåøåíèå çàäà÷è

ε
∂G0

∂t
− ε2

∂

∂x

(
xa(x)

∂G0

∂x

)
= εG0F, G0|t=0 = δ(x− ξ). (3)

ãäå F (x) � ãëàäêàÿ ðàâíîìåðíî îãðàíè÷åííàÿ ïðè x ⩾ 0 ôóíêöèÿ.
Òîãäà

G(x, ξ, t) =

+∞∑
k=0

εkGk(x, ξ, t), (4)

ãäå

Gk(x, ξ, t) =

∫ t

0

∫ +∞

0

G0(x, y, t− τ)F (y)Gk−1(y, ξ, τ)dydτ. (5)

è ðÿä (4) ñõîäèòñÿ ðàâíîìåðíî ïðè x ⩾ 0.
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Î ÊÎËÅÁÀÍÈßÕ ÄÂÈÆÓÙÅÃÎÑß ÓÏÐÓÃÎÃÎ
ÏÎËÎÒÍÀ Ñ ÓÑËÎÂÈßÌÈ ÑÂÎÁÎÄÍÎÃÎ

ÇÀÊÐÅÏËÅÍÈß
Ì.Ã. Äàóäîâ (Ìîñêâà, ÐÃÓ èì. À.Í. Êîñûãèíà)

d.murad.d2002@mail.ru

Îñíîâíûì îáúåêòîì ÿâëÿåòñÿ âîëíîâîå óðàâíåíèå, êîòîðîå äàåò
ðåøåíèÿ ïîïåðå÷íûõ êîëåáàíèé äâèæóùåãîñÿ ïîëîòíà:

utt + 2v0utx +
(
v20 − c2

)
uxx +

D

m
uxxxx = 0. (1)

Â óðàâíåíèè (1) u = u (x, t) � ôóíêöèÿ, êîòîðàÿ ïîêàçûâàåò íà
ñêîëüêî îò òî÷êè ðàâíîâåñèÿ îòêëîíÿåòñÿ ïîëîòíî â òî÷êå x â ìîìåíò
âðåìåíè t, v0 � ïîñòîÿííàÿ ñêîðîñòü, ñ êîòîðîé âîëíà ïåðåìåùàåòñÿ
âäîëü îñè x, c � ñêîðîñòü ðàñïðîñòðàíåíèÿ êîëåáàíèé â ïîêîÿùåìñÿ
ïîëîòíå, D � âåëè÷èíà æåñòêîñòè íà èçãèá, m � ìàññà ïîëîòíà íà
åäèíèöó åãî ïëîùàäè.

Èç�çà òîãî, ÷òî â äàííîì óðàâíåíèè ïîÿâëÿåòñÿ ñëàãàåìîå ñî ñìå-
øàííîé ïðîèçâîäíîé, ÿâíî íå óäàåòñÿ ïðèìåíèòü ìåòîä ðàçäåëåíèÿ
ïåðåìåííûõ Ôóðüå, äëÿ ïîñòðîåíèÿ ðåøåíèÿ â âèäå ðÿäà Ôóðüå ïî
ñîáñòâåííûì ôóíêöèÿì çàäà÷è Øòóðìà�Ëèóâèëëÿ.

Ðåøåíèå áóäåò íàõîäèòüñÿ â ñëåäóþùåì âèäå:

u (x, t) = T (t) eλx. (2)

Äàëåå ôóíêöèÿ (2) ïîäñòàâëÿåòñÿ â óðàâíåíèå è ïîëó÷àåòñÿ óðàâ-
íåíèÿ ñ çàìåíåííîé ôóíêöèåé ñëåäóþùåãî âèäà:

T ′′eλx + 2v0T
′λeλx +

(
v20 − c2

)
Tλ2eλx +

D

m
Tλ4eλx = 0. (3)

Ïîñëå óïðîùåíèÿ (3), ïîëó÷àåòñÿ îáûêíîâåííîå äèôôåðåíöèàëü-
íîå óðàâíåíèå ñ ïîñòîÿííûìè êîýôôèöèåíòàìè:

T ′′ + 2v0λT
′ +

((
v20 − c2

)
+
D

m
λ2
)
λ2T = 0. (4)

Äëÿ (4) ïðèìåíÿåòñÿ ñòàíäàðòíûé ìåòîä ðåøåíèÿ äèôôåðåíöè-
àëüíîãî óðàâíåíèÿ. Ñîñòàâëÿåòñÿ õàðàêòåðèñòè÷åñêîå óðàâíåíèå:

σ2 + 2v0λσ +

((
v20 − c2

)
+
D

m
λ2
)
λ2 = 0. (5)
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Çàòåì íàõîäÿòñÿ êîðíè óðàâíåíèÿ (5):

σ1,2 = λ

(
−v0 ± c

√
1− D

mc2
λ2

)
.

Âûâîäèòñÿ ðåøåíèÿ äëÿ ôóíêöèè T:

T (t) = e−v0λt
(
C1e

cλ
√

1 − D
mc2

λ2t
+ C2e

−cλ
√

1 − D
mc2

λ2t
)
.

Ïðîâîäèòñÿ îáðàòíàÿ çàìåíà äëÿ îïðåäåëåííîé ðàíåå ôóíêöèè,
ïîëó÷àåòñÿ îêîí÷àòåëüíûé âèä ðåøåíèÿ èñêîìîãî óðàâíåíèÿ:

u (x, t) =

(
C1e

cλ
√

1 − D
mc2

λ2t
+ C2e

−cλ
√

1 − D
mc2

λ2t
)
eλ(x−v0t).

Ïîñëå ïåðåõîäà ê ýòàïó ðåøåíèþ çàäà÷è ñ íà÷àëüíûìè è êðàåâû-
ìè óñëîâèÿìè, íåîáõîäèìî íàéòè áàçèñ èç ýêñïîíåíöèàëüíûõ ôóíê-
öèé è âûïîëíèòü ðàçëîæåíèå ïî ýòîìó áàçèñó. Èç íà÷àëüíûõ óñëîâèé
ìîæíî îïðåäåëèòü íåèçâåñòíûå êîýôôèöèåíòû.

Â êà÷åñòâå ïðèìåðà âçÿòû êðàåâûå è íà÷àëüíûå óñëîâèÿ:

ux|x=0
= ux|x=l

= uxxx|x=0
= uxxx|x=l

= 0, (6)

u|t=0 = cosx, ut|t=0
= 0. (7)

Äëÿ óñëîâèé (6) è (7), ïðèìåíèâ ðàíåå óêàçàííûé ìåòîä, ïîëó-
÷àåòñÿ ñëåäóþùåå òî÷íîå ðåøåíèå äëÿ óðàâíåíèÿ êîëåáàíèé äâèæó-
ùåãîñÿ óïðóãîãî ïîëîòíà:

u (x, t) =
1

2

((
1 +

v0
cθ

)
cos (t (cθ − v0) + x)+

+
(
1− v0

cθ

)
cos (t (cθ + v0)− x)

)
.

Ïîäðîáíåå î ìåõàíè÷åñêèõ êîëåáàíèÿõ è î äèôôåðåíöèàëüíûç
óðàâíåíèÿõ â ÷àñòíûõ ïðîèçâîäíûõ ìîíæî ïðî÷èòàòü â [1] è [2].
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ÏÐÅÄÑÒÀÂËÅÍÈÅ ÐßÄÎÂ ÏÐÈ ÏÎÂÎÐÎÒÅ
ÊÎÎÐÄÈÍÀÒÍÛÕ ÎÑÅÉ

À.À. Äåìèäîâ (ÈÏÑ ÐÀÍ, Ïåðåñëàâëü�Çàëåññêèé)
alex@dem.botik.ru

Áóäåì âðàùàòü êîîðäèíàòû ëèíåéíûì ïðåîáðàçîâàíèåì r⃗ = T r⃗
èçìåíåíèÿ áàçèñà è íàáëþäàòü, êàê âåä¼ò ñåáÿ çíà÷åíèå lim, êîòîðîå
íèêàê íå äîëæíî çàâèñåòü îò êîîðäèíàò � êàê áû ìû íè ïîâåðíóëè
ëèñòîê, ýòî íå äîëæíî âëèÿòü íà ñàì ðèñóíîê.

Â äâóìåðíîì ïðîñòðàíñòâå ïîâîðîò ìîæíî îïèñàòü îäíèì óãëîì
θ ñ ìàòðèöåé ïîâîðîòà â äåêàðòîâîé ñèñòåìå êîîðäèíàò:

T (θ) =

(
cos θ ∓ sin θ
± sin θ cos θ

)
= exp

(
0 ∓θ
±θ 0

)

Òåîðåìà 1 (Ñîâïàäåíèå äâóõ ãèïåðáîë: 1/x è êàíîíè÷åñêîãî). Êà-
íîíè÷åñêîå óðàâíåíèå ãèïåðáîëû: y2 − x2 = 2, îòêóäà y =

√
x2 + 2,

óðàâíåíèå ïðÿìîé íà 45◦ ê îñè OX: y = x. Òîãäà ðàçíîñòü ýòèõ
äâóõ ôóíêöèé, íîðìèðîâàííàÿ íà

√
2, áóäåò ðàâíà ðàçíîñòè ôóíê-

öèè y = 1/x è îñè àáñöèññ y = 0 â òî÷êå, ëåæàùåé íà òîé æå
îêðóæíîñòè x2 + y2 = R2, ÷òî è ò÷. y = x.

¾Çàçåðêàëüíûé àíàëèç¿. Òå æå ñàìûå ãðàôèêè ôóíêöèé â çàçåð-
êàëüíîé ñèñòåìå êîîðäèíàò, ðàçâ¼ðíóòîé îòíîñèòåëüíî èñõîäíîé íà
45◦ èìåþò ñîâåðøåííî äðóãîå, ¾äóàëüíîå¿ ïðåäñòàâëåíèå â âèäå ðÿ-
äîâ.

Î÷åâèäíî:

y = x −→ ȳ = 0

y =
1

x
−→ ȳ =

√
x̄2 + 2

Ïðè ýòîì èíòåðåñíû âûðàæåíèÿ äëÿ çàçåðêàëüíûõ ôóíêöèé â
îðèãèíàëüíîé ñèñòåìå êîîðäèíàò (ïîëó÷èòñÿ ëè âçÿòü ðÿäû?):∫

x−
√
x2 − 2 ≈ log(x), ïðè x≫ 0.
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Ðèñ 1. Ãðàôèêè ôóíêöèé â çàçåðêàëüíîé ñèñòåìå êîîðäèíàò.

Íåñìîòðÿ, ÷òî ãðàôèêè íå äîëæíû ¾øåâåëèòüñÿ¿ ïðè ïîâîðîòå
ëèñòêà áóìàãè, ïðÿìîé ðàñ÷¼ò WolframAlpha íå äà¼ò ñîâïàäåíèÿ,
îíè øåâåëÿòñÿ.

Òàêæå:

lim
x→∞

∫ (
1

x
−
(
x−

√
x2 − 2

))
dx = −1

2
− log(2)

Ëèáî ìû ¾óëîâèëè¿ îøèáêè îêðóãëåíèÿ, ëèáî áåñêîíå÷íî- óäà-
ë¼ííóþ òî÷êó, ëèáî ÷òî-òî åù¼, íåèçâåñòíîå è èíòåðåñíîå. Åñëè àê-
êóðàòíûé ðàñ÷¼ò íå óñòðàíèò ïðîáëåìó � ïðîòèâîðå÷èå.

ÀÑÈÌÏÒÎÒÈ×ÅÑÊÈÅ ÑÂÎÉÑÒÂÀ ÐÅØÅÍÈß
ÕÀÐÀÊÒÅÐÈÑÒÈ×ÅÑÊÎÉ ÇÀÄÀ×È

ÄËß ÓËÜÒÐÀÃÈÏÅÐÁÎËÈ×ÅÑÊÎÃÎ ÓÐÀÂÍÅÍÈß
Ì.Í. Äåì÷åíêî (Ñàíêò-Ïåòåðáóðã, ÏÎÌÈ)

demchenko@pdmi.ras.ru

Â ðàáîòå èññëåäóåòñÿ àñèìïòîòè÷åñêîå ïîâåäåíèå íà áåñêîíå÷íî-
ñòè ðåøåíèÿ U(t, s, x1, . . . , xd, y1, . . . , yn) ñëåäóþùåé çàäà÷è â åâêëè-
äîâîì ïðîñòðàíñòâå:(

∂2ts + ∂2x1
+ . . .+ ∂2xd

− ∂2y1 − . . .− ∂2yn
)
U = 0, (1)

U |t=0 = U0. (2)

Óðàâíåíèå (1) ÿâëÿåòñÿ óëüòðàãèïåðáîëè÷åñêèì, à ãèïåðïëîñêîñòü
{t = 0}, íà êîòîðîé çàäàíà ôóíêöèÿ U0, ÿâëÿåòñÿ õàðàêòåðèñòè÷å-
ñêîé äëÿ äàííîãî óðàâíåíèÿ. Ýòî âèäíî, åñëè ïåðåéòè ê ôóíêöèè
u(x, y) ïåðåìåííûõ

x = (x0, x1, . . . , xd), y = (y0, y1, . . . , yn),
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êîòîðàÿ ñâÿçàíà ñ ðåøåíèåì U ñîîòíîøåíèåì

u(x, y) = U((x0 − y0)/2, (x0 + y0)/2, x1, . . . , xd, y1, . . . , yn).

Óðàâíåíèå (1) ïðè ýòîì ïðèíèìàåò âèä

(∆x −∆y)u = 0,

∆x = ∂2x0
+ . . .+ ∂2xd

, ∆y = ∂2y0 + . . .+ ∂2yn ,

à ãèïåðïëîñêîñòü {t = 0} â êîîðäèíàòàõ x, y çàäàåòñÿ óðàâíåíèåì
x0 = y0.

Â ðàáîòå À.Ñ. Áëàãîâåùåíñêîãî [1] áûëà óñòàíîâëåíà êîððåêò-
íîñòü çàäà÷è (1), (2) â îïðåäåëåííîì êëàññå ôóíêöèé. Â ÷àñòíîñòè,
áûë ïîëó÷åí ñëåäóþùèé çàêîí ñîõðàíåíèÿ:

∥U(t)∥L2
= ∥U0∥L2

, t ∈ R.

Àñèìïòîòè÷åñêèå ñâîéñòâà ðåøåíèÿ óêàçàííîé çàäà÷è, óñòàíîâ-
ëåííûå â äàííîé ðàáîòå, óäîáíåå ñôîðìóëèðîâàòü â òåðìèíàõ ôóíê-
öèè u(x, y). Ïðåäïîëîæèì, ÷òî

x = τθ, y = (τ + p)ω,

ãäå (θ, ω, p) ∈ Sd×Sn×R (Sm � åäèíè÷íàÿ ñôåðà â Rm+1), τ � áîëü-
øîé ïîëîæèòåëüíûé ïàðàìåòð. Ïðè τ → +∞ òî÷êà (x, y) ñòðåìèòñÿ
ê áåñêîíå÷íîñòè âäîëü õàðàêòåðèñòèêè. Ìû áóäåì ïðåäïîëàãàòü, ÷òî
θ0 ̸= ω0. Ýòî óñëîâèå îçíà÷àåò, ÷òî õàðàêòåðèñòè÷åñêîå íàïðàâëå-
íèå (θ, ω) íå ëåæèò â ãèïåðïëîñêîñòè, íà êîòîðîé çàäàíû íà÷àëüíûå
äàííûå. Òàêæå ïðåäïîëàãàåòñÿ, ÷òî N := d + n ⩾ 3, à ôóíêöèÿ U0

ïðèíàäëåæèò êëàññó Øâàðöà. Áóäåò ïîëó÷åíî ñîîòíîøåíèå

u(x, y) =
1

τN/2
F (θ, ω, p)(1 + o(1)), τ → +∞,

à òàêæå ôîðìóëà äëÿ àñèìïòîòè÷åñêîãî êîýôôèöèåíòà F .
Ïîäîáíîå àñèìïòîòè÷åñêîå ñîîòíîøåíèå èçâåñòíî äëÿ ðåøåíèé

çàäà÷è Êîøè äëÿ ãèïåðáîëè÷åñêèõ óðàâíåíèé (ìû óïîìÿíåì ëèøü
íàèáîëåå ðàííèå ðàáîòû ïî ýòîé òåìàòèêå [2, 3]). Äàííûå Êîøè
ïðè ýòîì çàäàþòñÿ íà ïðîñòðàíñòâåííî-îðèåíòèðîâàííîé ãèïåðïëîñ-
êîñòè. Àñèìïòîòè÷åñêèå ñâîéñòâà ðåøåíèé óëüòðàãèïåðáîëè÷åñêèõ
óðàâíåíèé èçó÷àëèñü â ðàáîòàõ [4, 5]. Îäíàêî, òàì ñòàâèëèñü óñëî-
âèÿ, îòëè÷íûå îò óñëîâèÿ (2).
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Î ÂÎÑÏÐÎÈÇÂÎÄßÙÈÕ ßÄÐÀÕ Â ÂÅÑÎÂÛÕ
ÊËÀÑÑÀÕ ÔÓÍÊÖÈÉ

À.Ë. Äæàáðàèëîâ (Ãðîçíûé, ×ÃÓ)
ahmed_0065@mail.ru

Èçâåñòíî, ÷òî âàæíûìè èíñòðóìåíòàìè ïðè ðàáîòå ñ ãèëüáåðòî-
âûìè ïðîñòðàíñòâàìè è àíàëèòè÷åñêèìè ôóíêöèÿìè ÿâëÿþòñÿ âîñ-
ïðîèçâîäÿùèå ÿäðà. Òàêèå ÿäðà îïðåäåëÿþò ñêîðîñòü ðîñòà ðåøåíèé
êðàåâîé çàäà÷è, âáëèçè ãðàíèöû îáëàñòè, íà êîòîðîé çàäàíî óðàâ-
íåíèå, ÷òî òåñíî ñâÿçàíî ñ òåîðåìàìè èíòåðïîëÿöèè, à òàêæå äðóãè-
ìè âîïðîñàìè. Ðàññìîòðèì âîñïðîèçâîäÿùèå ÿäðà, ïðèñïîñîáëåííûå
äëÿ ðàáîòû ñ îïåðàòîðàìè, ñîäåðæàùèìè îïåðàòîð Áåññåëÿ.

Ïóñòü F � ýòî êëàññ ôóíêöèé, îïðåäåë¼ííûõ íà ìíîæåñòâå E,
êîòîðûé îáðàçóåò ãèëüáåðòîâî ïðîñòðàíñòâî (êîìïëåêñíîå èëè âåùå-
ñòâåííîå). Ôóíêöèÿ K(x, y), x, y ∈ E, íàçûâàåòñÿ âîñïðîèçâîäÿùèì
ÿäðîì êëàññà F , åñëè âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

1. äëÿ ëþáîãî y ôóíêöèÿ K(x, y) ðàññìàòðèâàåòñÿ êàê ôóíêöèÿ
îò x è ïðèíàäëåæèò êëàññó F ;

2. âûïîëíÿåòñÿ âîñïðîèçâîäÿùåå ñâîéñòâî: äëÿ ëþáîãî y ∈ E è
ëþáîé ôóíêöèè f ∈ F ñïðàâåäëèâî ðàâåíñòâî:

f(y) = (f(x),K(x, y))x.

© Äæàáðàèëîâ À.Ë., 2025
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Çíàê x â ñêàëÿðíîì ïðîèçâåäåíèè óêàçûâàåò íà òî, ÷òî ñêàëÿðíîå
ïðîèçâåäåíèå ïðèìåíÿåòñÿ ê ôóíêöèÿì ïî x.

Áóäåì èìåòü äåëî ñ n-ìåðíûì åâêëèäîâûì ïðîñòðàíñòâîì Rn,
îòêðûòûì îðòàíòîì Rn+={x=(x1, . . . , xn) ∈ Rn, x1>0, . . . , xn>0}.
Ïóñòü γ=(γ1, ..., γn) � ìóëüòèèíäåêñ, ñîñòîÿùèé èç ïîëîæèòåëüíûõ
äåéñòâèòåëüíûõ ÷èñåë γi > 0, i=1, ..., n, è, ïóñòü, |γ|=γ1+. . .+γn.
Ïóñòü Lγp(Rn+) = Lγp , 1⩽p<∞ � ïðîñòðàíñòâî èçìåðèìûõ íà Rn+
ôóíêöèé, ÷åòíûõ ïî êàæäîé èç ïåðåìåííûõ xi, i = 1, ..., n ïðè

x ∈ Rn, òàêèõ, ÷òî
∫
Rn

+

|f(x)|pxγdx < ∞, xγ =
n∏
i=1

xγii . Äëÿ âåùåñòâåí-

íîãî p ⩾ 1, Lγp�íîðìà ôóíêöèè f îïðåäåëÿåòñÿ ðàâåíñòâîì

||f ||Lγ
p(Rn

+) = ||f ||Lγ
p
= ||f ||p,γ =

( ∫
Rn

+

|f(x)|pxγdx
)1/p

.

Ôóíêöèþ

Pγ(x, δ) =
2nΓ

(
n+|γ|+1

2

)
√
π

n∏
j=1

Γ
(
γj+1

2

) δ (δ2 + |x|2)−
n+|γ|+1

2 , δ > 0.

áóäåì íàçûâàòü îáùèì ÿäðîì Ïóàññîíà.
Ïóñòü Fγ � ìíîãîìåðíîå ïðåîáðàçîâàíèå Õàíêåëÿ (ñì. [1]).
Òåîðåìà 1. Ôóíêöèÿ Pγ(x, δ) îáëàäàåò ñâîéñòâàìè

1. Fγ [Pγ(x, δ)](ξ) = e−δ|ξ|,

2.
∫
Rn

+

Pγ(x, δ)x
γdx =

∫
Rn

+

Pγ(x, 1)x
γdx = 1,

3. Pγ(x, δ) ∈ Lγp , 1 ⩽ p ⩽ ∞.

Ââåäåì îáîçíà÷åíèå

(Pγ,δf)(x) = (f(x) ∗ Pγ(x, δ))γ ,

ãäå (· ∗ ·)γ � îáîáùåííàÿ ñâåðòêà (ñì. [1]).
Òåîðåìà 2. Åñëè f ∈ Lγp , 1 ⩽ p ⩽ ∞ èëè f ∈ C0 ⊂ Lγ∞, òî

||(Pγ,δf)(x)− f(x)||p,γ → 0 ïðè δ → 0.
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ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ 2m ÏÎÐßÄÊÀ
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Ðàññìîòðèì îáùóþ ýëëèïòè÷åñêóþ ñèñòåìó óðàâíåíèé ïîðÿäêà
2m íà ïëîñêîñòè z = x+ iy, êîìïëåêñíàÿ çàïèñü êîòîðîé èìååò âèä

m∑
n=−m

an(z)
∂2mω

∂zm+n∂zm−n + bn(z)
∂2mω

∂zn−m∂zn+m
+ T, (1)

ãäå ω = u(x, y) + iv(x, y), T � äèôôåðåíöèàëüíûé îïåðàòîð íèçøå-

ãî ïîðÿäêà, ∂
∂z = 1

2

(
∂
∂x + i ∂∂y

)
, ∂∂z = 1

2

(
∂
∂x − i ∂∂y

)
. Áóäåì ñ÷èòàòü,

÷òî êîýôôèöèåíòû â (1) ÿâëÿþòñÿ íåïðåðûâíûìè â D ôóíêöèÿìè,
à g(z) ∈ Lp(D), 2 < p < ∞. Ïî ãëàâíîé ÷àñòè ñèñòåìû (1) ïîñòðîèì
ìàòðèöó-ôóíêöèþ

G(z, t) =

(
P2m(z, t) Q2m(z, t)

Q̂2m(z, t) P̂2m(z, t)

)
, |t| = 1, z ∈ D,

P2m(z, t) = t
m∑m

n=−m an(z)t
m+n,Q2m(z, t) = t

m∑m
n=−m bn(z)t

m−n.

Ýëëèïòè÷íîñòü ñèñòåìû (1) îçíà÷àåò, ÷òî äëÿ ∀z ∈ D, |t| = 1 äîëæíî
âûïîëíÿòüñÿ íåðàâåíñòâî

detG(z, t) ≡ |P2m(z, t)|2| − |Q2m(z, t)||2 ̸= 0. (2)

Áåç îãðàíè÷åíèÿ îáùíîñòè áóäåì ñ÷èòàòü, ÷òî D = {z : |z| < 1}. Äëÿ
óðàâíåíèÿ (1) áóäåì ðàññìàòðèâàòü çàäà÷ó:

Çàäà÷à Äèðèõëå. Íàéòè ôóíêöèþ ω(z) èç êëàññà W 2m
p (D) ∩

Cm−1(D), óäîâëåòâîðÿþùóþ âíóòðè D óðàâíåíèþ (1), à íà å¼ ãðà-
íèöå Γ � êðàåâûì óñëîâèÿì

∂jω

∂nj

∣∣∣∣
Γ

= 0, j = 0, 1, . . . ,m− 1, (3)
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ãäå ∂ω
∂n � îçíà÷àåò ïðîèçâîäíóþ ôóíêöèè ω(z) ïî íàïðàâëåíèþ

âíåøíåé íîðìàëè â òî÷êàõ êîíòóðà Γ.
Â ðàáîòàõ [1], [2] È. Í. Âåêóà áûë ïðåäëîæåí íîâûé ìåòîä èññëå-

äîâàíèÿ ðàññìîòðåííûõ òàì ãðàíè÷íûõ çàäà÷ äëÿ ñèñòåì óðàâíåíèé
â ÷àñòíûõ ïðîèçâîäíûõ ýëëèïòè÷åñêîãî òèïà ïóòåì ïåðåõîäà ê ýêâè-
âàëåíòíîìó ñèíãóëÿðíîìó èíòåãðàëüíîìó óðàâíåíèþ ïî îãðàíè÷åí-
íîé îáëàñòè.

Äàëåå, â ðàáîòå Á. Â. Áîÿðñêîãî [3] óêàçàííûì ìåòîäîì äîêàçà-
íî, ÷òî ïðè m = 1 ñèñòåìà âòîðîãî ïîðÿäêà (1) èìååò òðè ãîìîòî-
ïè÷åñêèé êëàññ è â ñëó÷àå ñèëüíî ýëëèïòè÷åñêèõ ñèñòåì ñ ïîìîùüþ
ïðèíöèïà ñæàòûõ îòîáðàæåíèé ïîêàçàíà ôðåäãîëüìîâîñòü çàäà÷è
Äèðèõëå è Íåéìàíà, à â ðàáîòå Ã. Äæàíãèáåêîâà [4] äëÿ äâóõ äðóãèõ
ãîìîòîïè÷åñêèõ êëàññàõ ñèñòåìû (1) (ïðè m = 1) ïîëó÷åíû íåîáõî-
äèìûå è äîñòàòî÷íûå óñëîâèÿ íåòåðîâîñòè è ôîðìóëû äëÿ ïîäñ÷åòà
èíäåêñîâ ðàññìàòðèâàåìûõ çàäà÷ â òåðìèíàõ êîýôôèöèåíòîâ (1).

Ýòîò ìåòîä ïðèìåíÿåòñÿ è â íàñòîÿùåé ðàáîòå.
Ïåæäå âñåãî óñòàíàâëèâàåòñÿ, ÷òî ìíîæåñòâî âñåõ ñèñòåì (1) óäî-

âëåòâîððÿþùèõ óñëîâèþ (3) ðàçáèâàþòñÿ íà 2m+1 ãîìîòîïè÷åñêèõ
êëàññîâ νn(n = 0,±1, ·,±m). Ââåä¼ì ñëåäóþùèå îáîçíà÷åíèÿ:

∆n(z) = |an(z)|2 − |bn(z)|2, λν,n = aνan − bνbn, µν,n = aνbn − bνan,

ν = 0,±1, . . . ,±m; n = ±1, . . . ,±m, ν ̸= n, M(z) � îïðåäåëåííàÿ
ïîëîæèòåëüíàÿ ôóíêöèÿ âûðàæàþùàÿ ÷åðåç êîýôôèöèåíòû ñèñòå-
ìû (1).

Òåîðåìà. Äëÿ òîãî ÷òîáû çàäà÷à Äèðèõëå (3) äëÿ ëþáîé ýëëèï-
òè÷åñêîé ñèñòåìû (1) ñ íåïðåðûâíûìè êîýôôèöèåíòàìè â êëàññå
W 2m
p (D)∩Cm−1(D), áûëà íåòåðîâîé, íåîáõîäèìî è äîñòàòî÷íî âû-

ïîëíåíèå îäíîãî èç ñëåäóþùèõ (èñêëþ÷àþùèõ äðóã äðóãà) óñëîâèé:

∆0(z) > M(z)+
(
M2(z)+

m∑
n=−m,n̸=0

(|µ0,n(z)|2−|λ0,n(z)|2)
)1/2

∀z ∈ D,

(4)

∆ν(z) > M(z) +
(
M2(z) +

m∑
n=−m,n ̸=ν

(|µν,n(z)|2 − |λν,n(z)|2)
)1/2

è aν(τ)b0(τ)− bν(τ)a0(τ) ̸= 0 ∀z ∈ D, τ ∈ Γ, ν = ±1, · · · ,±m. (5)

Ïðè ýòîì, åñëè âûïîëíåíî (4), òî çàäà÷à ôðåäãîëüìî-
âà, à åñëè âûïîëíåíî (5), òî åãî èíäåêñ ðàâåí κ =
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2νIndΓ

(
aν(τ)b0(τ)− bν(τ)a0(τ)

)
. Àíàëîãè÷íàÿ òåîðåìà èìååò

ìåñòî äëÿ çàäà÷è Íåéìàíà äëÿ ñèñòåìû (1).
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Öåëü äàííîé ðàáîòû � ïðåäñòàâèòü êëàññ ìîäåëåé, êîòîðûå óäî-
âëåòâîðÿþò ýòèì òðåáîâàíèÿì, ðàñøèðÿÿ õîðîøî èçâåñòíûå àâòîðå-
ãðåññèîííûå ìîäåëè, ïðåäëîæåííûå Áîêñîì è Äæåíêèíñîì (1976).
Ðàñøèðåíèå çàêëþ÷àåòñÿ â òîì, ÷òîáû ïàðàìåòð äèôôåðåíöèðîâà-
íèÿ d,D1, D2 ìîã ïðèíèìàòü ëþáîå äåéñòâèòåëüíîå çíà÷åíèå, à íå
îãðàíè÷èâàòüñÿ öåëûìè ÷èñëàìè. Áûëî óñòàíîâëåíî, ÷òî äëÿ ñî-
îòâåòñòâóþùèõ çíà÷åíèé d,D1, D2, à èìåííî â ïðåäåëàõ äèàïàçîíà
0 < d+D1+D2 < 0.5, ýòè ïðîöåññû ñ äðîáíûì äèôôåðåíöèðîâàíèåì
ìîãóò ýôôåêòèâíî ìîäåëèðîâàòü äîëãîñðî÷íóþ óñòîé÷èâîñòü.

De�nition 1. Ïóñòü Z1, Z2, . . . , Zn ïðåäñòàâëÿþò ñîáîé ïîñëåäî-
âàòåëüíîñòü íàáëþäåíèé, ìîäåëèðóåìóþ îáîáùåííîé ìîäåëüþ äâîé-
íîé ñåçîííîé àâòîðåãðåññèè ñ äðîáíûì äèôôåðåíöèðîâàíèåì. Èñ-
õîäíàÿ ìîäåëü ìîæåò áûòü çàïèñàíà êàê:φp(B)︸ ︷︷ ︸

AR(p)

ΦP1(B
S1)︸ ︷︷ ︸

AR(P1)

ΩP2(B
S2)︸ ︷︷ ︸

AR(P2)

D ln(Zt − µ) = εt (1)

1 Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå (ïðî � DANA BAZNAS
Ðåñïóëëèêà Èíäîíåçèÿ 75074934).
© Äèíàòà Ù.À.Â., Ìîèñååâ À.Í., 2025
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ãäå φp(B), ΦP1(B
S1), è ΩP2(B

S2) ïðåäñòàâëÿþò àâòîðåãðåññèîííûå
êîìïîíåíòû, êîòîðûå õàðàêòåðèçóþò íåñåçîííóþ è ñåçîííûå ÷àñòè
ìîäåëè. D ln(Zt − µ) ïðåäñòàâëÿåò ñîáîé ïðåîáðàçîâàííóþ âðåìåí-
íóþ ñåðèþ Zt, ïîñëå ïðèìåíåíèÿ ëîãàðèôìè÷åñêîãî ïðåîáðàçîâàíèÿ
è äèôôåðåíöèðîâàíèÿ äëÿ óäàëåíèÿ òðåíäîâ è ñåçîííîñòè, öåíòðè-
ðîâàííóþ âîêðóã ñâîåãî ñðåäíåãî çíà÷åíèÿ µ. εt � ýòî îøèáêà áå-
ëîãî øóìà. Àâòîðåãðåññèîííûå êîìïîíåíòû ìîäåëè DSARFI îòðà-
æàþò ñòðóêòóðó âðåìåííîé çàâèñèìîñòè äàííûõ íà ðàçíûõ ëàãàõ è
ñåçîííûõ ïåðèîäàõ. φp(B) =

∑p
i=0(−φi)Bi, 1 ⩽ i ⩽ p, ãäå B �

ýòî îïåðàòîð ñäâèãà íàçàä, à φi � àâòîðåãðåññèîííûå êîýôôèöèåí-
òû äëÿ íåñåçîííîé ÷àñòè ìîäåëè. ΦP1

(BS1) =
∑P1

l=0(−Φl)B
S1l, 1 ⩽

l ⩽ P1, S1 ∈ N, ãäå BS1 ñîîòâåòñòâóåò ñåçîííîìó ïåðèîäó S1, îò-
ðàæàÿ ïåðèîäè÷íîñòü ñåçîííûõ ýôôåêòîâ â ñåðèè. Ñëåäîâàòåëüíî,
ΩP2

(BS2) =
∑P2

h=0(−Ωh)B
S2h, 1 ⩽ h ⩽ P2, S2 ∈ N, ãäå BS2 óêà-

çûâàåò íà âòîðîé ñåçîííûé ïåðèîä, ïîçâîëÿÿ ìîäåëè çàõâàòûâàòü
íåñêîëüêî ñåçîííîñòåé. Äëÿ ó÷åòà òðåíäîâ è ñåçîííûõ êîëåáàíèé ìî-
äåëü DSARFI ââîäèò íåñêîëüêî îïåðàòîðîâ äèôôåðåíöèðîâàíèÿ, ãäå
d, D1 è D2 ìîãóò áûòü äðîáíûìè çíà÷åíèÿìè, è ∇d = (1 − B)d,
∇D1

S1
= (1 − BS1)D1 , ∇D2

S2
= (1 − BS2)D2 , îïðåäåëÿåòñÿ ñëåäóþùèì

îáðàçîì:

∇d = 1− dB +
d(d− 1)

2!
B2 − · · · =

∞∑
k=0

∏k−1
a=0(d− a)

k!
(−B)k.

∇D1

S1
= 1−D1B

S1 +
D1(D1 − 1)

2!
B2S1 − · · · =

=

∞∑
j=0

(∏j−1
a=0 (D1 − a)

j!

(
−BS1

)j)

∇D2

S2
= 1−D2B

S2 +
D2(D2 − 1)

2!
B2S2 − · · · =

=

∞∑
l=0

(∏l−1
a=0 (D2 − a)

l!

(
−BS2

)l)
De�nition 2. Ïóñòü {Zt}, t ∈ Z, ïðåäëîæåííàÿ ÷àñòü äâîéíîé

ñåçîííîé ARI ìîæåò áûòü îïèñàíà ñëåäóþùèì îáðàçîì:

P2∑
h=0

P1∑
l=0

p∑
i=0

ΩhΦlφiZt−S2h−S1l−i = 0 (2)
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De�nition 3. Ïóñòü {Zt}, t ∈ Z, ïðåäëîæåííàÿ ÷àñòü äâîéíîé ñå-
çîííîé àâòîðåãðåññèè ñ äðîáíûì äèôôåðåíöèðîâàíèåì ìîæåò áûòü
îïèñàíà ñëåäóþùèì îáðàçîì:

∞∑
c=0

∞∑
j=0

∞∑
k=0

P2∑
h=0

P1∑
l=0

p∑
i=0

UΩhΦlφiZt−y = 0 (3)

ãäå U = (−1)c+j+kgy,S1,S2
ψ(c)β(j)α(k), ñ

α(k) =

∏k−1
a=0(d− a)

k!
, β(j) =

∏j−1
a=0(D1 − a)

j!
, ψ(c) =

∏c−1
a=0(D2 − a)

c!
,

è

−
max∑
y=0

max→∞

Gy,S1,S2
Zt−y = 0,

à òàêæå

gn,S1,S2
=

{
1 åñëè (y = S2h+ S1l + i+ k + j + c) , y ∈ Z+

0 â ïðîòèâíîì ñëó÷àå.

ãäå ∀i, l, h, c, k, j, l : 1 ⩽ i ⩽ p, 1 ⩽ l ⩽ P1, 1 ⩽ h ⩽ P2, 0 < c, 0 < j, k <
y, è

y∑
l=0

y∑
j=0

y∑
k=0

P2∑
h=0

P1∑
l=0

p∑
i=0

UΩhΦlφi = −
max∑
n=1

max→∞

Gy,S1,S2

Íàêîíåö, óðàâíåíèå ìîæåò áûòü ïðåîáðàçîâàíî â ñëåäóþùóþ
ôîðìó:

Zt = −
max∑
n=1

max→∞

Gy,S1,S2Zt−y (4)

Òåîðåìà 1. Ïóñòü {Zt}, t ∈ Z+, ýòî äâîéíîé ñåçîííûé ïðîöåññ,
îïðåäåëåííûé êàê âûøå, ñ íóëåâûì ñðåäíèì, ïåðâûì è âòîðûì ñå-
çîííûìè ïåðèîäàìè S1, S2 ∈ N. Ïóñòü φp(B)ΦP1

(BS1)ΩP2
(BS2) = 0

íå èìåþò îáùèõ êîðíåé. Òîãäà âûïîëíÿåòñÿ ñëåäóþùåå: ïðîöåññ {Zt}
ÿâëÿåòñÿ ñòàöèîíàðíûì, åñëè d +D1 +D2 < 0.5, D1 +D2 < 0.5 è
φp(B)ΦP1(B

S1)ΩP2(B
S2) ̸= 0, äëÿ |z| ⩽ 1. Ñòàöèîíàðíûé ïðîöåññ

{Zt} îáëàäàåò ñðåäíåé ïàìÿòüþ, åñëè −0.5 < d + D1 + D2 < 0,
−0.5 < D1+D2 < 0, à òàêæå φp(B)ΦP1

(BS1)ΩP2
(BS2) ̸= 0, äëÿ |z| ⩽ 1.
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Â ýòîé ñòàòüå ïðèâåäåíû íåñêîëüêî òåîðåòè÷åñêèõ ìîäåëåé äâîé-
íîé ñåçîííîé àâòîðåãðåññèè ñ äðîáíûì äèôôåðåíöèðîâàíèåì. Ìû
ïîêàçûâàåì êîýôôèöèåíòû ôóíêöèè äâîéíîé ñåçîííîé àâòîðåãðåñ-
ñèè, îïèñûâàåì îñíîâíûå ñâîéñòâà äâîéíîãî ñåçîííîãî àâòîðåãðåññè-
îííîãî ïðîöåññà è ïðåäîñòàâëÿåì áîëåå ïîäðîáíûé àíàëèç ïîâåäåíèÿ
ïðîöåññà äëÿ çíà÷åíèé d,D1, D2 â óêàçàííîì äèàïàçîíå.
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Î ÑËÀÁÎÌ ÑÂÎÉÑÒÂÅ ÑÀÐÄÀ1

Ð.Â. Äðèáàñ (Äîëãîïðóäíûé, ÌÔÒÈ)
dribas.rv@phystech.su

Ïóñòü α ∈ (0, 1) è f : [0, 1]2 → R � C1,α-ã¼ëüäåðîâà ôóíêöèÿ.
Ïóñòü S � êðèòè÷åñêîå ìíîæåñòâî f , ò.å. ìíîæåñòâî òî÷åê x ∈ [0, 1]2,
â êîòîðûõ ∇f(x) = 0.

Åñëè f íåïðåðûâíî äèôôåðåíöèðóåìà, òî ïî òåîðåìå Ñàðäà

f#(1SL2) ⊥ L1, (1)

ãäå Ld � ìåðà Ëåáåãà íà Rd, 1S � èíäèêàòîð ìíîæåñòâà S, f#µ �
îáðàç ìåðû µ ïîä äåéñòâèåì ôóíêöèè f è µ ⊥ ν îçíà÷àåò, ÷òî ìåðû
µ è ν âçàèìíî ñèíãóëÿðíû.

1 Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà 24-
21-00315.
© Äðèáàñ Ð.Â., 2025
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Îïðåäåëåíèå 1. Ôóíêöèÿ f îáëàäàåò îñëàáëåííûì ñâîéñòâîì
Ñàðäà, åñëè äëÿ íå¼ âûïîëíåíî (1).

Äëÿ t ∈ R îáîçíà÷èì Et := f−1(t). Ïóñòü E∗
t � îáúåäèíåíèå

âñåõ ñâÿçíûõ êîìïîíåíò Et ñòðîãî ïîëîæèòåëüíîé äëèíû (ò.å. ìåðû
Õàóñäîðôà H1). Ïóñòü E∗ :=

⋃
t∈RE

∗
t .

Ñëåäóþùåå îïðåäåëåíèå áûëî ââåäåíî â [1]:
Îïðåäåëåíèå 2. Ôóíêöèÿ f îáëàäàåò ñëàáûì ñâîéñòâîì Ñàðäà,

åñëè
f#(1S∩E∗L2) ⊥ L1. (2)

Î÷åâèäíî, ÷òî èç îñëàáëåííîãî ñâîéñòâà Ñàðäà ñëåäóåò ñëàáîå.
Â [5] áûëî ïîêàçàíî, ÷òî åñëè ãðàäèåíò f èìååò îãðàíè÷åííóþ

âàðèàöèþ, òî f îáëàäàåò îñëàáëåííûì ñâîéñòâîì Ñàðäà.
Êðîìå òîãî, â [2] ïîêàçàíî, ÷òî ñëàáîå ñâîéñòâî Ñàðäà ôóíêöèè

f ðàâíîñèëüíî åäèíñòâåííîñòè îãðàíè÷åííîãî îáîáù¼ííîãî ðåøåíèÿ
çàäà÷è Êîøè äëÿ óðàâíåíèÿ íåðàçðûâíîñòè ñ ïîëåì ∇⊥f .

Ïðè äîïîëíèòåëüíîì ïðåäïîëîæåíèè, ÷òî f ìîíîòîííà, â ðàáîòå
[6] áûëî ïîêàçàíî, ÷òî ñëàáîå è îñëàáëåííîå ñâîéñòâà Ñàðäà ýêâè-
âàëåíòíû. Â ñâÿçè ñ ýòèì âîçíèêàåò âîïðîñ, ýêâèâàëåíòíû ëè ýòè
ñâîéñòâà â îáùåì ñëó÷àå.

Ðàíåå Áîíèêàòòî â ðàáîòå [3] áûë ïîñòðîåí ïðèìåð, ïîêàçûâàþ-
ùèé, ÷òî ýòî íå òàê â ëèïøèöåâîì ñëó÷àå. Ìû ïîêàçàëè, ÷òî ýòè
ñâîéñòâà íå ýêâèâàëåíòíû äàæå äëÿ C1,α-ã¼ëüäåðîâûõ ôóíêöèé.

Òåîðåìà 1. Äëÿ ëþáîãî α ∈ (0, 1) ñóùåñòâóåò f ∈ C1,α([0, 1])2

îáëàäàþùàÿ ñëàáûì ñâîéñòâîì Ñàðäà, íî íå îáëàäàþùàÿ îñëàáëåí-
íûì.

Òî÷íîñòü äàííîé òåîðåìû ãàðàíòèðóåòñÿ òåîðåìîé 2 â [4], êîòîðàÿ
óòâåðæäàåò, ÷òî C1,1-ãëàäêèå ôóíêöèè îáëàäàþò ñèëüíûì ñâîéñòâîì
Ñàðäà, à çíà÷èò, è îñëàáëåííûì ñâîéñòâîì Ñàðäà.

Äîêëàä îñíîâàí íà ñîâìåñòíîé ðàáîòå ñ À.Ñ. Ãîëîâí¼âûì è
Í.À. Ãóñåâûì.
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ÏÐÎÈÇÂÅÄÅÍÈß ÐÈÑÑÀ ÍÀ ÅÄÈÍÈ×ÍÎÉ ÑÔÅÐÅ1

Å.Ñ. Äóáöîâ (Ñàíêò-Ïåòåðáóðã, ÏÎÌÈ ÐÀÍ)
dubtsov@pdmi.ras.ru

Êëàññè÷åñêèå ïðîèçâåäåíèÿ Ðèññà. Ïóñòü D = {z ∈ C : |z| <
1}. Ïî îïðåäåëåíèþ ïàðà (J, a) íàçûâàåòñÿ äîïóñòèìîé, åñëè J =
{jk}∞k=1, jk ∈ N, jk+1/jk ⩾ 3, è a = {ak}∞k=1 ⊂ D. Êàæäàÿ äîïóñòèìàÿ
ïàðà (J, a) ïîðîæäàåò íà åäèíè÷íîé îêðóæíîñòè ∂D êëàññè÷åñêîå
ïðîèçâåäåíèå Ðèññà µ ñ ïîìîùüþ ôîðìóëû

µ = µ(J, a) =

∞∏
k=1

(
akz

jk

2
+ 1 +

akz
jk

2

)
, z ∈ ∂D,

ãäå áåñêîíå÷íîå ïðîèçâåäåíèå ñëåäóåò ïîíèìàòü â ñëàáîì* ñìûñëå.
Ïóñòü m � íîðìèðîâàííàÿ ìåðà Ëåáåãà íà îêðóæíîñòè ∂D. Â

ñèëó òåîðåìû Çèãìóíäà èìååò ìåñòî ñëåäóþùàÿ äèõîòîìèÿ:
(i) åñëè

∑∞
k=1 |ak|2 <∞, òî µ≪ m è dµ/dm ∈ L2(∂D);

(ii) åñëè
∑∞
k=1 |ak|2 = ∞, òî µ⊥m.

Óòâåðæäåíèå (ii) â äèõîòîìèè Çèãìóíäà � ýòî ÷àñòíûé ñëó÷àé
ñëåäóþùåãî ðåçóëüòàòà Ïåðüåðà [4] î âçàèìíîé ñèíãóëÿðíîñòè ïðî-
èçâåäåíèé Ðèññà.

Ïðåäëîæåíèå [4]. Ïóñòü (J, a) è (J, b) � äîïóñòèìûå ïàðû.
Ïðåäïîëîæèì, ÷òî a− b /∈ ℓ2. Òîãäà µ(J, a)⊥(J, b).

Ïðîèçâåäåíèÿ Ðèññà íà ñôåðå. Çàôèêñèðóåì n ⩾ 2 è ðàñ-
ñìîòðèì åäèíè÷íóþ ñôåðó S = Sn = {ζ ∈ Cn : |ζ| = 1}. Â ñèëó ÷àñòè
(i) äèõîòîìèè Çèãìóíäà äëÿ ïîñòðîåíèÿ íåòðèâèàëüíûõ (ñèíãóëÿð-
íûõ) àíàëîãîâ ïðîèçâåäåíèé Ðèññà íà ñôåðå ñëåäóåò èñïîëüçîâàòü

1 Èññëåäîâàíèÿ âûïîëíåíû çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà � 23-
11-00171, https://rscf.ru/project/23-11-00171/.
© Äóáöîâ Å.Ñ., 2025
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ãîëîìîðôíûå îäíîðîäíûå ìíîãî÷ëåíû, ââåäåííûå Ðûëåì è Âîéòà-
ùèêîì [5], ëèáî ãîëîìîðôíûå ìíîãî÷ëåíû ñ ïîäîáíûìè ñâîéñòâàìè,
ñì., íàïðèìåð, [1] è [2].

Áóäåì ãîâîðèòü, ÷òî {Rj}∞j=1 � ïîñëåäîâàòåëüíîñòü Ðûëÿ�Âîé-
òàùèêà, åñëè

• Rj � ãîëîìîðôíûé îäíîðîäíûé ìíîãî÷ëåí ñòåïåíè j,
• ∥Rj∥L∞(S) = 1,
• ∥Rj∥L2(S) ⩾ δ > 0 äëÿ âñåõ j = 1, 2, . . . .
Ïóñòü R = {Rj}∞j=1 � ïîñëåäîâàòåëüíîñòü Ðûëÿ�Âîéòàùèêà,

J = {jk}∞k=1 ⊂ N, jk+1/jk ⩾ 3, è a = {ak}∞k=1 ⊂ D. Òîãäà (R, J, a)
íàçûâàåòñÿ òðîéêîé Ðèññà.

Êàæäàÿ òðîéêà Ðèññà (R, J, a) ïîðîæäàåò ñòàíäàðòíîå ïðîèçâå-
äåíèå Ðèññà Π(R, J, a) ñ ïîìîùüþ ôîðìàëüíîãî ðàâåíñòâà (ñì. [2])

Π(R, J, a) =

∞∏
k=1

(
akRjk

2
+ 1 +

akRjk
2

)
.

Ïóñòü U(n) � ãðóïïà óíèòàðíûõ îïåðàòîðîâ íà ãèëüáåðòîâîì
ïðîñòðàíñòâå Cn.

Òåîðåìà 1. Ïóñòü (R, J, a) è (R, J, b) � òðîéêè Ðèññà íà åäè-
íè÷íîé ñôåðå Sn, n ⩾ 2. Ïðåäïîëîæèì, ÷òî a − b /∈ ℓ2. Òîãäà ñó-
ùåñòâóåò ïîñëåäîâàòåëüíîñòü U = {Uj}∞j=1, Uj ∈ U(n), òàêàÿ ÷òî
Π(R ◦ U, J, a) è Π(R ◦ U, J, b) âçàèìíî ñèíãóëÿðíû.

Ïóñòü σn � íîðìèðîâàííàÿ ìåðà Ëåáåãà íà ñôåðå Sn.
Òåîðåìà 2. Ïóñòü (R, J, a) � òðîéêà Ðèññà íà ñôåðå Sn, n ⩾ 2.

1. Ïðåäïîëîæèì, ÷òî a /∈ ℓ2. Òîãäà ñóùåñòâóåò ïîñëåäîâàòåëü-
íîñòü U = {Uj}∞j=1, Uj ∈ U(n), òàêàÿ ÷òî Π(R ◦ U, J, a)⊥σn.

2. Ïðåäïîëîæèì, ÷òî a ∈ ℓ2. Òîãäà Π(R, J, a) ≪ σn.

Äîêàçàòåëüñòâà ñôîðìóëèðîâàííûõ òåîðåì äàíû â ðàáîòå [3].
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(Âîðîíåæ, ÂÈ ÌÂÄ ÐÔ)

rodin_v@mail.ru

Ñóùåñòâîâàíèå è îïèñàíèå ðàâíîâåñíûõ ñèòóàöèé áèìàòðè÷íîé
èãðû 2x2 õîðîøî èññëåäîâàíû (Äæ.Íýø). Äëÿ êàæäîé èãðû (ïà-
ðû ìàòðèö) ïðèìåíÿåòñÿ èññëåäîâàíèå íåñëîæíûõ íåðàâåíñòâ. Ýòè
íåðàâåíñòâà ñîäåðæàò 4 ïàðàìåòðà ñâÿçàííûõ ñ ìàòðèöàìè [1].

Â äîêëàäå äëÿ îïèñàíèÿ ðàâíîâåñíûõ ñèòóàöèé ïðåäëîæåí ñî-
âåðøåííî äðóãîé ïîäõîä. Ìû ïðèìåíÿåì â äîïóñòèìûõ ñëó÷àÿõ âû-
÷èñëåíèÿ ÷àñòíûõ ïðîèçâîäíûõ îò ôóíêöèé õàðàêòåðèçóþùèõ ñðåä-
íèå âûèãðûøè, à â ñëó÷àÿõ íåâîçìîæíîñòè èõ ïðèìåíåíèÿ ïðîâîäèì
ãðàôè÷åñêèé àíàëèç. Êðîìå òîãî ïîëó÷åíû îáùèå ôîðìóëû äëÿ âû-
÷èñëåíèÿ ñóììû âûèãðûøà ÷åðåç îïðåäåëèòåëè èãðîâûõ ìàòðèö. Â
èçâåñòíûõ àâòîðàì ðàáîòàõ óêàçàííûé ïîäõîä è ôîðìóëû, ïîçâîëÿ-
þùèå àâòîìàòèçèðîâàòü ïðîöåññ ðåøåíèÿ çàäà÷ ðàâíîâåñèÿ, íå íàé-
äåíû. Êàê ïðèëîæåíèå ìåòîä ïîëåçåí äëÿ ïðèìåíåíèÿ àëãîðèòìîâ
òåîðèè èãð â çàäà÷àõ äëÿ ñèëîâûõ ñòðóêòóð [2]. Íàïîìíèì îïðåäå-
ëåíèÿ. Ðàññìîòðèì èãðó 2õ2 çàäàííóþ ïëàòåæíûìè ìàòðèöàìè èã-
ðîêîâ A è B (

(a1; b1) (a1; b2)
(a2; b1) (a2; b2)

)
.

Ñðåäíèå âûèãðûøè êàæäîãî èãðîêà

HA (x; y) = a11xy + a12x(1− y) + a21(1− x)y + a22(1− x)(1− y);

HB (x; y) = b11xy + b12x(1− y) + b21(1− x)y + b22(1− x)(1− y).

Îïðåäåëåíèå. Ïàðà ÷èñåë 0 ⩽ x0 ⩽ 1, 0 ⩽ y0 ⩽ 1 îïðåäåëÿ-
åò ðàâíîâåñíóþ ñèòóàöèþ, åñëè äëÿ ëþáûõ 0 ⩽ x ⩽ 1, 0 ⩽ y ⩽ 1
îäíîâðåìåííî âûïîëíÿþòñÿ ñëåäóþùèå íåðàâåíñòâà:

© Äóìà÷åâ Â.Í., Ðîäèí Â.À., Ñèíåãóáîâ Ñ.Â., 2025
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HA (x; y0) ⩽ HA (x0; y0) , HB (x0; y) ⩽ HB (x0; y0) .

Äëÿ îïèñàíèÿ ðàâíîâåñíûõ ñèòóàöèé ìû âîñïîëüçóåìñÿ ñòðóêòó-
ðîé ïîâåðõíîñòè ãèïåðáîëè÷åñêîãî ïàðàáîëîèäà. Ñðåäíèå âûèãðûøè
êàæäîãî èãðîêà ïðåîáðàçóåì ê âèäó

HA (x; y) = (a11 − a12 − a21 + a22)xy+(a12 − a22)x+(a21 − a22)x+a22;

HB (x; y) = (b11 − b12 − b21 + b22)xy+(ba12 − b22)x+(ba21 − b22)x+b22.

Ââåäåì îáîçíà÷åíèÿ:

C = a11 − a12 − a21 + a22;α = a22 − a12;

D = b11 − b12 − b21 + b22;β = a22 − a12.

Òåîðåìà. Åñëè CD ̸= 0, òî òî÷êà ðàâíîâåñèÿ (x0; y0) îïðåäåëÿ-
åòñÿ èç ðåøåíèÿ ñèñòåìû

d

dx
HA (x; y) = 0,

d

dy
HB (x; y) = 0.

Ñðåäíèå âûèãðûøè â òî÷êàõ ðàâíîâåñèÿ âû÷èñëÿþòñÿ ïî ôîðìó-
ëàì:

HA (0; 0) = a22;HB (0; 0) = b22;

HA (1; 1) = a11;HB (1; 1) = b11;

x0 =
β

D
; y0 =

α

C
;

HA (x0; y0) =
det(A)

C
;HB (x0; y0) =

det(B)

D
.
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ðåøåíèé / À. Í.Íèêèòåíêî , Ò. Â.Ìåíüøèõ // Àêòóàëüíûå ïðî-
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ìû : ñáîðíèê ìàòåðèàëîâ âñåðîññèéñêîé íàó÷íî-ïðàêòè÷åñêîé êîí-
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Ïóñòü Γ � ñâÿçíûé ãåîìåòðè÷åñêèé ãðàô (â ñìûñëå ìîíîãðàôèè
[1]), γj , j = 1,m, � åãî ð¼áðà, J è ∂Γ � ìíîæåñòâà åãî ñîîòâåòñòâåííî
âíóòðåííèõ è ãðàíè÷íûõ âåðøèí. Èçâåñòíî, (ñì., íàïðèìåð, [2]), ÷òî
åñëè äëèíû ð¼áåð Γ ðàâíû 1, òî ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è

uxx(x, t) = utt(x, t), x ∈ Γ, t > 0, (1)

u(x, 0) = φ(x) è ut(x, 0) = 0, x ∈ Γ, (2)

u(b, t) = 0, b ∈ ∂Γ, t ⩾ 0, (3)

ïðè óñëîâèÿõ òðàíñìèññèè∑
j|γj∋a

αj(a)u
′
j(a, t) = 0, a ∈ J, t ⩾ 0, (4)

ÿâëÿåòñÿ êâàçèïåðèîäè÷íûì, åñëè âñå αj(a) ïîëîæèòåëüíû è äëÿ ëþ-
áûõ âíóòðåííèõ âåðøèí a è b, ñîåäèíÿåìûõ ðåáðîì γj , αj(a) =
= αj(b); u′j(a, t) â (4) � ïðîèçâîäíàÿ ôóíêöèè u( · , t) â òî÷êå a âäîëü
ðåáðà γj â íàïðàâëåíèè îò a. Äî íåäàâíåãî âðåìåíè èçâåñòíûå íàì
ïðèìåðû, êîãäà ðåøåíèå çàäà÷è (1)-(4) ïðè óêàçàííûõ óñëîâèÿõ ïå-
ðèîäè÷íî, îãðàíè÷èâàëèñü òîëüêî ñëó÷àåì, êîãäà Γ � çâåçäà, ïðè÷¼ì
ëèáî ∂Γ = ∅, ëèáî |J | = 1 (ýòîãî äîñòàòî÷íî äëÿ ïåðèîäè÷íîñòè).
Êðîìå òîãî, åñëè íè îäíî èç ïîñëåäíèõ äâóõ ðàâåíñòâ íå âûïîëíÿ-
åòñÿ, òî óæå ïðè m = 3 â ñëó÷àå |∂Γ| ∈ {1; 2} (è òîãäà |J | > 1) è
ïðè âñåõ αj(a) = 1 ðåøåíèå çàäà÷è (1)-(4), âîîáùå ãîâîðÿ, íåïåðèî-
äè÷èíî. Åñòåñòâåííî, âîçíèêàåò âîïðîñ: ¾Íå ÿâëÿåòñÿ ëè óñëîâèå î
òîì, ÷òî Γ � çâåçäà è ëèáî ∂Γ = ∅, ëèáî |J | = 1, íå òîëüêî äîñòà-
òî÷íûì, íî è íåîáõîäèìûì äëÿ ïåðèîäè÷íîñòè ðåøåíèÿ çàäà÷è (1)-
(4)?¿ Íàìè áûëî îáíàðóæåíî, ÷òî îòâåò íà ýòîò âîïðîñ îòðèöàòåëåí.

À èìåííî, åñëè Γ \ J =

3⋃
j=1

(a; bj) (bk ̸= bp, ïðè k ̸= p) è |a − bj | = 1
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äëÿ j = 1, 3, òî ðåøåíèå çàäà÷è (1)-(4) áóäåò ïåðèîäè÷åñêèì, êàê
ìèíèìóì, â ñëåäóþùèõ äâóõ ñëó÷àÿõ:

∂Γ = {b2}, α1(a) = 2, α2(a) = α3(a) = 1 (5)

∂Γ = {b3}, α1(a) = α2(a) = 1, α3(a) = 2. (6)

Îãðàíè÷èìñÿ ïîÿñíåíèåì ê ñëó÷àþ (5). Ïóñòü vj(y, t) = u(ybj+
+(1 − y)a, t) è φj(y) = φ(ybj + (1 − y)a), j = 1, 3. Òîãäà vj(y, t) =

=
1

2
(φ̃j(y − t) + φ̃j(y + t)), ãäå φ̃j ∈ C2(R) è φ̃j

∣∣
[0;1]

= φj , ïðè÷¼ì â

ñèëó (3) è (4) η(t + n) = Cnη(t) ïðè ëþáûõ t ∈ [0; 1) è n = 0,∞, ãäå
η(τ) = (φ̃1(τ); φ̃2(τ); φ̃3(τ); φ̃1(1− τ); φ̃2(1− τ); φ̃3(1− τ))T , à C �
ìàòðèöà, ìíîæåñòâî ñîáñòâåííûõ çíà÷åíèé êîòîðîé åñòü ìíîæåñòâî
âñåõ êîðíåé 6-îé ñòåïåíè èç −1. Ïîñëåäíåå îáñòîÿòåëüñòâî âëå÷¼ò
C12 = E, ãäå E � åäèíè÷íàÿ ìàòðèöà, îòêóäà âûòåêàåò 12-ïåðèî-
äè÷íîñòü ôóíêöèè η, à çíà÷èò, è 12-ïåðèîäè÷íîñòü ïî t âñåõ vj(y, t),
ò. å., â èòîãå, 12-ïåðèîäè÷íîñòü ïî t ðåøåíèÿ u(x, t).

Çàìå÷àíèå. Åñëè â (2) óñëîâèå ut(x, 0) = 0 çàìåíèòü óñëîâè-
åì ut(x, 0) = ψ(x), òî ïðè ∂Γ ̸= ∅ ðåøåíèå çàäà÷è (1)-(4) áóäåò
êâàçèïåðèîäè÷íûì (ñì. [2]), à çíà÷èò, è îãðàíè÷åííûì. Íî òîãäà è
ïðè òàêîé çàìåíå â (2) â ñëó÷àÿõ (5) è (6) ðåøåíèå çàäà÷è (1)-(4)
îñòà¼òñÿ ïåðèîäè÷åñêèì.
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Êîìïüþòåðíîå ìîäåëèðîâàíèå íàó÷íûõ è ïðèêëàäíûõ çàäà÷, êî-
òîðûå ñòàâÿòñÿ â íåîãðàíè÷åííîé èëè áîëüøîé ôèçè÷åñêîé îáëàñòè,
òðåáóþò èñïîëüçîâàíèÿ èñêóññòâåííûõ êðàåâûõ óñëîâèé (ÈÊÓ) äëÿ
îãðàíè÷åíèÿ âû÷èñëèòåëüíîé îáëàñòè. Â èäåàëå òàêèå ÈÊÓ äîëæíû
áûòü íåîòðàæàþùèìè (ïðîçðà÷íûìè). ×àñòî íåîáõîäèìîñòü èñïîëü-
çîâàòü ÈÊÓ âîçíèêàåò ïðè ðåøåíèè óðàâíåíèÿØð¼äèíãåðà, êîòîðîå
øèðîêî èñïîëüçóåòñÿ â ðàçíûõ îáëàñòÿõ íàóêè. Îäíèì èç ïðèìåðîâ
òàêèõ çàäà÷ ÿâëÿþòñÿ çàäà÷è ëàçåðíîé ôèçèêè, â ÷àñòíîñòè çàäà÷à î
ðàñïðîñòðàíåíèÿ ïó÷êà ñâåòà â ëèíåéíîé èëè íåëèíåéíîé ñðåäå. Ðå-
øåíèå ïîäîáíûõ çàäà÷, îñîáåííî â íåëèíåéíîì ñëó÷àå, ìîæåò áûòü
êðàéíå ÷óâñòâèòåëüíî ê ôîðìèðîâàíèþ ëîæíîé îòðàæåííîé âîëíû
îò èñêóññòâåííîé ãðàíèöû, ÷òî äåëàåò âîïðîñ î ïîñòðîåíèè ýôôåê-
òèâíûõ ïðîçðà÷íûõ ÈÊÓ àêòóàëüíîé çàäà÷åé.

Äàííûé äîêëàä ïîñâÿùåí ïîñòðîåíèþ àäàïòèâíûõ ïðîçðà÷íûõ
êðàåâûõ óñëîâèé äëÿ äâóìåðíîãî ëèíåéíîãî óðàâíåíèÿ Øð¼äèíãå-
ðà, îïèñûâàþùåãî äèôðàêöèþ îïòè÷åñêèõ ïó÷êîâ. Ýôôåêòèâíîñòü
ÈÊÓ ñóùåñòâåííî çàâèñèò îò èõ àäàïòàöèè ê ðåøåíèþ çàäà÷è âáëè-
çè èñêóññòâåííîé ãðàíèöû. Ïîýòîìó ïðè èõ ïîñòðîåíèè èñïîëüçóþò-
ñÿ ëîêàëüíûå âîëíîâûå ÷èñëà (ËÂ×), êîòîðûå çàâèñÿò êàê îò ïðî-
ñòðàíñòâåííûõ êîîðäèíàò, òàê è îò âðåìåíè. Äëÿ âû÷èñëåíèÿ ËÂ×
èñïîëüçóåòñÿ èõ àïïðîêñèìàöèÿ â âèäå èíòåãðàëüíîãî ñîîòíîøåíèÿ,
çàïèñàííîãî íà îñíîâå èíâàðèàíòîâ óðàâíåíèÿ Øðåäèíãåðà, è ðåøå-
íèå çàäà÷è âáëèçè èñêóññòâåííîé ãðàíèöû [1]. Ýòî ïîçâîëÿåò ó÷åñòü
èçìåíåíèÿ ëîêàëüíûõ õàðàêòåðèñòèê îïòè÷åñêîãî èçëó÷åíèÿ èç-çà
åãî äèôðàêöèè.

Êîìïüþòåðíîå ìîäåëèðîâàíèå ïîêàçàëî, ÷òî ýôôåêòèâíîñòü ðàñ-
ñìàòðèâàåìîãî ïîäõîäà ñóùåñòâåííî çàâèñèò îò òî÷íîñòè âû÷èñëå-
íèÿ ËÂ×. Êàê ñëåäñòâèå ýòîãî, èç-çà ìàëîñòè àìïëèòóäû âîëíû ïðè
åå ïîäõîäå ê èñêóññòâåííîé ãðàíèöå íåîáõîäèìî âû÷èñëÿòü ËÂ× ñ

1 Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ïðîåêò � 24-71-00031).
© Åãîðåíêîâ Â.À., Òðîôèìîâ Â.À., 2025
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äèíàìè÷åñêèì îòñòóïîì îò ãðàíèöû è óñðåäíÿòü ïî íåñêîëüêèì ñî-
ñåäíèì òî÷êàì, ÷òî ïðèâîäèò ê ïîäàâëåíèþ ñëó÷àéíûõ ôëóêòóàöèé
(îøèáîê îêðóãëåíèÿ). Äàííûé ïîäõîä àíàëîãè÷åí ìåòîäó, ïðèìåíÿ-
åìîìó ïðè èçìåðåíèè ñèãíàëà ñî ñëó÷àéíûì øóìîì.

Äðóãèì âàæíûì ôàêòîðîì ÿâëÿåòñÿ íåîáõîäèìîñòü ó÷åòà îáîèõ
êîìïîíåíò âîëíîâîãî âåêòîðà (ïðîåêöèè ËÂ× íà îñè êîîðäèíàò) â
ñëó÷àå íàëè÷èÿ äèôðàêöèè ïåðå÷íîé ê íàïðàâëåíèþ ðàñïðîñòðàíå-
íèÿ îïòè÷åñêîãî ïó÷êà [2].

Äëÿ îöåíêè âëèÿíèÿ äèôðàêöèè ïó÷êà íà ýôôåêòèâíîñòü ïðèìå-
íåíèÿ ÈÊÓ ðàññìàòðèâàëñÿ ñëó÷àé íåïîäâèæíîãî îïòè÷åñêîãî ïó÷-
êà. Ïðîäåìîíñòðèðîâàíà åå çàâèñèìîñòü îò øàãà ñåòêè ïî îñè, äëÿ
êîòîðîé ñòàâÿòñÿ ÈÊÓ, è ðàçíîñòè ôàç âîëíû â ñîñåäíèõ óçëàõ ñåòêè
âäîëü äàííîé îñè âáëèçè èñêóññòâåííîé ãðàíèöû: ÷åì ñèëüíåå èçìå-
íÿåòñÿ ôàçà, òåì ìåíüøå äîëæåí áûòü øàã ïî ñåòêå äëÿ äîñòèæåíèÿ
òîé æå òî÷íîñòè.

Äëÿ ïîäòâåðæäåíèÿ ïîëó÷åííûõ ðåçóëüòàòîâ êîìïüþòåðíîãî ìî-
äåëèðîâàíèÿ ïðîâîäèëîñü èõ ñðàâíåíèå ñ àíàëèòè÷åñêèì ðåøåíèåì
çàäà÷è è ñ ðàñ÷åòàìè, ïðîâåäåííûìè â ñóùåñòâåííî ðàñøèðåííîé
îáëàñòè.

Ëèòåðàòóðà
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2. Tro�mov V.A. Cross-impact of the beam local wavenumbers
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Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ ïåðâîé íà÷àëüíî-
êðàåâîé çàäà÷è äëÿ ïàðàáîëè÷åñêèõ ñèñòåì â àíèçîòðîïíûõ ïðî-
ñòðàíñòâàõ Ã¼ëüäåðà C2+α,1+α/2(Ω̄), 0 < α < 1, â îáëàñòÿõ ñ äî-
ñòàòî÷íî ãëàäêèìè êðèâîëèíåéíûìè ãðàíèöàìè èç êëàññà C1+α/2,
õîðîøî èçâåñòíà [1, ãë. 7]. Äëÿ îãðàíè÷åííûõ ïëîñêèõ îáëàñòåé ñ
íåãëàäêèìè áîêîâûìè ãðàíèöàìè èç ïðîñòðàíñòâà H1/2+ω îäíîçíà÷-
íàÿ ðàçðåøèìîñòü ïåðâîé êðàåâîé çàäà÷è äëÿ ïàðàáîëè÷åñêèõ ïî
Ïåòðîâñêîìó ñèñòåì äîêàçàíà â [2]-[4].

Â àíèçîòðîïíûõ ïðîñòðàíñòâàõ Çèãìóíäà äëÿ îäíîãî ïàðàáîëè-
÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ðàçðåøèìîñòü ïåðâîé íà÷àëüíî-
êðàåâîé çàäà÷è óñòàíîâëåíà â [5]. Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ
â ìîäåëüíîì ñëó÷àå ïåðâàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ ïàðàáîëè-
÷åñêîé ïî Ïåòðîâñêîìó ñèñòåìû âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè êî-
ýôôèöèåíòàìè â àíèçîòðîïíûõ ïðîñòðàíñòâàõ Çèãìóíäà Hm(D̄+),
m ⩾ 3. Äëÿ òîãî, ÷òîáû êëàññè÷åñêîå ðåøåíèå çàäà÷è â çàìûêàíèè
îáëàñòè ïðèíàäëåæàëî Hm(D̄+), ââîäèòñÿ äîïîëíèòåëüíîå óñëîâèå
ñîãëàñîâàíèÿ, êîòîðîå èìååò ðàçíîñòíûé õàðàêòåð.

Ðàññìîòðèì â ïîëóïîëîñå D+ = D ∩ {x > 0}, ãäå D = R× (0, T ),
0 < T < ∞, ñ ¾áîêîâîé¿ ãðàíèöåé Σ = D̄ ∩ {x = 0} ìîäåëüíóþ
ïåðâóþ íà÷àëüíî-êðàåâóþ çàäà÷ó äëÿ ïàðàáîëè÷åñêîé ïî Ïåòðîâ-
ñêîìó ñèñòåìû âòîðîãî ïîðÿäêà

Lu = ∂tu−A∂2xu = f, u|t=0 = ψ, u|Σ = φ, (1)

ãäå u = (u1, ..., up)
T , f = (f1, ..., fp)

T , ψ = (ψ1, ..., ψp)
T ,

φ = (φ1, ..., φp)
T , p ∈ N; A = ||aij ||pi,j=1 � ìàòðèöà âåùåñòâåííûõ

êîýôôèöèåíòîâ ñèñòåìû ðàçìåðíîñòè p× p.
Ïîëîæèì u(k) (x) = ∂kt u(x, 0). Äëÿ σ > 1 áóäåì ãîâîðèòü, ÷òî äëÿ

ïåðâîé êðàåâîé çàäà÷è âûïîëíÿþòñÿ óñëîâèÿ ñîãëàñîâàíèÿ ïîðÿäêà
σ, åñëè:

1) â ñëó÷àå σ /∈ N âûïîëíåíû ñîîòíîøåíèÿ ∂kt φ|Σ = u(k)|Σ,
k = 1, . . . , [σ], ãäå [σ] � öåëàÿ ÷àñòü ÷èñëà σ;

© Åãîðîâà À.Þ., 2025

131



2) â ñëó÷àå σ ∈ N âûïîëíåíû ñîîòíîøåíèÿ ∂kt φ|Σ = u(k)|Σ,
k = 1, . . . , σ − 1, è äëÿ σ ⩾ 2

Kσ = sup
0<t⩽T

t−1|∆t∂
σ−1
t φ(0)−A∆2

t1/2u
(σ−1)(0, 0)−∆t∂

σ−2
t f(0, 0)| <∞,

ãäå ∆tφ(0) = φ(t) − φ(0), ∆tf = f(0, t) − f(0, 0), ∆2
t1/2

u(σ−1)(0, 0) =

= u(σ−1)(2t1/2, 0) − 2u(σ−1)(t1/2, 0) + u(σ−1)(0, 0) è Kσ � êîíñòàíòà
ñîãëàñîâàíèÿ. Äëÿ σ /∈ N ïîëàãàåì Kσ = 0.

Òåîðåìà 1. Ïóñòü m ∈ N, f ∈ Hm

(
D̄+

)
, ψ ∈ Hm+2

(
R̄+

)
,

φ ∈ Hm+2 (Σ), è âûïîëíåíû óñëîâèÿ ñîãëàñîâàíèÿ ïîðÿäêà
(m+ 2) /2. Òîãäà ñóùåñòâóåò åäèíñòâåííîå êëàññè÷åñêîå ðåøåíèå
u ∈ Hm+2

(
D̄+

)
ïåðâîé êðàåâîé çàäà÷è (1) è ñïðàâåäëèâî íåðàâåí-

ñòâî

|u|m+2,D+ ⩽ C
(
|f |m,D+ + |ψ|m+2,R+ + |φ|m+2,Σ +K(m+2)/2

)
.
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Ñèñòåìà ôóíêöèé

φk(x) =
1√
2π
eikx, k ∈ Z, (1)

îáðàçóþùàÿ îðòîíîðìèðîâàííûé áàçèñ â ïðîñòðàíñòâå L2(−π, π) îá-
ëàäàåò ñëåäóþùèì ñâîéñòâîì: ïðîèçâîäíûå ýòèõ ôóíêöèé φ′

k(x) òàê-
æå ïîïàðíî îðòîãîíàëüíû

(φ′
k, φ

′
m) =

π∫
−π

φ′
k(x) · (φ′

m(x))∗dx = 0, k ̸= m. (2)

Çäåñü (φ′
m(x))∗ � êîìïëåêñíîå ñîïðÿæåíèå ê ôóíêöèè φ′

m(x). Òî æå
ñàìîå ñïðàâåäëèâî è äëÿ ñèñòåìû ôóíêöèé

1√
2π
,

1√
π
cos kx,

1√
π
sin kx, k ∈ N. (3)

Â îáîèõ ñëó÷àÿõ áóäåì ãîâîðèòü, ÷òî (1) è (3) � ýòî òðèãîíîìåò-
ðè÷åñêèå áàçèñû. Èìåííî ñâîéñòâî (2) ÿâëÿåòñÿ îäíîé èç ïðè÷èí
øèðîêîãî ïðèìåíåíèÿ òðèãîíîìåòðè÷åñêèõ ñèñòåì ôóíêöèé â ìà-
òåìàòè÷åñêîé ôèçèêå [1].

Â íàñòîÿùåé ðàáîòå ïîêàçûâàåòñÿ, ÷òî äëÿ ïåðèîäè÷åñêèõ ãëàä-
êèõ ôóíêöèé ñâîéñòâî (2) ÿâëÿåòñÿ îïðåäåëÿþùèì, ò.å. åìó óäîâëå-
òâîðÿþò òîëüêî òðèãîíîìåòðè÷åñêèå áàçèñû.

Òåîðåìà. Ïóñòü ñèñòåìà ôóíêöèé φk(x), k ∈ Z, îáðàçóåò îðòî-
íîðìèðîâàííûé áàçèñ â L2(−π, π), âñå ôóíêöèè äâàæäû íåïðåðûâíî
äèôôåðåíöèðóåìû íà îòðåçêå [−π, π], óäîâëåòâîðÿþò óñëîâèþ (2) è
ïåðèîäè÷åñêèì êðàåâûì óñëîâèÿì

φk(−π) = φk(π), φ
′
k(−π) = φ′

k(π). (4)

Òîãäà φk(x) � ýòî òðèãîíîìåòðè÷åñêèé áàçèñ.
Äîêàçàòåëüñòâî. Ðàññìîòðèì ñêàëÿðíîå ïðîèçâåäåíèå

(φ′′
k , φm) =

π∫
−π

φ′′
k(x) · (φm(x))∗dx =
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= φ′
k(x) · (φm(x))∗

∣∣π
−π −

π∫
−π

φ′
k(x) · (φ′

m(x))∗dx = 0, k ̸= m.

Ñëåäîâàòåëüíî,

φ′′
k(x) =

∞∑
m=−∞

(φ′′
k , φm)φm(x) = (φ′′

k , φk)φk(x).

Îáîçíà÷èâ (φ′′
k , φk) = −λk, ïîëó÷èì çàäà÷ó íà ñîáñòâåííûå ôóíêöèè

φ′′
k(x) + λkφk(x) = 0

ñ êðàåâûìè óñëîâèÿìè (4). Õîðîøî èçâåñòíî, ÷òî íåòðèâèàëüíûå ðå-
øåíèÿ äàííîé çàäà÷è ïîëó÷àþòñÿ ïðè óñëîâèè λk = k2, à íîðìèðî-
âàííûå ñîáñòâåííûå ôóíêöèè îáðàçóþò ñèñòåìû (1) èëè (3). Òåîðåìà
äîêàçàíà.

Òàê êàê êàæäîìó λk ̸= 0 îòâå÷àþò äâå ëèíåéíî íåçàâèñèìûå ñîá-
ñòâåííûå ôóíêöèè, òî òðèãîíîìåòðè÷åñêèé áàçèñ ïîëó÷àåòñÿ ñ òî÷-
íîñòüþ äî îðòîãîíàëüíûõ ïðåîáðàçîâàíèé âñåõ òàêèõ ïàð.

Äàííàÿ òåîðåìà ëåãêî îáîáùàåòñÿ íà ñëó÷àé ïðîèçâîëüíîãî îò-
ðåçêà [−ℓ, ℓ] è äëÿ íåïåðèîäè÷åñêèõ îäíîðîäíûõ êðàåâûõ óñëîâèé.
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Â ñëîå D = {(x, t) ∈ Rn+1 : x ∈ Rn, 0 < t < T}, 0 < T < +∞,
çàäàí ðàâíîìåðíî-ïàðàáîëè÷åñêèé îïåðàòîð

Lu = ∂tu−
n∑

i,j=1

aij(x, t)∂iju+

n∑
i=1

bi(x, t)∂iu+ b0(x, t)u,

1 Ðåçóëüòàòû ïîëó÷åíû â ðàìêàõ âûïîëíåíèÿ ãîñóäàðñòâåííîãî çàäàíèÿ
(ïðîåêò FSWF-2023-0012).
©Æåíÿêîâà È.Â., ×åðåïîâà Ì.Ô., 2025
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ãäå ∂i = ∂/∂xi, ∂ij = ∂2/∂xi∂xj . Ïðåäïîëàãàåì, ÷òî âåùåñòâåííûå
êîýôôèöèåíòû îïåðàòîðà L îïðåäåëåíû â D è óäîâëåòâîðÿþò ñëå-
äóþùèì óñëîâèÿì:

à)
n∑

i,j=1

aij(x, t)σiσj ⩾ δ|σ|2 äëÿ íåêîòîðîãî δ > 0 è âñåõ (x, t) ∈ D,

σ ∈ Rn;
á) ôóíêöèè aij , bi, b0, i, j = 1, .., n, îãðàíè÷åíû â D;
â) |∆x,taij(x, t)| ⩽ ω0(|∆x| + |∆t|1/2), (x, t), (x + ∆x, t + ∆t) ∈

D, i, j = 1, ...n, ãäå ω0 � ìîäóëü íåïðåðûâíîñòè, óäîâëåòâîðÿþ-
ùèé äâîéíîìó óñëîâèþ Äèíè è äëÿ íåêîòîðîãî ε0 ∈ (0, 1) ôóíêöèÿ
ω0(z)z

−ε0 , z > 0, ïî÷òè óáûâàåò (ñì. îïðåäåëåíèÿ â [1]).
ã) |∆x,tbi(x, t)| ⩽ ω1(|∆x|+ |∆t|1/2), (x, t), (x+∆x, t+∆t) ∈ D, i =

0, 1, ...n, ãäå ìîäóëü íåïðåðûâíîñòè ω1 óäîâëåòâîðÿåò óñëîâèþ Äèíè.
Â D ðàññìîòðèì çàäà÷ó Êîøè

Lu = f â D, u(x, 0) = h â Rn. (1)

Ïðåäïîëàãàåì, ÷òî äëÿ ôóíêöèé f è h âûïîëíåíû ñëåäóþùèå óñëî-
âèÿ:

1) f íåïðåðûâíà â D è êîíå÷íà âåëè÷èíà

∥f ;D∥ω2 = sup
D

t1/2|f(x, t)|
ω2(t1/2)

,

ãäå ω2 � ìîäóëü íåïðåðûâíîñòè òàêîé, ÷òî äëÿ íåêîòîðîãî ϵ ∈ (0, 1)
ôóíêöèÿ ω2(z)z

−ε, z > 0, ïî÷òè óáûâàåò;
2) f ëîêàëüíî Äèíè-íåïðåðûâíà ïî x â D ñ ìîäóëåì íåïðåðûâíî-

ñòè, óäîâëåòâîðÿþùèì óñëîâèþ Äèíè;
3) h íåïðåðûâíà è îãðàíè÷åíà â Rn âìåñòå ñ ïðîèçâîäíûìè

∂ih, i = 1, ..., n, è êîíå÷íà âåëè÷èíà

∥h;Rn∥1,ω3 = sup
Rn

|h(x)|+
n∑
i=1

sup
Rn

|∂ih(x)|+
n∑
i=1

sup
Rn

|∂ih(x+∆x)− ∂ih(x)|
ω3(|∆x|)

.

Çäåñü ω3 � íåêîòîðûé ìîäóëü íåïðåðûâíîñòè.
Ïóñòü ω � ìîäóëü íåïðåðûâíîñòè. Îáîçíà÷èì ÷åðåç H1,ω(D)

ïðîñòðàíñòâî ôóíêöèé u : D → R, íåïðåðûâíûõ è îãðàíè÷åííûõ â
D âìåñòå ñ ïðîèçâîäíûìè ∂iu, i = 1, ..., n, ñ íîðìîé

∥u;D∥1,ω = sup
D

|u(x, t)|+
n∑
i=1

sup
D

|∂iu(x, t)|+ sup
D

|∆tu(x, t)|
|∆t|1/2ω(|∆t|1/2)

+
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+

n∑
i=1

sup
D

|∆x,t∂iu(x, t)|
ω(|∆x|+ |∆t|1/2)

.

Òåîðåìà. Ïóñòü äëÿ êîýôôèöèåíòîâ îïåðàòîðà L âûïîëíåíû óñëî-
âèÿ à)-ã). Òîãäà äëÿ ëþáûõ ôóíêöèé f è h, óäîâëåòâîðÿþùèõ óñëî-
âèÿì 1)-3), ñóùåñòâóåò êëàññè÷åñêîå ðåøåíèå çàäà÷è (1), ïðè÷åì
u ∈ H1,ω(D), ω = ω2 + ω3, è ñïðàâåäëèâà îöåíêà

∥u;D∥1,ω ⩽ C

(
∥f ;D∥ω2

+ ∥h;Rn∥1,ω3

)
.

Åäèíñòâåííîñòü êëàññè÷åñêîãî ðåøåíèÿ çàäà÷è (1) ñëåäóåò èç
ïðèíöèïà ìàêñèìóìà (ñì., íàïðèìåð, [2]).
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ÍÀ×ÀËÜÍÎ-ÊÎÍÅ×ÍÛÌ ÓÑËÎÂÈÅÌ1
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Ïóñòü Ω ⊂ Rn, n ∈ N \ {1}, îãðàíè÷åííàÿ îáëàñòü ñ ãðàíèöåé ∂Ω
êëàññà C∞. Â öèëèíäðå Ω× R ðàññìîòðèì ñèñòåìó óðàâíåíèé

(1− æ∇2)vt = ν∇2v − (v · ∇)v −∇p+ f, ∇ · v = 0, (1)

ìîäåëèðóþùóþ äèíàìèêó ñêîðîñòè v = (v1, v2, . . . , vn), vk = vk(x, t),
k = 1, 2, . . . , n, è äàâëåíèÿ p = p(x, t), (x, t) ∈ Ω × R, âÿçêîóïðóãîé

1 Ïóáëèêàöèÿ ïîäãîòîâëåíà â ðàìêàõ ïðîåêòà Ìàòåìàòè÷åñêîå ìî-

äåëèðîâàíèå ïðèðîäíûõ ïðîöåññîâ (ãîñóäàðñòâåííîå çàäàíèå â ñôåðå íàó÷-
íîé äåÿòåëüíîñòè), èññëåäîâàíèå ïîääåðæàíî ãðàíòîì ÐÍÔ � 24-11-20037
(https://rscf.ru/project/24-11-20037) è ×åëÿáèíñêîé îáëàñòè.
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íåñæèìàåìîé æèäêîñòè. Çäåñü ïàðàìåòð ν ∈ R+ õàðàêòåðèçóåò âÿç-
êèå, à ïàðàìåòð æ ∈ R � óïðóãèå ñâîéñòâà æèäêîñòè. Ïðîîáðàçîì
òàêîé æèäêîñòè ÿâëÿþòñÿ âûñîêîïàðàôèíîâûå ñîðòà íåôòè, äîáû-
âàåìûå, â ÷àñòíîñòè, íà ìåñòîðîæäåíèÿõ Çàïàäíîé Ñèáèðè. Ñèñòåìó
(1) âïåðâûå ïîëó÷èë è èññëåäîâàë À.Ï. Îñêîëêîâ [1]. Ïîýòîìó âïî-
ñëåäñòâèè îíà ïîëó÷èëà íàçâàíèå ñèñòåìà Îñêîëêîâà.

À.Ï.Îñêîëêîâûì è åãî ó÷åíèêàìè äîêàçàíà îäíîçíà÷íàÿ ðàçðå-
øèìîñòü ðàçëè÷íûõ íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ ñèñòåìû (1) è ðàç-
íîîáðàçíûõ åå îáîáùåíèé ïðè ïîëîæèòåëüíûõ çíà÷åíèÿõ ïàðàìåò-
ðà æ â îãðàíè÷åííûõ è íåîãðàíè÷åííûõ îáëàñòÿõ ïðîñòðàíñòâà Rn,
n ∈ {2, 3, 4}. Ñîîòâåòñòâóþùèå óðàâíåíèÿ â ñïåöèàëüíûì îáðàçîì
ïîñòðîåííûõ ïðîñòðàíñòâàõ ìîãóò áûòü ðåäóöèðîâàíû ê àáñòðàêò-
íîé ìîäåëè Lu̇ =Mu+N(u), ãäå L, M � ëèíåéíûå, à N � íåëèíåé-
íûé îïåðàòîðû.

Ðàññìîòðèì ëèíåéíóþ àáñòðàêòíóþ ìîäåëü Lu̇ = Mu + f, â áà-
íàõîâûõ ïðîñòðàíñòâàõ U è F, ïðè÷åì îïåðàòîðû L ∈ L(U;F) (ò.å.
ëèíååí è íåïðåðûâåí), M ∈ Cl(U;F) (ò.å. ëèíååí, çàìêíóò è ïëîò-
íî îïðåäåëåí). Ïóñòü îïåðàòîð M (L, p)-îãðàíè÷åí [2], ïðè÷åì åãî
L-ñïåêòð óäîâëåòâîðÿåò óñëîâèþ [3]

σL(M) =

m⋃
j=0

σLj (M), m ∈ N, ïðè÷åì σLj (M) ̸= ∅, ñóùåñòâóåò

çàìêíóòûé êîíòóð γj ⊂ C, îãðàíè÷èâàþùèé îáëàñòüDj ⊃ σLj (M),

òàêîé, ÷òî Dj ∩ σL0 (M) = ∅, Dk ∩Dl = ∅ ïðè âñåõ
j, k, l = 1,m, k ̸= l.

Òîãäà ïðè j = 0,m ñóùåñòâóþò ïðîåêòîðû

Pj =
1

2πi

∫
γj

RLµ (M)dµ ∈ L(U); Qj =
1

2πi

∫
γj

LLµ(M)dµ ∈ L(F).

Ðàññìîòðèì ëèíåéíîå ñòîõàñòè÷åñêîå óðàâíåíèå L
◦
η= Mη +Nω,

ãäå η = η(t) � èñêîìûé, à ω = ω(t) � çàäàííûé ñòîõàñòè÷åñêèé
K-ïðîöåññ, ñ ìíîãîòî÷å÷íûì íà÷àëüíî-êîíå÷íûì óñëîâèåì

lim
t→0+

P0(η (t)− ξ0) = 0, Pj(η(τj)− ξj) = 0, j = 1,m.

Ðàáîòà ñîñòîèò èç òðåõ ÷àñòåé. Â ïåðâîé ÷àñòè ñòðîÿòñÿ ïðî-
ñòðàíñòâà äèôôåðåíöèðóåìûõ ñëó÷àéíûõ ïðîöåññîâ ñî çíà÷åíèÿìè
â ñåïàðàáåëüíîì ãèëüáåðòîâîì ïðîñòðàíñòâå. Ïðè÷åì ïîä ïðîèçâîä-
íîé ïîíèìàåòñÿ ïðîèçâîäíàÿ Íåëüñîíà � Ãëèêëèõà. Ñëó÷àéíûå ïðî-
öåññû, èìåþùèå ïðîèçâîäíûå Íåëüñîíà � Ãëèêëèõà, ìû íàçûâàåì
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äèôôåðåíöèðóåìûìè ¾øóìàìè¿. Âî âòîðîé ÷àñòè ïðåäñòàâëåíû ðå-
çóëüòàòû î ðàçðåøèìîñòè ñòîõàñòè÷åñêîé çàäà÷è ïðè óñëîâèè (L, p)-
îãðàíè÷åííîñòè îïåðàòîðàM , p ∈ {0}∪N, è óñëîâèè, ãàðàíòèðóþùåì
ñóùåñòâîâàíèå îòíîñèòåëüíî ñïåêòðàëüíûõ ïðîåêòîðîâ Pj , j = 0, n.
Â òðåòüåé ÷àñòè ñîäåðæàòñÿ ïðèëîæåíèÿ àáñòðàêòíûõ ðåçóëüòàòîâ
ê ëèíåéíîé ñòîõàñòè÷åñêîé ñèñòåìå Îñêîëêîâà [3].
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ÑÀÌÎÏÎÄÎÁÍÛÅ ÑÏËÀÉÍÛ1

Ò.È. Çàéöåâà (Ìîñêâà, ÌÃÓ)
zaitsevatanja@gmail.com

Ðàññìîòðèì ðàñòÿãèâàþùóþ öåëî÷èñëåííóþ ìàòðèöó M ∈ Zn×n,
ò.å. å¼ ñîáñòâåííûå çíà÷åíèÿ áîëüøå åäèíèöû ïî ìîäóëþ. Ðåø¼ò-
êó Zn ìîæíî ðàçáèòü íà m = |detM | êëàññîâ ýêâèâàëåíòíîñòè
y ∼ x⇔ y−x ∈MZn. Âûáåðåì ïî ïðåäñòàâèòåëþ di ∈ Zn èç êàæäî-
ãî êëàññà ýêâèâàëåíòíîñòè, ïîëó÷åííîå ìíîæåñòâî íàçîâ¼ì íàáîðîì
öèôð: D(M) = {di : i = 0, . . . ,m− 1}.

Îïðåäåëåíèå 1. Òàéë G(M,D), ïîðîæä¼ííûé ðàñòÿãèâàþùåé
ìàòðèöåé M ∈ Zn×n è íàáîðîì öèôð D(M) = {di : i = 0, . . . ,m− 1}
� ýòî ìíîæåñòâî G = {

∑∞
k=1M

−ksk : sk ∈ D(M)}, åñëè îíî èìååò
ìåðó Ëåáåãà îäèí.

Òàéëû ðàññìàòðèâàëèñü â ëèòåðàòóðå â ñâÿçè ñ ïðèëîæåíèÿìè
â òåîðèè àïïðîêñèìàöèè è àëãîðèòìàõ ãåîìåòðè÷åñêîãî ìîäåëèðî-
âàíèÿ (àëãîðèòìû SubD) [1]. Â ÷àñòíîñòè, íà îñíîâå ëþáîãî òàéëà
ìîæíî ïîñòðîèòü ìíîãîìåðíóþ ñèñòåìó âñïëåñêîâ Õààðà ñ m − 1

1 Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ôîíäà ðàçâèòèÿ òåîðåòè÷å-
ñêîé ôèçèêè è ìàòåìàòèêè ¾Áàçèñ¿ (ñòèïåíäèÿ �21-8-10-8-1).
© Çàéöåâà Ò.È., 2025
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ïîðîæäàþùåé ôóíêöèåé. Â îáùåì ñëó÷àå G(M,D) ìîæåò èìåòü öå-
ëî÷èñëåííóþ ìåðó. Òàéëû âñåãäà êîìïàêòû è ñàìîïîäîáíû, èõ öåëûå
ñäâèãè {G+ k}k∈Zn çàìîùàþò âñ¼ Rn â îäèí ñëîé [2].

Ïî àíàëîãèè ñ êàðäèíàëüíûìè B-ñïëàéíàìè íà îòðåçêå, ðàññìîò-
ðèì îïðåäåëåíèå òàéëîâûõ B-ñïëàéíîâ.

Îïðåäåëåíèå 2. Òàéëîâûé B-ñïëàéí BGℓ = χG ∗ · · · ∗ χG îïðåäå-
ëÿåòñÿ êàê ℓ ñâ¼ðòîê õàðàêòåðèñòè÷åñêîé ôóíêöèè òàéëà G.

Ìàñøòàáèðóþùèì óðàâíåíèåì ñ ìàòðè÷íûì ðàñòÿæåíèåì íàçû-
âàåòñÿ ðàçíîñòíîå óðàâíåíèå âèäà φ(x) =

∑
k∈Zn ck φ(Mx − k), ãäå

x ∈ Rn. Èç îïðåäåëåíèÿ ñëåäóåò, ÷òî òàéëîâûå B-ñïëàéíû ÿâëÿþòñÿ
ðåøåíèÿìè ìàñøòàáèðóþùèõ óðàâíåíèé.

Êàæäîå ìàñøòàáèðóþùåå óðàâíåíèå ïîðîæäàåò àëãîðèòì ãåî-
ìåòðè÷åñêîãî ìîäåëèðîâàíèÿ (subdivision scheme, àëãîðèòì SubD).
Ýòî èòåðàòèâíûé ëèíåéíûé àëãîðèòì. Åãî âõîäíûìè äàííûìè ÿâ-
ëÿþòñÿ çíà÷åíèÿ ôóíêöèè íà ¾ãðóáîé¿ ðåø¼òêå, ê êîòîðîé íà êàæ-
äîì øàãå äîáàâëÿþòñÿ ïîäðàçäåëåíèåì íîâûå òî÷êè. Íîâûå çíà÷å-
íèÿ ôóíêöèè â ðåãóëÿðíûõ òî÷êàõ ïðè ýòîì ñ÷èòàþòñÿ ïî ëèíåéíûì
ñîîòíîøåíèÿì ñ êîýôôèöèåíòàìè èç ìàñøòàáèðóþùåãî óðàâíåíèÿ.
Åñëè ñõåìà ñõîäèòñÿ, â ïðåäåëå ïîëó÷èòñÿ íåêîòîðàÿ íåïðåðûâíàÿ
ôóíêöèÿ / ïîâåðõíîñòü. Áëàãîäàðÿ ïðîñòîòå ïðèìåíåíèÿ è ñêîðîñòè
ðàáîòû àëãîðèòì àêòèâíî èñïîëüçóåòñÿ, íàïðèìåð, â êîìïüþòåðíîé
ìóëüòèïëèêàöèè äëÿ ãåíåðàöèè ïåðñîíàæåé. Òàê, â 2005 ãîäó àëãî-
ðèòìû SubD ïîëó÷èëè êèíåìàòîãðàôè÷åñêóþ ïðåìèþ Îñêàð çà òåõ-
íè÷åñêèé âêëàä â ìóëüòèïëèêàöèþ. Ãëàäêîñòü ïîëó÷åííîé ïîâåðõíî-
ñòè äëÿ ðåãóëÿðíûõ òî÷åê ñîâïàäàåò ñ ãëàäêîñòüþ ìàñøòàáèðóþùåãî
óðàâíåíèÿ, ïîýòîìó èíòåðåñíû ìàñøòàáèðóþùèå óðàâíåíèÿ ñ âûñî-
êîé ãëàäêîñòüþ. Äàííàÿ ðàáîòà ïîñâÿùåíà ïîèñêó òàêèõ óðàâíåíèé
ñðåäè òàéëîâûõ B-ñïëàéíîâ.

Ïðèìåíèì äëÿ âû÷èñëåíèÿ ïîêàçàòåëåé ãëàäêîñòè òàéëîâûõ B-
ñïëàéíîâ ñîîòâåòñòâóþùèé àïïàðàò äëÿ ìàñøòàáèðóþùèõ óðàâíå-
íèé. Ìû èñïîëüçóåì íåäàâíåå îáîáùåíèå ìåòîäîâ òèïà Ëèòòëâóäà-
Ïýëè íà ñëó÷àé ïðîèçâîëüíîé ìàòðèöû, ÷òîáû íàéòè ãëàäêîñòü ïî
Ñîáîëåâó. Èçâåñòíî, ÷òî ïîêàçàòåëü ãëàäêîñòè ïî Ñîáîëåâó ñîâïàäà-
åò ñ ãëàäêîñòüþ ïî Ã¼ëüäåðó â ïðîñòðàíñòâå L2. Ðàíåå ýòîò ìåòîä
áûë ïîëó÷åí ëèøü äëÿ èçîòðîïíûõ ìàòðèö (ïîäîáíûõ îðòîãîíàëü-
íîé, óìíîæåííîé íà ÷èñëî). Ôîðìóëà â îáùåì ñëó÷àå äîñòàòî÷íî
ñëîæíà, îäíàêî, ïðè m < 6 ìîæíî ïîêàçàòü, ÷òî ìîæíî ïîëüçîâàòü-
ñÿ ¾ïðîñòîé¿ âåðñèåé.

Íåêîòîðûå èç òàéëîâûõ B-ñïëàéíîâ óäèâèòåëüíûì îáðàçîì èìå-
þò áîëüøóþ ãëàäêîñòü, ÷åì êëàññè÷åñêèå B-ñïëàéíû òîãî æå ïî-
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ðÿäêà. Òàêèå ñïëàéíû, ñîîòâåòñòâóþùèå òàéëû è àëãîðèòìû SubD
íàçîâ¼ì ñâåðõãëàäêèìè. Íà îñíîâå âñïîìîãàòåëüíûõ ðåçóëüòàòîâ î
òàéëîâûõ B-ñïëàéíîâ, ïîëó÷åí ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 1. Ñóùåñòâóåò íå ìåíåå 20 ðàçëè÷íûõ ñâåðõãëàäêèõ
àëãîðèòìîâ SubD íà îñíîâå ñïëàéíîâ äâóõ ïåðåìåííûõ ñ ÷èñëîì
öèôð íå áîëåå ïÿòè, ãäå ìû îòîæäåñòâëÿåì òå òàéëû, êîòîðûå
äàþò îäèíàêîâóþ ãëàäêîñòü ó ñïëàéíîâ..

Òåîðåìà 1 êîíñòðóêòèâíà, âñå ñåìåéñòâà íàéäåíû â ÿâíîì âèäå.
Ìû òàêæå ïðåäïîëàãàåì, ÷òî ÷èñëî 20 òî÷íîå. Òàêèì îáðàçîì, íà
îñíîâå íàéäåííûõ ñâåðãëàäêèõ ñïëàéíîâ ïîëó÷åíû íîâûå ýôôåêòèâ-
íûå àëãîðèòìû SubD.
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Î ÏÎËÓÃÐÓÏÏÀÕ, ÏÎÐÎÆÄÅÍÍÛÕ ÊÂÀÄÐÀÒÈ×ÍÎ
ÈÍÒÅÃÐÈÐÓÅÌÛÌÈ ÁÅÇÄÈÂÅÐÃÅÍÒÍÛÌÈ

ÂÅÊÒÎÐÍÛÌÈ ÏÎËßÌÈ1

Ê.Þ. Çàìàíà (Äîëãîïðóäíûé, ÌÔÒÈ)
zamana.kyu@phystech.edu

Ïóñòü v ∈ L2
loc(Rd) � áåçäèâåðãåíòíîå (ò.å. div v = 0 â ñìûñ-

ëå îáîáùåííûõ ôóíêöèé) âåêòîðíîå ïîëå. Îíî ïîðîæäàåò ëèíåéíûé
îïåðàòîð A0 : L

2(Rd) ⊃ D(A0) → L2(Rd) ñ îáëàñòüþ îïðåäåëåíèÿ
D(A0) = C∞

c (Rd), äåéñòâóþùèé ïî ôîðìóëå

A0ρ = v · ∇ρ ∀ρ ∈ D(A0) = C∞
c (Rd). (1)

Ïîñêîëüêó div v = 0, òî îïåðàòîð A0 êîñîñèììåòðè÷åí, à ñîïðÿæåí-
íûé ê íåìó îïåðàòîð èìååò âèä

A∗
0ρ = −div(ρv) ∀ρ ∈ D(A∗

0) = {ρ ∈ L2(Rd) : div(ρv) ∈ L2(Rd)}.

Â [1] (ñì. òàêæå [2]) Íåëüñîíîì áûëà âûñêàçàíà ãèïîòåçà, ÷òî åñëè
ïîëå v ëåæèò â L2(Rd) è èìååò êîìïàêòíûé íîñèòåëü, òî îïåðàòîð

1 Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðî-
åêò � 24-21-00315).
© Çàìàíà Ê.Þ., 2025
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(1) ÿâëÿåòñÿ ñóùåñòâåííî êîñîñîïðÿæåííûì, ò.å. åãî çàìûêàíèå A =
A0 ñîâïàäàåò ñ −A∗

0 = −A∗. Åñëè ýòî òàê, òî ïî òåîðåìå Ñòîóíà
îïåðàòîð −A ïîðîæäàåò c0-ãðóïïó óíèòàðíûõ îïåðàòîðîâ íà L2(Rd),
ðàçðåøàþùóþ óðàâíåíèå íåðàçðûâíîñòè

∂ρ(t, x)

∂t
+ div(ρ(t, x)v(x)) = 0 (2)

ïðè ëþáîì íà÷àëüíîì óñëîâèè èç L2(Rd) ïðè âñåõ çíà÷åíèÿõ t ∈ R,
ïðè÷åì ýòè ðåøåíèÿ åäèíñòâåííû â êëàññå C(R;L2(Rd)) è ñîõðàíÿþò
L2-íîðìó íà÷àëüíîãî óñëîâèÿ.

Êîíòðïðèìåð ê ýòîé ãèïîòåçå äëÿ d ⩾ 3 áûë ïîñòðîåí Àéçåí-
ìàíîì â [2]. Êðîìå òîãî, êàê áûëî ïîêàçàíî â [3], ñóùåñòâóåò òàêîå
áåçäèâåðãåíòíîå âåêòîðíîå ïîëå v ∈ L∞(R2) ñ êîìïàêòíûì íîñèòå-
ëåì, äëÿ êîòîðîãî óðàâíåíèå (2) èìååò íåíóëåâîå ðåøåíèå â êëàññå
L∞(R;L2(R2)) ñ íóëåâûì íà÷àëüíûì óñëîâèåì. Õîòÿ ýòî åùå íå ïðî-
òèâîðå÷èò íàïðÿìóþ ãèïîòåçå ïðè d = 2, íî ñòàâèò åå ñïðàâåäëèâîñòü
ïîä ñîìíåíèå è â ýòîì ñëó÷àå.

Â ñâÿçè ñ ýòèì âîçíèêàåò íåîáõîäèìîñòü â èññëåäîâàíèè ñâÿ-
çè ìåæäó ñóùåñòâåííîé êîñîñîïðÿæåííîñòüþ îïåðàòîðà A0 è ñó-
ùåñòâîâàíèåì è åäèíñòâåííîñòüþ îáîáùåííûõ ðåøåíèé óðàâíåíèÿ
(2) â êëàññå L∞(R;L2(Rd)). Äëÿ ñëó÷àÿ îãðàíè÷åííîãî ïîëÿ v òàêèå
èññëåäîâàíèÿ ïðîâîäèëèñü â [4] ñ èñïîëüçîâàíèåì òàê íàçûâàåìî-
ãî ñâîéñòâà ðåíîðìàëèçàöèè. Â ðàìêàõ äàííîãî èññëåäîâàíèÿ áóäåì
ãîâîðèòü, ÷òî ïîëå v îáëàäàåò ñâîéñòâîì ðåíîðìàëèçàöèè â êëàñ-
ñå L∞(R;L2(Rd)), åñëè äëÿ âñÿêîãî ðåøåíèÿ ρ óðàâíåíèÿ (2) ýòîãî
êëàññà è äëÿ âñÿêîé ôóíêöèè β ∈ C1(R), òàêîé ÷òî β′ ∈ L∞(R) è
β(0) = 0, ôóíêöèÿ β ◦ ρ òîæå ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (2).

Íàñòîÿùåå èññëåäîâàíèå èñïîëüçóåò èäåè ðàáîòû [4] è ðàñïðî-
ñòðàíÿåò åå ðåçóëüòàòû íà ñëó÷àé êâàäðàòè÷íî èíòåãðèðóåìîãî ïîëÿ
v ñ êîìïàêòíûì íîñèòåëåì. Îñíîâíûì ðåçóëüòàòîì ÿâëÿåòñÿ ñëåäó-
þùàÿ

Òåîðåìà 1. Ïóñòü v ∈ L2(Rd) � áåçäèâåðãåíòíîå âåêòîðíîå
ïîëå ñ êîìïàêòíûì íîñèòåëåì, A0 � ïîðîæäàåìûé ýòèì ïîëåì ïî
ôîðìóëå (1) îïåðàòîð. Òîãäà ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

à) ïîëå v óäîâëåòâîðÿåò ñâîéñòâó ðåíîðìàëèçàöèè â êëàññå
L∞(R;L2(Rd));

á) ó óðàâíåíèÿ (2) ñóùåñòâóåò åäèíñòâåííîå îáîáùåííîå ðåøå-
íèå â êëàññå L∞(R;L2(Rd)) ïðè ëþáîì íà÷àëüíîì óñëîâèè èç L2(Rd);

â) îïåðàòîð A0 ñóùåñòâåííî êîñîñîïðÿæåí.
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Äîêëàä îñíîâàí íà ñîâìåñòíîé ðàáîòå ñ Í.À. Ãóñåâûì, Ì.Â. Êî-
ðîáêîâûì è Å.Þ. Ïàíîâûì.
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ÊÐÀÅÂÛÅ ÇÀÄÀ×È Ñ ÏÅÐÈÎÄÈ×ÅÑÊÈÌÈ
È ÀÍÒÈÏÅÐÈÎÄÈ×ÅÑÊÈÌÈ ÓÑËÎÂÈßÌÈ

À.À. Çâåðåâ, Ñ.À. Øàáðîâ (Âîðîíåæ, ÂÃÓ)
InoplaneTemin@rambler.ru

Ïðèìåíÿÿ êîíöåïöèþ ïîòî÷å÷íîãî ïîäõîäà, ïðåäëîæåííîãî Þ.Â.
Ïîêîðíûì (ñì., íàïðèìåð, [1]), ïðîâåäåíî èññëåäîâàíèå êðàåâûõ çà-
äà÷ ñ íåãëàäêèìè ðåøåíèÿìè, ïåðèîäè÷åñêèìè è àíòèïåðèîäè÷åñêè-
ìè êðàåâûìè óñëîâèÿìè. Èçó÷àåìûå çàäà÷è èìåþò âèä

−(pu′)(x) +
x∫
0

udQ = F (x)− F (0)− (pu′)(0)

u(0) = u(l),
u′(0) = u′(l),

(1)


−(pu′)(x) +

x∫
0

udQ = F (x)− F (0)− (pu′)(0)

u(0) = −u(l),
u′(0) = −u′(l).

(2)

Ïðåäïîëàãàåòñÿ, ÷òî ôóíêöèè p(x), F (x) èìåþò îãðàíè÷åííóþ
âàðèàöèþ íà [0, l], ïðè÷åì inf

[0,l]
p(x) > 0, p(0) = p(l); ôóíêöèÿ Q(x)

© Çâåðåâ À.À., Øàáðîâ Ñ.À., 2025

142



ñòðîãî âîçðàñòàåò íà [0, l]; ôóíêöèè p(x), Q(x), F (x) ÿâëÿþòñÿ íåïðå-
ðûâíûìè â òî÷êàõ x = 0 è x = l. Ðåøåíèÿ çàäà÷ (1) è (2) ìû èùåì
â êëàññå àáñîëþòíî-íåïðåðûâíûõ ôóíêöèé, ïðîèçâîäíûå êîòîðûõ
èìåþò îãðàíè÷åííóþ âàðèàöèþ íà [0, l].

Â [2] óñòàíîâëåíû óñëîâèÿ åäèíñòâåííîñòè ðåøåíèé çàäà÷ (1) è
(2). Â ðàáîòå [3] ïîëó÷åíà ôîðìóëà ïðåäñòàâëåíèÿ ðåøåíèÿ çàäà÷è
(1) â ÿâíîì âèäå. Òàêæå áûëà ïîëó÷åíà ôîðìóëà ïðåäñòàâëåíèÿ ðå-
øåíèÿ çàäà÷è (2).

Òåîðåìà 1. Îáîçíà÷èì ÷åðåç u1(x, λ) ðåøåíèå çàäà÷è
−(pu′)(x) +

x∫
0

udQ = F0(x)− F0(0) + ψ(λ)(F1(x)− F1(0))− (pu′)(0),

u(0) = u(l),
u′(0) = u′(l),

ïóñòü u2(x, λ) � ðåøåíèå çàäà÷è
−(pu′)(x) +

x∫
0

udQ = F0(x)− F0(0) + ψ(λ)(F1(x)− F1(0))− (pu′)(0),

u(0) = −u(l),
u′(0) = −u′(l),

ãäå ôóíêöèè F0(x), F1(x) èìåþò îãðàíè÷åííóþ âàðèàöèþ íà [0, l].
Òîãäà åñëè ôóíêöèÿ ψ(λ) íåïðåðûâíà ïî λ, òî u1(x, λ) è u2(x, λ)
íåïðåðûâíî çàâèñÿò îò λ ïî íîðìå ïðîñòðàíñòâà C[0, l].

Êðîìå òîãî, ðàññìîòðåíû ñïåêòðàëüíûå çàäà÷è
−(pu′)(x) +

x∫
0

udQ = λ
x∫
0

udM − (pu′)(0)

u(0) = u(l),
u′(0) = u′(l),

(3)


−(pu′)(x) +

x∫
0

udQ = λ
x∫
0

udM − (pu′)(0)

u(0) = −u(l),
u′(0) = −u′(l),

(4)

ãäå ôóíêöèÿ M(x) ñòðîãî âîçðàñòàåò íà [0, l].
Òåîðåìà 2. Ñïåêòð çàäà÷ (3) è (4) íå áîëåå ÷åì ñ÷åòåí, ñî-

ñòîèò èç ñîáñòâåííûõ çíà÷åíèé, ïðè÷åì, åäèíñòâåííî âîçìîæíàÿ
òî÷êà ñãóùåíèÿ åñòü áåñêîíå÷íîñòü.
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ÀËÃÎÐÈÒÌ ÍÀÕÎÆÄÅÍÈß ÏÐÈÁËÈÆÅÍÍÎÃÎ
ÐÅØÅÍÈß ÇÀÄÀ×È Î ÄÅÔÎÐÌÀÖÈßÕ ÐÀÇÐÛÂÍÎÉ

ÑÒÈËÒÜÅÑÎÂÑÊÎÉ ÑÒÐÓÍÛ1

Ì.Á. Çâåðåâà, Ì.È. Êàìåíñêèé, Ñ.À. Øàáðîâ
(Âîðîíåæ, ÂÃÓ, ÂÃÏÓ)

margz@rambler.ru

Â ðàáîòå ñòðîèòñÿ àëãîðèòì íàõîæäåíèÿ ïðèáëèæåííîãî ðåøå-
íèÿ êðàåâîé çàäà÷è äëÿ èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ

−(pu′µ)(x) + (pu′µ)(0) +

x∫
0

ud[Q] = F (x)− F (0) (1)

ñ êðàåâûìè óñëîâèÿìè
u(0) = 0, (2)

−p(l)u′µ(l) ∈ N[−m,m](u(l)), (3)

ãäå N[−m,m](u(l)) � âíåøíèé íîðìàëüíûé êîíóñ â òî÷êå u(l). Òà-
êàÿ çàäà÷à ìîäåëèðóåò ìàëûå äåôîðìàöèè ðàçðûâíîé ñòèëòüåñîâ-
ñêîé ñòðóíû ïîä âîçäåéñòâèåì âíåøíåé ñèëû ñ óñòàíîâëåííûì îãðà-
íè÷èòåëåì íà ïåðåìåùåíèå ïðàâîãî êîíöà (ñì. [1]).

Çàôèêñèðóåì ïðîèçâîëüíîå ÷èñëî h > 0. Çàìåíèì âñÿêóþ òî÷-
êó ξ ðàçðûâà âîçðàñòàþùåé íà [0, l] ôóíêöèè µ(x) (â ñëó÷àå, êîãäà

1 Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà
â ðàìêàõ íàó÷íîãî ïðîåêòà � 22-71-10008.
© Çâåðåâà Ì.Á., Êàìåíñêèé Ì.È. Øàáðîâ Ñ.À., 2025
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ìíîæåñòâî òî÷åê ðàçðûâà áåñêîíå÷íî âîçüìåì òî÷êè ξ, â êîòîðûõ
ñêà÷îê ∆µ(ξ) ⩾ 0.5h ) ïàðîé {ξ − 0, ξ + 0} è îáîçíà÷èì ïîëó÷åííîå
ìíîæåñòâî ÷åðåç [0, l]µ. Âûáåðåì íà [0, l]µ òî÷êè x∗i íåïðåðûâíîñòè
µ(x) òàê, ÷òîáû íà êàæäîì ïðîìåæóòêå [0, ξ1 − 0], [ξ1 + 0, ξ2 − 0], ...
[ξn+0, l] âûïîëíÿëèñü íåðàâåíñòâà µ(x∗i+1)−µ(x∗i ) < h. Òàêèì îáðà-
çîì, ìû ïîëó÷èëè ðàçáèåíèå ìíîæåñòâà [0, ℓ]µ. Ïåðåíóìåðóåì òî÷êè,
âõîäÿùèå â ðàçáèåíèå, êàê 0 = x0 < x1 < ...xN = l. Îïðåäåëèì
áàçèñíûå ôóíêöèè φk(x), ãäå k = 1, ...N − 1, ñëåäóþùèì îáðàçîì:

φk(x) =


µ(x)− µ(xk−1)

µ(xk)− µ(xk−1)
, åñëè x ∈ [xk−1, xk]

µ(xk+1)− µ(x)

µ(xk+1)− µ(xk)
, åñëè x ∈ [xk, xk+1]

0, åñëè x /∈ [xk−1, xk+1]

Òàêæå îïðåäåëèì áàçèñíóþ ôóíêöèþ

φN (x) =


µ(x)− µ(xN−1)

µ(l)− µ(xN−1)
, x ∈ [xN−1, l],

0, äëÿ îñòàëüíûõ x.

Îáîçíà÷èì ÷åðåç up ïðèáëèæåííîå ðåøåíèå êðàåâîé çàäà÷è äëÿ
óðàâíåíèÿ (1) ñ êðàåâûì óñëîâèåì (2) è êðàåâûì óñëîâèåì

p(l)u′µ(l) = 0, (5)

íàéäåííîå ìåòîäîì êîíå÷íûõ ýëåìåíòîâ êàê ëèíåéíàÿ êîìáèíàöèÿ
áàçèñíûõ ôóíêöèé φk(x) (k = 1, 2, . . . , N). Ïóñòü wp � ïðèáëèæåííîå
ðåøåíèå çàäà÷è

−(pw′
µ)(x) + (pw′

µ)(0) +
x∫
0

wd[Q] = 0,

w(0) = 0,
p(l)w′

µ(l) = 1,

íàéäåííîå ìåòîäîì êîíå÷íûõ ýëåìåíòîâ.
Äëÿ íàõîæäåíèÿ ïðèáëèæåííîãî ðåøåíèÿ uh çàäà÷è (1), (2), (3)

áóäåì ïðèìåíÿòü ñëåäóþùèé àëãîðèòì:
1. Íàõîäèì ïðèáëèæåííîå ðåøåíèå up çàäà÷è (1), (2), (5). Åñëè îêà-
æåòñÿ, ÷òî |up(l)| < m, òî ïîëàãàåì, ÷òî uh = up.

2. Åñëè up(l) ⩾ m, òî ïîëàãàåì uh =
m− up(l)

wp(l)
wp + up.

145



3. Åñëè up(l) ⩽ −m, òî ïîëàãàåì uh =
−m− up(l)

wp(l)
wp + up.

Îáîçíà÷èì ⟨φ,ψ⟩ =
l∫
0

pφ′
µψ

′
µdµ+

l∫
0

φψd[Q].

Òåîðåìà 1. Ïóñòü u(x) � òî÷íîå ðåøåíèå çàäà÷è (1), uh(x) �
ïðèáëèæåííîå ðåøåíèå, íàéäåííîå ïî óêàçàííîìó âûøå àëãîðèòìó.
Òîãäà

⟨u− uh, u− uh⟩ ⩽ Ch,

ãäå êîíñòàíòà C íå çàâèñèò îò h.

Ëèòåðàòóðà
1. Zvereva M. The deformations problem for the Stieltjes strings

system with a nonlinear condition / M. Zvereva, M. Kamenskii, P.
Raynaud de Fitte, Ch. - F. Wen // Journal of Nonlinear and Variational
Analysis. �2023. � V.7, iss. 2. �P. 291�308.

Î ÑÂÎÉÑÒÂÀÕ π-ÈÍÒÅÃÐÀËÀ
Ì.Á. Çâåðåâà, Ä.Å. Ìàðôèí,

À.Ê. Þòèøåâ, Ñ.À. Øàáðîâ (Âîðîíåæ, ÂÃÓ)
shaspoteha@mail.ru

Â 1999 ãîäó Þëèåì Âèòàëüåâè÷åì Ïîêîðíûì â ðàáîòå [1] áûë
ââåäåí π-èíòåãðàë ñëåäóþùèì îáðàçîì. Ïóñòü ôóíêöèè u(x) è v(x)
èìåþò êîíå÷íîå íà [0; ℓ] èçìåíåíèå. Ïîëîæèì

ℓ∫
0

u d [v] = uv
∣∣∣ℓ
0
−

ℓ∫
0

v du, (1)

ãäå uv
∣∣∣ℓ
0
= u(ℓ)v(ℓ)−u(0)v(0) è èíòåãðàë â ïðàâîé ÷àñòè ðàâåíñòâà (1)

ïîíèìàåòñÿ ïî Ëåáåãó-Ñòèëòüåñà. Êâàäðàòíûå ñêîáêè ìû ïîñòàâèëè,
÷òîáû îòëè÷àòü åãî îò îáû÷íîãî èíòåãðàëà. Ïóñòü v0(x) íåïðåðûâ-
íàÿ ñîñòàâëÿþùàÿ ôóíêöèè v(x) è s(v)�ìíîæåñòâî òî÷åê ðàçðûâà
ôóíêöèè v(x).

© Çâåðåâà Ì.Á., Ìàðôèí Ä.Å., Þòèøåâ À.Ê., Øàáðîâ Ñ.À., 2025
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Òåîðåìà 1. Åñëè π-èíòåãðàë ñóùåñòâóåò, òî îí ìîæåò áûòü
âû÷èñëåí ñëåäóþùèì îáðàçîì

ℓ∫
0

u d [v] =

ℓ∫
0

u dv0 +

+
∑

s∈S(v):0<s⩽ℓ

u (s− 0)∆−v(s) +
∑

s∈S(v):0⩽s<ℓ

u (s+ 0)∆+v(s), (2)

ãäå u (s− 0) è u (s+ 0) � ëåâîå è ïðàâîå ïðåäåëüíîå çíà÷åíèå
ôóíêöèè u(x) â òî÷êå s; ∆−v(s) = v(s) − v (s− 0) è ∆+v(s) =
v (s+ 0) − v(s) � ëåâûé è ïðàâûé ñêà÷êè ôóíêöèè v(x) â òî÷êå s
ñîîòâåòñòâåííî.

Â ðÿäå ñëó÷àåâ ââåäåííûé èíòåãðàë ñîâïàäàåò ñ èíòåãðàëîì
Ëåáåãà-Ñòèëòüåñà (â ñëó÷àå åãî ñóùåñòâîâàíèÿ), íàïðèìåð, â ñëó-
÷àå ðåãóëÿðíûõ ôóíêöèé. Äðóãèå âîçìîæíûå ñèòóàöèè ñîâïàäåíèÿ
èíòåãðàëîâ ìîæíî íàéòè â [2]. Îäíàêî, â îáùåì ñëó÷àå îí îòëè÷à-
åòñÿ îò êëàññè÷åñêîãî èíòåãðàëà Ëåáåãà-Ñòèëòüåñà è íå ìîæåò áûòü
ñâåäåí ê íåìó, î ÷åì ãîâîðèò ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 2. Ñóùåñòâóåò ôóíêöèÿ v(x), èìåþùàÿ êîíå÷íîå íà
[0; ℓ] èçìåíåíèå, òàêàÿ, ÷òî äëÿ âñÿêîé ôóíêöèè φ(x), ïîðîæäàþ-
ùåé íà [0; ℓ] çàðÿä, íàéäåòñÿ ôóíêöèÿ u(x), ïðèíàäëåæàùàÿ ïðî-
ñòðàíñòâó ôóíêöèé ñ îãðàíè÷åííîé âàðèàöèåé, òàêàÿ, ÷òî ðàâåí-
ñòâî

ℓ∫
0

u d[v] =

ℓ∫
0

w dφ

íåâîçìîæíî. Çäåñü w(x) � ôóíêöèÿ, êîòîðàÿ ñòàâèòñÿ â ñîîòâåò-
ñòâèå ôóíêöèè u(x).

Ëèòåðàòóðà
1. Ïîêîðíûé, Þ. Â. Èíòåãðàë Ñòèëòüåñà è ïðîèçâîäíûå ïî ìåðå â

îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèÿõ /Þ. Â. Ïîêîðíûé //
Äîêëàäû ÐÀÍ. � 1999. � Ò. 364, � 2. � Ñ. 167�169.

2. Çâåðåâà, Ì. Á. Î íåêîòîðûõ âîïðîñàõ êà÷åñòâåííîé òåî-
ðèè äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïðîèçâîäíûìè Ñòèëòüåñà:
äèñ.. . . êàíä. íàóê / Âîðîíåæ. ãîñ. óí-ò ; íàó÷. ðóê. Þ. Â. Ïîêîð-
íûé. � 15.11.2005. � 120 ñ.
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ÒÅÎÐÅÌÀ ÑÓÙÅÑÒÂÎÂÀÍÈÅ ÑËÀÁÎÃÎ ÐÅØÅÍÈß
ÍÀ×ÀËÜÍÎ-ÊÐÀÅÂÎÉ ÇÀÄÀ×È ÄËß ÌÎÄÅËÈ
ÊÅËÜÂÈÍÀ-ÔÎÉÃÒÀ ÂÒÎÐÎÃÎ ÏÎÐßÄÊÀ

ÑÎ ÑÃËÀÆÅÍÍÎÉ ÏÐÎÈÇÂÎÄÍÎÉ ßÓÌÀÍÍÀ
Â.Ã. Çâÿãèí, Ì.Â. Òóðáèí (Âîðîíåæ, ÂÃÓ)

mrmike@mail.ru

Â äîêëàäå ðàññìàòðèâàåòñÿ ìîäåëü Êåëüâèíà�Ôîéãòà ñ ðåîëîãè-
÷åñêèì ñîîòíîøåíèåì ñî ñãëàæåííîé ïðîèçâîäíîé ßóìàííà:

σ = 2µ1E(v) + 2µ2

(
dE(v)
dt

+ E(v)Wρ(v)−Wρ(v)E(v)
)
+

+2µ3

∫ t

0

e−(t−s)/λE(v)(s, z(s; 0, x))ds. (1)

Çäåñü (t, x) ∈ [0, T ] × Ω, ãäå T > 0, à Ω ⊂ Rn(n = 2, 3) � îãðàíè-
÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé. Ôóíêöèÿ v � ñêîðîñòü äâèæåíèÿ
æèäêîñòè, σ � äåâèàòîð òåíçîðà íàïðÿæåíèé, E(v) � òåíçîð ñêîðî-
ñòåé äåôîðìàöèé, λ � âðåìÿ ðåëàêñàöèè, µ1, µ2, µ3 � íåêîòîðûå ôè-
çè÷åñêèå êîíñòàíòû. Èñõîäÿ èç ôèçè÷åñêîãî ñìûñëà, λ > 0,κ2 > 0.
Òåíçîð Wρ(v)(t, x) =

∫
Rn ρ(x − y)W (v)(t, y)dy � ñãëàæåííûé òåíçîð

çàâèõðåííîñòè. Çäåñü ρ : Rn → R � ãëàäêàÿ ôóíêöèÿ ñ êîìïàêòíûì
íîñèòåëåì,

∫
Rn ρ(x)dx = 1 è ρ(x) = ρ(y) äëÿ x è y ñ îäèíàêîâûìè

åâêëèäîâûìè íîðìàìè. Ôóíêöèÿ z � ðåøåíèå çàäà÷è Êîøè â èíòå-
ãðàëüíîé ôîðìå:

z(t; 0, x) = x+

∫ t

0

v(s; z(s; 0, x))ds, t ∈ [0, T ], x ∈ Ω.

Òî åñòü z � ýòî òðàåêòîðèÿ ÷àñòèöû, êîòîðàÿ ïðè t = 0 íàõîäèëàñü
â òî÷êå x.

Ïîäñòàâëÿÿ σ èç ñîîòíîøåíèÿ (1) â ñèñòåìó óðàâíåíèé äâèæåíèÿ
æèäêîñòè, ïîëó÷àåì ñëåäóþùóþ ñèñòåìó óðàâíåíèé:

∂v

∂t
+

n∑
i=1

vi
∂v

∂xi
− µ1∆v − µ2

∂∆v

∂t
−

−2µ2Div

(
n∑
i=1

vi
∂E(v)
∂xi

+ E(v)Wρ(v)−Wρ(v)E(v)

)
−

© Çâÿãèí Â.Ã., Òóðáèí Ì.Â., 2025
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−µ3Div
∫ t

0

e−λ(t−s)E(v)(s, z(s; 0, x))ds+∇p = f, div v = 0; (2)

z(t; 0, x) = x+

∫ t

0

v(s; z(s; 0, x))ds, t ∈ [0, T ], x ∈ Ω; (3)

Çäåñü Div � ìàòðè÷íàÿ äèâåðãåíöèÿ.
Äëè ñèñòåìû (2)�(3) ðàññìàòðèâàåòñÿ íà÷àëüíî-êðàåâàÿ çàäà÷à ñ

íà÷àëüíûì è ãðàíè÷íûì óñëîâèÿìè:

v(0, x) = v0(x), x ∈ Ω; v|[0,T ]×∂Ω = 0. (4)

Ïóñòü f ∈ L2(0, T ;V
−1), v0 ∈ V 1.

Îïðåäåëåíèå 1. Ñëàáûì ðåøåíèåì çàäà÷è (2)�(4) íàçûâàåòñÿ
ôóíêöèÿ v ∈ E1 = {v : v ∈ L∞(0, T ;V 1), v′ ∈ L2(0, T ;V

−1)}, êîòîðàÿ
óäîâëåòâîðÿåò äëÿ ëþáîé φ ∈ V 3 ïðè ï.â. t ∈ (0, T ) ðàâåíñòâó

⟨(v′ + µ2Av
′), φ⟩ −

∫
Ω

n∑
i,j=1

vivj
∂φj
∂xi

dx+ µ1

∫
Ω

∇v : ∇φdx+

+ µ3

∫ t

0

e−λ(t−s)
∫
Ω

E(v)(s, z(s; 0, x)) : E(φ) dx ds−

− µ2

∫
Ω

n∑
i,j,k=1

vk
∂vi
∂xj

∂2φj
∂xi∂xk

dx− µ2

∫
Ω

n∑
i,j,k=1

vk
∂vj
∂xi

∂2φj
∂xi∂xk

dx+

+ 2µ2

∫
Ω

(
E(v)Wρ(v)−Wρ(v)E(v)

)
: ∇φdx = ⟨f, φ⟩

è íà÷àëüíîìó óñëîâèþ v(0) = v0.

Îñíîâíûì ðåçóëüòàòîì ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà:
Òåîðåìà 1. Ñóùåñòâóåò õîòÿ áûëî äíî ñëàáîå ðåøåíèå v ∈ E1

íà÷àëüíî�êðàåâîé çàäà÷è (2)�(4).

Äîêàçàòåëüñòâî òåîðåìû 1 ïðîâîäèòñÿ ïðè ïîìîùè àïïðîêñèìà-
öèîííî-òîïîëîãè÷åñêîãî ïîäõîäà ê èññëåäîâàíèþ çàäà÷ ãèäðîäèíà-
ìèêè [1].

Ëèòåðàòóðà
1. Çâÿãèí Â.Ã. Ìàòåìàòè÷åñêèå âîïðîñû ãèäðîäèíàìèêè âÿçêî-

óïðóãèõ ñðåä / Â.Ã. Çâÿãèí, Ì.Â. Òóðáèí. � Ì. : ÊÐÀÑÀÍÄ, 2012. �
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ÊËÅÒÎ×ÍÛÅ ÑÕÅÌÛ ÊÀÊ ÌÀÒÅÌÀÒÈ×ÅÑÊÀß
ÌÎÄÅËÜ ÒÎÏÎËÎÃÈÈ ÈÍÒÅÃÐÀËÜÍÛÕ ÑÕÅÌ

Â.Ñ. Çèçîâ (Ìîñêâà, ÌÃÓ)
vzs815@gmail.com

Ââåäåíèå Êàíîíè÷åñêèé áàçèñ ðàáîòû [1] ñîñòîèò èç 3 ôóíêöèî-
íàëüíûõ ýëåìåíòîâ è îïèñûâàåò ìîäåëü è ïîâåäåíèå êëåòî÷íîé ñõå-
ìû (ÊÑ) èç ôóíêöèîíàëüíûõ è êîììóòàöèîííûõ ýëåìåíòîâ. Ïîçäíåå
â ðàáîòå [2] áûëî äàíî îïèñàíèå ÊÑ ÷åðåç âëîæåíèå ñõåìû èç ôóíê-
öèîíàëüíûõ ýëåìåíòîâ (ÑÔÝ) â ïðÿìîóãîëüíóþ ðåø¼òêó.

Êëåòî÷íàÿ ìîäåëü, ïðèìåíÿåìàÿ äëÿ ìàòåìàòè÷åñêîãî îïèñàíèÿ
òîïîëîãèè èíòåãðàëüíûõ ñõåì (ÈÑ), ÿâëÿåòñÿ âàæíûì èíñòðóìåíòîì
â îáëàñòè ïðîåêòèðîâàíèÿ è àíàëèçà ïîëóïðîâîäíèêîâûõ óñòðîéñòâ.
Ýòà ìîäåëü áûëà ðàçðàáîòàíà äëÿ óïðîùåíèÿ è àâòîìàòèçàöèè ïðî-
öåññà ïðîåêòèðîâàíèÿ ÈÑ, ïîçâîëÿÿ ýôôåêòèâíî îïèñûâàòü è àíà-
ëèçèðîâàòü ñëîæíûå ñòðóêòóðû.

Îñíîâíûå ïðèíöèïû êëåòî÷íîé ìîäåëè. Èíòåãðàëüíàÿ ñõå-
ìà ïðåäñòàâëÿåòñÿ êàê ïðÿìîóãîëüíàÿ ðåø¼òêà, ñîñòîÿùàÿ èç ÿ÷ååê
(êëåòîê). Êàæäàÿ ÿ÷åéêà ìîæåò ñîäåðæàòü îäèí èëè íåñêîëüêî ýëå-
ìåíòîâ ÈÑ. Ðàçìåð è ôîðìà ÿ÷ååê ìîãóò áûòü ñòàíäàðòèçèðîâàíû,
÷òî ïîçâîëÿåò èñïîëüçîâàòü ìîäóëüíûé ïîäõîä ê ïðîåêòèðîâàíèþ.

Äëÿ êàæäîé ÿ÷åéêè îïðåäåëÿþòñÿ ïàðàìåòðû, òàêèå êàê ýëåê-
òðè÷åñêèå õàðàêòåðèñòèêè, ãåîìåòðè÷åñêèå ðàçìåðû è âçàèìîñâÿçè
ñ ñîñåäíèìè ÿ÷åéêàìè. Ìàòåìàòè÷åñêîå îïèñàíèå âêëþ÷àåò óðàâíå-
íèÿ, êîòîðûå ñâÿçûâàþò ýòè ïàðàìåòðû ìåæäó ñîáîé è ñ âíåøíèìè
óñëîâèÿìè.

Òîïîëîãèÿ ÈÑ îïèñûâàåòñÿ ÷åðåç ñâÿçè ìåæäó ÿ÷åéêàìè. Ýòî
ïîçâîëÿåò ïðåäñòàâèòü âñþ ñõåìó â âèäå ãðàôà, ãäå âåðøèíû � ýòî
ÿ÷åéêè, à ðåáðà � ýòî ñîåäèíåíèÿ ìåæäó íèìè. Òàêîå ïðåäñòàâëåíèå
îáëåã÷àåò àíàëèç è îïòèìèçàöèþ ñõåìû, ïîñêîëüêó ìîæíî ïðèìå-
íÿòü àëãîðèòìû ãðàôîâ äëÿ ðåøåíèÿ çàäà÷ ìàðøðóòèçàöèè, ìèíè-
ìèçàöèè çàäåðæåê è äðóãèõ çàäà÷ ïðîåêòèðîâàíèÿ.

Ñîãëàñíî óïðîù¼ííîé ìîäåëè [3] ñðåäíÿÿ âåëè÷èíà ìîùíîñòè,
ðàññåèâàåìîé íà âûõîäàõ ñèíõðîííîé ñõåìû (êîìáèíàöèîííîãî óç-
ëà) ïðè ïîñòîÿííîì íàïðÿæåíèè ïèòàíèÿ è ÷àñòîòå ñèíõðîíèçàöèè
âûðàæàåòñÿ êàê Pdyn = KEsCL, ãäå Es - ïåðåêëþ÷àòåëüíàÿ àêòèâ-
íîñòü ñõåìû, à CL - ¼ìêîñòíàÿ íàãðóçêà. Çíà÷åíèå K îïðåäåëÿåòñÿ
ïðè àðõèòåêòóðíîì ïðîåêòèðîâàíèè è â îòäåëüíûõ óçëàõ ñõåìû ìî-
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Ðèñ 1. Ïðèìåð áàçèñà Á0, ôóíêöèîíàëüíûå ýëåìåíòû (&)
êîíúþíêöèè, (∨) äèçúþíêöèè è (¬) îòðèöàíèÿ. Êîììóòàöèîííûå

ýëåìåíòû: 1) ïðîâîäíèê, 2) T-îáðàçíûé ðàçâåòâèòåëü, 3)
ðàçâåòâèòåëü, 4) ïåðåñå÷åíèå áåç ñîåäèíåíèÿ, 5) ïîâîðîò.

æåò áûòü ïðèíÿòî çà êîíñòàíòó. Òîãäà ìîæíî ââåñòè ôóíêöèîíàë D
ìîùíîñòè ÊÑ ñëåäóþùèì îáðàçîì.

Ìîùíîñòüþ îäíîãî ôóíêöèîíàëüíîãî ýëåìåíòà áóäåì ñ÷èòàòü
ìîùíîñòü ñàìîãî ÔÝ, ïðèíÿòóþ çà ¼ìêîñòíóþ õàðàêòåðèñòèêó
ó÷àñòêà ñõåìû, íåïîñðåäñòâåííî ïîäêëþ÷åííîãî â âûõîäó ÔÝ (õà-
ðàêòåðèñòèêó ñåòè). Ïðè ïåðåêëþ÷åíèè åãî ñîñòîÿíèÿ ñ ¾1¿ íà ¾0¿
èëè îáðàòíî, ïðîèçâåäåíèå EsCL áóäåò ðàâíî ñóììå ¼ìêîñòíûõ õà-
ðàêòåðèñòèê ÔÝ è ÊÝ, ïðèíÿòûõ çà 1 è C ñîîòâåòñòâåííî.

Îïðåäåëèì ôóíêöèîíàë ïëîùàäè ñõåì, êîòîðûé äàëåå áóäåò èõ
êðèòåðèåì ñëîæíîñòè. Ñõåìà Σ, íå ñîäåðæàùàÿ íè ðÿäîâ, íè ñòîëá-
öîâ, ñîñòîÿùèõ òîëüêî èç èçîëÿòîðîâ, èìååò ñëåäóþùèå ðàçìåðíî-
ñòè: äëèíó l, èçìåðÿåìóþ ïî ãîðèçîíòàëè, è âûñîòó h, èçìåðÿåìóþ
ïî âåðòèêàëè. Âñþäó äàëåå áåç îãðàíè÷åíèÿ îáùíîñòè áóäåì ñ÷è-
òàòü, ÷òî h ⩽ l. Òîãäà ïëîùàäüþ A(Σ) êëåòî÷íîé ñõåìû Σ íàçûâàåò-
ñÿ ïëîùàäü ïðÿìîóãîëüíîé ðåø¼òêè ñõåìû Σ, èëè, ÷òî òî æå ñàìîå,
ïðîèçâåäåíèå äëèíû è âûñîòû ñõåìû

A(Σ) = l(Σ)h(Σ). (1)

Ââåä¼ì îãðàíè÷åíèÿ íà êëàññ Q ôóíêöèé àëãåáðû ëîãèêè îò n
ïåðåìåííûõ:

1. Åãî ìîùíîñòü, òî åñòü ÷èñëî ÔÀË â ýòîì êëàññå, ðàâíî |Q(n)|
2. Êëàññ äîñòàòî÷íî øèðîêèé, òî åñòü logn = o(loglog|Q|)
Òîãäà âåðíû ñëåäóþùèå òåîðåìû. Ýòè îöåíêè îáîáùàþò ðåçóëü-

òàòû, ïîëó÷åííûå â [3], [4].
Òåîðåìà 1. (î âåðõíåé îöåíêå) Äëÿ êëàññà Q ôóíêöèé àëãåáðû

ëîãèêè îò n ïåðåìåííûõ ñóùåñòâóåò ÊÑ Σ

L(Σ) ⩽
1

2
|Q(n)| ∗ n+O(|Q(n)|

√
n).
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Òåîðåìà 2. (î íèæíåé îöåíêå) Äëÿ êëàññà Q ôóíêöèé àëãåáðû
ëîãèêè îò n ïåðåìåííûõ ñóùåñòâóåò ÊÑ Σ

L(Σ) ⩾
1

2
|Q(n)| ∗ n−O(|Q(n)|

√
n).
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Äëÿ ñèñòåìû
ẋ = Ax+Bu, (1)

x = x(t), u = u(t), t ∈ [t0, tk], x ∈ Rn, u ∈ Rm, è äëÿ ïðîèçâîëüíî
çàäàííûõ ÷èñåë {λj}nj=1 òðåáóåòñÿ ïîñòðîèòü òàêóþ îáðàòíóþ ñâÿçü

u = Kx, (2)

÷òîáû ñïåêòð ìàòðèöû A+BK ñîâïàäàë ñ {λj}nj=1, òî åñòü ÷òîáû

det(A+BK − λjI) = 0, (3)

1 Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà �
24-21-20012, https://rscf.ru/project/24-21-20012/
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(â ñëó÷àå êîìïëåêñíûõ λj îíè äîëæíû áûòü ïîïàðíî óïîðÿäî÷åííû-
ìè).

Ðåøåíèå òàêîé çàäà÷è îñîáåííî àêòóàëüíî äëÿ ïîñòðîåíèÿ ñòàáè-
ëèçèðóþùåãî ñîñòîÿíèÿ x̃(t), êîòîðîå óäîâëåòâîðÿåò (1), (2), óñëîâèþ
x̃(t0) = x̃0 ñ ïðîèçâîëüíûì x̃0 ∈ Rn è ñòðåìèòñÿ ê íóëþ ñ òå÷åíèåì
âðåìåíè t. Äëÿ ýòîãî äîñòàòî÷íî ïîñòðîèòü ìàòðèöó îáðàòíîé ñâÿçè
K òàêóþ, ÷òî ñïåêòð ìàòðèöû A + BK ñîñòîèò èç λj , j = 1, 2, ..., n,
è Reλj < 0.

Â [1] ðàçðàáîòàí ìåòîä ïîñòðîåíèÿ ìàòðèöû K, çàêëþ÷àþùèéñÿ
â ðàñùåïëåíèè óðàâíåíèÿ (A+BK)v = λv ñ äâóìÿ íåèçâåñòíûìè K
è v íà äâà óðàâíåíèÿ:

Q(λI −A)v = 0 (4)

îòíîñèòåëüíî v è

Kv = B−(λI −A)v + z, ∀z ∈ KerB (5)

îòíîñèòåëüíî K.
Ìåòîä êàñêàäíîé äåêîìïîçèöèè, ðàçðàáîòàííûé â ðàáîòàõ [2] �[6]

è ïðèìåíåííûé ê (4), äàåò âîçìîæíîñòü ïîñòðîåíèÿ ëèíåéíî íåçàâè-
ñèìûõ vj = v(λj) è ïîñòðîåíèÿ K èç óðàâíåíèÿ (5) ñ v = vj è λ = λj ,
j = 1, 2, ..., n.

Ìåòîä êàñêàäíîé äåêîìïîçèöèè, îäíàêî, òðóäîåìêèé: íà êàæäîì
øàãå äåêîìïîçèöèè òðåáóåòñÿ ïðîèçâîäèòü ðàñùåïëåíèå ïðîñòðàí-
ñòâà íà ïîäïðîñòðàíñòâà, íàõîäèòü ïðîåêòîðû íà ïîäïðîñòðàíñòâà,
ñòðîèòü ïîëóîáðàòíûå ìàòðèöû.

Íî ñ ïîìîùüþ ýòîãî ìåòîäà ðàçðàáîòàí íîâûé àëãîðèòì ïîñòðîå-
íèÿ âåêòîðà v, ãäå íà êàæäîì øàãå äåêîìïîçèöèè ïðîèçâîäèòñÿ íåêî-
òîðàÿ çàìåíà íåèçâåñòíûõ è ôîðìèðóåòñÿ ëèíåéíàÿ àëãåáðàè÷åñêàÿ
ñèñòåìà. Ðåøåíèå ýòîé ñèñòåìû ïðèâîäèò ê îïðåäåëåíèþ íåêîòîðûõ
êîìïîíåíò âåêòîðà v è âûÿâëåíèþ óñëîâèÿ êîððåêòíîñòè ýòîé ñèñòå-
ìû. Â óñëîâèè êîððåêòíîñòè ïðîèçâîäèòñÿ çàìåíà ïåðåìåííûõ è òàê
äàëåå.

Ïðîñòîòà ýòîãî àëãîðèòìà äàåò âîçìîæíîñòü ñîçäàíèÿ íàìíîãî
áîëåå ïðîñòûõ âû÷èñëèòåëüíûõ ïðîãðàìì, ÷åì èçâåñòíûå [7].
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Äëÿ ÷èñëåííîãî ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ÷àñòî
èñïîëüçóþò ìåòîä Ãàëåðêèíà â òîé èëè èíîé âàðèàöèè, êîòîðûé îñ-
íîâàí íà ïðåäñòàâëåíèè ïðèáëèæåííîãî ðåøåíèÿ êàê ëèíåéíîé êîì-
áèíàöèè áàçèñíûõ ôóíêöèé. Îäíàêî ïîìèìî òðàäèöèîííûõ áàçèñîâ
ñóùåñòâóþò, àêòèâíî ðàçâèâàþùèåñÿ ñ êîíöà 80-õ ãîäîâ ôðåéìû.
Îíè ïðåäîñòàâëÿþò ãèáêèé è ýôôåêòèâíûé èíñòðóìåíò äëÿ ðàçëî-
æåíèÿ ôóíêöèé, â òîì ÷èñëå è äëÿ àïïðîêñèìàöèè ðåøåíèé äèôôå-
ðåíöèàëüíûõ óðàâíåíèé.
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Îïðåäåëåíèå 1. Íàáîð ôóíêöèé gk ∈ L2(R), k ∈ Z íàçûâàåòñÿ
ôðåéìîì [1], åñëè äëÿ ∀f ∈ L2(R) âûïîëíÿþòñÿ íåðàâåíñòâà

A||f ||2 ⩽
+∞∑

k′=−∞

|(f, gk)|2 ⩽ B||f ||2,

ãäå 0 < A,B <∞ íåêîòîðûå êîíå÷íûå ïîëîæèòåëüíûå ïîñòîÿííûå.
Îïðåäåëåíèå 2. Åñëè ñèñòåìà ôóíêöèé

gk,m(x, α1, α2) = (g − α1k) · eiα2mx, k,m ∈ Z

îáðàçóåò ôðåéì, òî åãî íàçûâàþò ôðåéìîì Ãàáîðà.
Âîîáùå ãîâîðÿ, ðàçëîæåíèå ïî ôðåéìó íå ÿâëÿåòñÿ åäèíñòâåí-

íûì. Íî ñðåäè âñåõ ðàçëîæåíèé åñòü åäèíñòâåííîå, äëÿ êîòîðîãî ℓ2
íîðìà êîýôôèöèåíòîâ ðàçëîæåíèÿ áóäåò ìèíèìàëüíîé. Åãî ìîæíî
ïîëó÷èòü ïðè ïîìîùè êàíîíè÷åñêîãî äâîéñòâåííîãî ôðåéìà [2],[3].

Ôóíêöèÿ�îêíî g(x) = exp
(
−x2

2

)
ïîðîæäàåò ôðåéì Ãàáîðà ïðè

α1α2 < 2π. Â äàëüíåéøåì ðàññìàòðèâàþòñÿ òîëüêî ôðåéìû ñ ýòèì
îêíîì. Ïðè α1α2 = π

N äâîéñòâåííûé ôðåéì g̃k,m âûïèñûâàåòñÿ ÿâ-
íîé ôîðìóëîé

g̃k,m(x, α1, α2) =
1

2N
√
π

+∞∑
k′=−∞

ck′(2Nα1)exp

(
−(x− α1(k

′N + 2k))2

2

)
×

×
+∞∑

m′=−∞
ck′(2Nα2)exp(iα2(2m+Nm′)x),

ãäå

ck =
1

K
exp

(
k2

2

) ∞∑
r=|k|

(−1)rexp

(
− (r + 0.5)2

4

)
,

K =

∞∑
r=−∞

(4r + 1)exp

(
− (2r + 0.5)2

4

)
.

Äëÿ ïðîèçâîëüíîé ôóíêöèè f êîýôôèöèåíòû ðàçëîæåíèÿ íàõî-
äÿòñÿ èíòåãðèðîâàíèåì ak,m =

∫ +∞
−∞ f(x)g̃∗k,m(x, α1, α2)dx. Â îòëè÷èå

îò áàçèñîâ äëÿ ôóíêöèé, âõîäÿùèõ âî ôðåéì, ðàçëîæåíèå òîæå òðå-
áóåòñÿ èñêàòü.

Îáû÷íî ïðè ðåøåíèè äèôôåðåíöèàëüíûõ óðàâíåíèé ïðè ïîìîùè
ôðåéìîâ Ãàáîðà èñïîëüçóåòñÿ ïåðåõîä ê êîíå÷íîìåðíîé ñèñòåìå [4] ñ
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÷èñëåííûì ðåøåíèåì ïîëó÷åííîé àëãåáðàè÷åñêîé ñèñòåìû. Â ðàáîòå
âûïèñàíû ôîðìóëû ðàçëîæåíèÿ ïî ôðåéìó Ãàáîðà è ÷èñëåííî ïðî-
âåðåíû äëÿ gk,m(x), xgk,m(x), x2gk,m(x), g′k,m(x), g′′k,m(x). Ïîëó÷åí-
íûå ðåçóëüòàòû ïîçâîëÿò ïðîäëèòü àíàëèòè÷åñêóþ ñîñòàâëÿþùóþ
ðåøåíèÿ è ñêîðàòèòü ðàññ÷åòû.
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ÎÁÐÀÒÍÀß ÇÀÄÀ×À ÄËß ÄÐÎÁÍÎÃÎ
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ ÓÐÀÂÍÅÍÈß

ÊÀÏÓÒÎ-ÔÀÁÐÈÖÈÎ
Ì. Èëîëîâ, Äæ.Ø. Ðàõìàòîâ, Ò. Ìàìàòêóëîâ (Äóøàíáå,

Öåíòð èííîâàöèîííîãî ðàçâèòèÿ íàóêè è íîâûõ òåõíîëîãèé ÍÀÍÒ,
Òàäæèêñêèé íàöèîíàëüíûé óíèâåðñèòåò)

ilolov.mamadsho@gmail.com

1. Â 2015 ãîäó Êàïóòî è Ôàáðèöèî ïðåäëîæèëè íîâóþ êîíöåï-
öèþ äðîáíîé ïðîèçâîäíîé ñ ðåãóëÿðíûì ÿäðîì [1]. Â äàëüíåéøåì
ìíîãèìè àâòîðàìè áûëè óñòàíîâëåíû âàæíûå ñâîéñòâà ýòîé êîíöåï-
öèè è áûëè óêàçàíû åå ïðèëîæåíèÿ â ðàçëè÷íûõ íàïðàâëåíèÿõ íàó-
êè òåõíîëîãèé [2]. Ïðèâîäèì íåêîòîðûå îïðåäåëåíèÿ è óòâåðæäåíèÿ
íåîáõîäèìûå â äàëüíåéøåì.

Îïðåäåëåíèå 1 ([1]). Ïóñòü 0 < α < 1 è u : R+ → R íåïðå-
ðûâíàÿ äèôôåðåíöèðóåìàÿ ôóíêöèÿ. Äðîáíàÿ ïðîèçâîäíàÿ Êàïóòî-
Ôàáðèöèî ïîðÿäêà α îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì

CFDα
t u(t) =

1

1− α

∫ t

0

exp

[
− α(t− s)

1− α

]
u′(s)ds, t ⩾ 0.

© Èëîëîâ Ì.È., Ðàõìàòîâ Äæ.Ø., Ìàìàòêóëîâ Ò., 2025
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Íàïîìíèì âàæíûå åå ñâîéñòâà:
(i) Äëÿ α→ 1 èìååì

lim
α→1

CFDα
t u(t) = u′(t). (1)

(ii) Îáîçíà÷èì ÷åðåç L(u) ïðåîáðàçîâàíèå Ëàïëàñà ôóíêöèè u.
Ïðåîáðàçîâàíèå Ëàïëàñà äðîáíîé ïðîèçâîäíîé CFDα

t ñ 0 < α < 1
èìååò âèä

L(CFDα
t u)(λ) =

λL(u)(λ)− u(0)

λ(1− α) + α
, λ > 0. (2)

Çàìå÷àíèå 1. Çàìåòèì, ÷òî äðîáíàÿ ïðîèçâîäíàÿ Êàïóòî-
Ôàáðèöèî èìååò íåñèíãóëÿðíîå ÿäðî, à èìåííî exp[− αt

1−α ]. Íàïðî-
òèâ, êëàññè÷åñêèå äðîáíûå ïðîèçâîäíûå Êàïóòî è Ðèìàíà-Ëèóâèëëÿ
èìåþò ñèíãóëÿðíîå ÿäðî gα(t) = tα−1

Γ(α) , 0 < α < 1. Ýòî ïîçâîëÿåò íàì

èññëåäîâàòü âàæíûå ñâîéñòâà íåëîêàëüíîãî îïåðàòîðà CFDα
t . Îäíèì

èç î÷åâèäíûõ íî î÷åíü âàæíûõ ñâîéñòâ ýòîãî îïåðàòîðà ÿâëÿåòñÿ

CFDα
t u(0) = 0, 0 < α < 1.

Ëåììà 1. Ïóñòü g ∈ C(R+), òîãäà ðåøåíèå çàäà÷è Êîøè äëÿ
äðîáíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ Êàïóòî-Ôàáðèöèî (3)

CFDα
t u(t) = g(t), t > 0, 0 < α ⩽ 1 (3)

ñ óñëîâèåì

u(0) = u0

èìååò âèä

u(t) = u0 + (1− α)(g(t)− g0) + α

∫ t

0

g(s)ds.

2. Ñôîðìóëèðóåì òåïåðü îáðàòíûå çàäà÷è. Ïóñòü 0 < t0 < T <∞.
Íàøà îñíîâíàÿ îáðàòíàÿ çàäà÷à ñîñòîèò â ðåêîíñòðóêöèè ôóíêöèè
íà (0, t0) ïðè óñëîâèè, ÷òî ýòà ôóíêöèÿ è åå ïðîèçâîäíàÿ çàäàíû íà
(t0, T ).

ÎÇ1. Äëÿ çàäàííûõ ôóíêöèé φ,Φ : (t0, T ) → R íàéòè ôóíêöèþ
íà u(0, T ) → R òàêóþ, ÷òî

u

∣∣∣∣
(t0,T )

= φ è CFDα
0 u

∣∣∣∣
(t0,T )

= Φ. (4)
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Ñìûñë ÎÇ1 ñîñòîèò â ðåêîíñòðóêöèè èñòîðèè â óðàâíåíèè ñóá-
äèôôóçèè, êîãäà ïîòîê ïðîïîðöèîíàëåí äðîáíîìó ïî âðåìåíè ïðî-
èçâîäíîé îò òåìïåðàòóðíîãî ãðàäèåíòà [3].

Äàëåå ñôîðìóëèðóåì ÎÇ2, êîòîðàÿ äîïóñêàåò ðåäóêöèþ ê ÎÇ1.
ÎÇ2. Äëÿ çàäàííûõ ôóíêöèé φ,Φ : Ω × (t0, T ) → R íàéòè u, F :

Ω× (0, T ) → R òàêèå, ÷òî

CFDα
0 βu(x, t) +Dlu(x, t)−Au(x, t) = F (x, t), x ∈ Ω, t ∈ (0, T ) (5)

è

u

∣∣∣∣
Ω×(t0,T )

= φ, F

∣∣∣∣
Ω×(0,T0)

= Φ.

Çäåñü, Ω ⊆ RN ñ íåêîòîðûì ÷èñëîì N ∈ N, Dl =
∑l
j=1 qj

∂j
∂t ,

ñ íåêîòîðûì l ∈ N, qj ∈ R, è A è B îïåðàòîðû äåéñòâóþùèå íà
ôóíêöèè çàâèñÿùèå îò x. Äàëåå âñþäó áóäåì ñ÷èòàòü, ÷òî A è B ñ èõ
îáëàñòÿìè îïðåäåëåíèÿ D(A) è D(B) òàêèå, ÷òî A : D(A) ⊆ C(Ω) →
C(Ω), B : D(B) ⊆ C(Ω) → C(Ω). Êðîìå òîãî áóäåì ïðåäïîëàãàòü,
÷òî B îáðàòèìûé îïåðàòîð.

Óðàâíåíèå (5) ÿâëÿåòñÿ îáîáùåíèåì äðîáíîãî âîëíîâîãî óðàâíå-
íèÿ Êàïóòî

CDβ
0u+ λ(−∆)αu = F, β ∈ (1, 2), α ∈ [0.5, 1], λ > 0,

çàòóõàþùåãî âîëíîâîãî óðàâíåíèÿ Ðèìàíà-Ëèóâèëëÿ

∂2

∂t2
u+ µRDβ

0u− λ∆u = F, β ∈ (0, 1) ∪ (1, 2)

è íåêîòîðûõ óðàâíåíèé ñóáäèôôóçèè âèäà

CDβ
0u− λ∆u = F è

∂

∂t
u− λRDα

0∆u, 0 < α < 1.

Îòìåòèì, ÷òî îïåðàòîðû A è B â (5) ìîãóò áûòü íåëèíåéíû-
ìè. Â ñëó÷àå êîãäà Φ = 0, ÎÇ2 îçíà÷àåò ðåêîíñòðóêöèþ èñòî÷íèêà,
êîòîðûé áûë àêòèâíûì â ïðîøëîì èñïîëüçóÿ ñîñòîÿíèå u â ëåâîé
îêðåñòíîñòè T . Òàêîãî ðîäà îáðàòíûå çàäà÷è âîçíèêàþò â ñåéñìîëî-
ãèè, ãåîòåðìèè, çàãðÿçíåíèè ïîäçåìíûõ âîä è ò.ä. [4].

3. Ïðèâîäèì ðåçóëüòàò îá åäèíñòâåííîñòè ðåøåíèÿ (4).
Ïðåäâàðèòåëüíî ñôîðìóëèðóåì îáùåå óòâåðæäåíèå.
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Ëåììà 2. Ïóñòü k äåéñòâèòåëüíàÿ àíàëèòè÷åñêàÿ ôóíêöèÿ è
v ∈ L1(0, t0). Òîãäà

ω(t) =

∫ t0

0

k(t− s)v(s)ds

ÿâëÿåòñÿ äåéñòâèòåëüíîé àíàëèòè÷åñêîé ôóíêöèåé íà (t0,∞).

Íàðÿäó ñ ïðåîáðàçîâàíèåì Ëàïëàñà L(λ) äëÿ ïðîèçâîäíîé
Êàïóòî-Ôàáðèöèî ðàññìîòðèì òàêæå äðóãîå èíòåãðàëüíîå ïðåîáðà-
çîâàíèå ßíãà.

Èíòåãðàëüíîå ïðåîáðàçîâàíèå ßíãà ôóíêöèè u(t) îïðåäåëÿåòñÿ â
âèäå

X (ν) = Y(u(t))(ν) =

∫ ∞

0

e−
t
ν u(t)dt, t > 0

ïðè óñëîâèè, ÷òî èíòåãðàë ñïðàâà ñóùåñòâóåò äëÿ íåêîòîðîãî ν.
Îòìåòèì ñâÿçü ìåæäó ïðåîáðàçîâàíèåì Ëàïëàñà è ßíãà â âèäå

ñëåäóþùèõ óòâåðæäåíèé.
Ëåììà 3. Ïóñòü L(ν) ïðåîáðàçîâàíèå Ëàïëàñà ôóíêöèè u(t) è

X (ν) ïðåîáðàçîâàíèå ßíãà. Òîãäà

X (ν) = L(1/ν).

Ëåììà 4. Ïóñòü u(t) ∈ C(R+). Òîãäà ïðåîáðàçîâàíèå ßíãà äðîá-
íîé ïðîèçâîäíîé CFDα

t , 0 < α < 1 èìååò âèä

Y(CFDα
t u)(ν) =

Y[u(t)− νu(0)]

1 + α(1− ν)
.

Òåïåðü ñôîðìóëèðóåì îñíîâíîé ðåçóëüòàò.
Òåîðåìà 1. Ïóñòü Wn

1 (0, T )-ïðîñòðàíñòâî Ñîáîëåâà n-ðàç äèô-
ôåðåíöèðóåìûõ îáîáùåííûõ ôóíêöèé çàäàííûå íà (0, T ). Ïóñòü
òàêæå

CFDα
t u

∣∣∣∣
(t0,T )

= 0.

Òîãäà çàäà÷à (4) èìååò ëèøü íóëåâîå ðåøåíòå, u = 0.

Äîêàçàòåëüñòâî òåîðåìû îñíîâàíî íà ïðåäûäóùèõ ëåììàõ 1-4 è
íà ïðèìåíåíèè ïðåîáðàçîâàíèÿ ßíãà è ìåòîäà äåêîìïîçèöèè Àäàìÿ-
íà.

159



Ëèòåðàòóðà
1. Caputo M. A new de�nition of fractional derivative without

singular kernel / M. Caputo, M. Fabrizio // Prog. Fract. Di�er. Appl. �
2015. �1. � pp. 73�85.

2. Abbas S. Caputo-Fabrizio fractional di�erential equations with
instantenous impulses /S. Abbas, M. Benchonza, J.J. Nieto //
Mathematics. �2021. �6. � pp. 2932�2946.

3. Postvenko Ju. Fractional heat conduction equation and associated
thermal stress / Ju. Postvenko. �2004. �28. � pp. 81�102.

4. Ilolov, M.(2024). A Regularization Method for an Inverse
Problem Represented by a First-Kind Integral Equation / M. Ilolov,
K. Kuchakshoev, J.Sh. Rahmatov // In: Ashyralyev, A., Ruzhansky,
M., Sadybekov, M.A. (eds) Analysis and Applied Mathematics. � AAM
2022. � Trends in Mathematics(). � vol 6. � Birkhauser, Cham. �
https : //doi.org/10.1007/978− 3− 031− 62668− 5−23

ÎÁ ÀÏÏÐÎÊÑÈÌÀÖÈÈ ÍÅÊÎÒÎÐÛÕ
ÏÎÑËÅÄÎÂÀÒÅËÜÍÎÑÒÅÉ ÏÎËÎÆÈÒÅËÜÍÛÕ

ÎÏÅÐÀÒÎÐÎÂ ÑÂÅÐÒÊÈ
Ìèãäàä È. Èñìàéëîâ (Àçåðáàéäæàíñêèé Ãîñóäàðñòâåííûé

Óíèâåðñèòåò Íåôòè è Ïðîìûøëåííîñòè, Áàêèíñêèé Èíæåíåðíûé
Óíèâåðñèòåò)

migdad-ismailov@rambler.ru

Â ðàáîòå äîêàçàíû îáîáùåíèÿ àíàëîãà òåîðåìû Êîðîâêèíà ([1])
â ïðîñòðàíñòâàõ Îðëè÷à è â ïðîñòðàíñòâàõ Ëåáåãà ñ ïåðåìåííûì
ïîêàçàòåëåì ñóììèðóåìîñòè.

Ïóñòü C2π(R) è L
p
2π(R), 1 ⩽ p < +∞, ïðîñòðàíñòâà ôóíêöèé èç

C[−π, π] è Lp(−π, π) è ñîîòâåòñòâåííî, êîòîðûå 2π -ïåðèîäè÷åñêè
ïðîäîëæåíû íà âñþ ïðÿìóþ R. Ïóñòü {φn}n∈N ⊂ L1

2π(R) òàêàÿ,

÷òî φn ⩾ 0 ï.â. íà R è lim
n→∞

1
2π

π∫
−π

φn(t)dt = 1. Ïîñëåäîâàòåëü-

íîñòü {φn}n∈N íàçûâàåòñÿ àïïðîêñèìàòèâíî òîæäåñòâåííûì, åñëè
lim
n→∞

1
2π

∫
δ⩽|t|⩽π

φn(t)dt = 0, ∀δ ∈ (0, π). Ðàññìîòðèì ïîñëåäîâàòåëü-

íîñòü îïåðàòîðîâ ñâåðòêè

Ln(f)(x) =
1

2π

∫ π

−π
f(x− t)φn(t)dt, n ∈ N, f ∈ Lp2π(R).

© Èñìàéëîâ Ìèãäàä È., 2025
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Â [2] óñòàíîâëåíû ýêâèâàëåíòíûå óñëîâèÿ ñõîäèìîñòè â Lp2π(R)
ïîñëåäîâàòåëüíîñòè îïåðàòîðîâ Ln ê òîæäåñòâåííîìó îïåðàòîðó. Â
ãðàíä-ïðîñòðàíñòâàõ Ëåáåãà ýòîò âîïðîñ èçó÷àëñÿ â [3]. Â ïðåäëà-
ãàåìîé ðàáîòå ðåçóëüòàò äîêàçûâàåòñÿ â ïðîñòðàíñòâàõ Îðëè÷à è â
ïðîñòðàíñòâàõ Ëåáåãà ñ ïåðåìåííûì ïîêàçàòåëåì ñóììèðóåìîñòè.

Ïóñòü Φ(t) : [0,+∞) → R - ôóíêöèÿ Þíãà, ÷åðåç LΦ(−π, π) îáî-
çíà÷àåòñÿ áàíàõîâî ïðîñòðàíñòâî Îðëè÷à ([4]) èçìåðèìûõ íà [−π, π]
ôóíêöèé f : [−π, π] → C ñ êîíå÷íîé Ëþêñåìáóðã-íîðìîé

∥f∥Φ = inf

{
λ > 0 :

∫ π

−π
Φ

(
|f(x)|
λ

)
dx ⩽ 1

}
.

Ïóñòü LΦ
2π(R) ïðîñòðàíñòâî ôóíêöèé f ∈ LΦ(−π, π) êîòîðûå 2π-

ïåðèîäè÷åñêè ïðîäîëæåíû íà âñþ ïðÿìóþ R.
Òåîðåìà 1.Ïóñòü ïðîñòðàíñòâî LΦ(Ω) ðåôëåêñèâíî. Òîãäà ñëå-

äóþùèå ñâîéñòâà ýêâèâàëåíòíû:
a) ∀f ∈ LΦ

2π(R) lim
n→∞

∥Lnf − f∥Φ = 0 è ∀f ∈ C2π(R)

lim
n→∞

∥Lnf − f∥∞ = 0;

b) lim
n→∞

βn = lim
n→∞

1
2π

∫ π
−π φn(t) sin

2 t
2dt = 0;

c) {φn}n∈N � àïïðîêñèìàòèâíî òîæäåñòâåííîå.
Ïóñòü äàíà ôóíêöèÿ p(·) : [−π, π] → [1,+∞) è p+ = ess sup

x∈[−π,π]
p(x).

Îáîçíà÷èì ÷åðåç Lp(·)(−π, π) áàíàõîâî ïðîñòðàíñòâî Ëåáåãà ñ ïå-
ðåìåííûì ïîêàçàòåëåì p(·) èçìåðèìûõ íà [−π, π] ôóíêöèé f :
[−π, π] → C ñ êîíå÷íîé íîðìîé ([5])

∥f∥p(·) = inf

{
λ > 0 :

∫ π

−π

(
|f(x)|
λ

)p(x)
dx ⩽ 1

}
.

Îïðåäåëåíèå 1. Ãîâîðÿò, ÷òî ôóíêöèÿ p(x) óäîâëåòâîðÿåò óñëîâèþ
log-Ã¼ëüäåðà (êîðîòêî p ∈ Plog(−π, π), åñëè ∃c > 0 òàêîå, ÷òî

|p(x1)− p(x2)| ⩽ − c

ln |x1 − x2|
,∀x1, x2 ∈ [−π, π], |x1 − x2| ⩽

1

2
.

Ïóñòü Lp(·)2π (−π, π) ïðîñòðàíñòâî ôóíêöèé f ∈ Lp(·)(−π, π) êîòîðûå
2π-ïåðèîäè÷åñêè ïðîäîëæåíû íà âñþ ïðÿìóþ R.

Ñïðàâåäëèâà
Òåîðåìà 2. Ïóñòü p ∈ Plog(−π, π) è p+ < +∞. Ñëåäóþùèå ñâîé-

ñòâà ýêâèâàëåíòíû:
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a) ∀f ∈ L
p(·)
2π (R) lim

n→∞
∥Lnf − f∥p(·) = 0 è

∀f ∈ C2π(R) lim
n→∞

∥Lnf − f∥∞ = 0;

b) lim
n→∞

βn = 0;

c) {φn}n∈N � àïïðîêñèìàòèâíî òîæäåñòâåííîå.
Îòìåòèì, ÷òî äîñòàòî÷íîñòü óñëîâèÿ ñõîäèìîñòè ïîñëåäîâàòåëü-

íîñòè îïåðàòîðîâ ñâåðòêè â ïðîñòðàíñòâå Lp(·)2π (R) ê òîæäåñòâåííîìó
îïåðàòîðó, äðóãèì ñïîñîáîì, èçó÷àëàñü â [6].
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Â òåîðèè öåëûõ è ñóáãàðìîíè÷åñêèõ ôóíêöèé îäíîé èç âàæíåé-
øèõ ïðîáëåì ÿâëÿåòñÿ ïðîáëåìà ñâÿçè ìåæäó ðîñòîì öåëîé (ñóáãàð-
ìîíè÷åñêîé) ôóíêöèè è ðàñïðåäåëåíèåì íóëåé öåëîé (ðèññîâñêîé ìå-
ðû ñóáãàðìîíè÷åñêîé) ôóíêöèè. Â äàííîé ðàáîòå èññëåäóåòñÿ ñâÿçü
ðàññòîÿíèÿ ìåæäó ìíîæåñòâîì íóëåé öåëîé ôóíêöèè è òî÷êàìè, â
êîòîðûõ äîñòèãàåòñÿ ìàêñèìóì ìîäóëÿ. Ïåðâûå ðåçóëüòàòû â ýòîì
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íàïðàâëåíèè áûëè ïîëó÷åíû À. Ìàêåíòàéðîì â ðàáîòå [1]. Äàëü-
íåéøåå ðàçâèòèå ýòèõ èäåé ïîëó÷èëî â ðàáîòàõ È.Â. Îñòðîâñêîãî è
À. Þðåéíà (íàïðèìåð, [2]), â êîòîðûõ ïîëó÷èëè áîëåå òî÷íûå îöåíêè
äëÿ èññëåäóåìûõ ðàññòîÿíèé.

Â íàñòîÿùåé ðàáîòå ýòî ðàññòîÿíèå îöåíèâàåòñÿ íà îñíîâå óòî÷-
íåííîãî ïîðÿäêà îòíîñèòåëüíî ìîäåëüíîé ôóíêöèè, êîòîðûé áûë
ââåä¼í Á.Í. Õàáèáóëëèíûì â ðàáîòå [3] è, â äàëüíåéøåì, èñïîëüçî-
âàëñÿ àâòîðàìè ðàáîòû [4] äëÿ óòî÷íåíèÿ êëàññè÷åñêèõ ðåçóëüòàòîâ
è ïðèëîæåíèé â òåîðèè ðîñòà öåëûõ è ñóáãàðìîíè÷åñêèõ ôóíêöèé.

Îïðåäåëåíèå 1. Ôóíêöèÿ M íà îòêðûòîì ëó÷å R+, ñòðîãî
ïîëîæèòåëüíàÿ è âûïóêëàÿ îòíîñèòåëüíî ëîãàðèôìà, äëÿ êîòî-
ðîé M ′(r) > 0 ïðè âñåõ r ∈ R+ è lim

r→+∞
M(r) = +∞, íàçûâàåòñÿ

ìîäåëüíîé ôóíêöèåé ðîñòà.
Îïðåäåëåíèå 2. Àáñîëþòíî íåïðåðûâíàÿ ôóíêöèÿ ρM íàçûâà-

åòñÿ óòî÷í¼ííûì ïîðÿäêîì îòíîñèòåëüíî ìîäåëüíîé ôóíêöèè ðî-
ñòà M(r), åñëè ñóùåñòâóþò ïðåäåëû

lim
r→+∞

ρM (r) = ϱ ∈ R, lim
r→+∞

M(r)

M ′(r)
ρ′M (r) lnM(r) = 0 .

Çäåñü ïîä ρ′M (r) ìû ïîíèìàåì íàèáîëüøåå ïðîèçâîäíîå ÷èñëî.
Äàëåå, ïîñêîëüêó ìîäåëüíàÿ ôóíêöèÿ ðîñòà M ôèêñèðîâàííàÿ, òî
èíäåêñ M â îáîçíà÷åíèè óòî÷íåííîãî ïîðÿäêà ìû áóäåì îïóñêàòü.

Îáîçíà÷èì ÷åðåç Zf ìíîæåñòâà íóëåé ôóíêöèè f(z). Ïîä
dist(a,G) áóäåì ïîíèìàòü ðàññòîÿíèå ìåæäó òî÷êîé a è ìíîæåñòâîì
G:

dist(a,G) = inf
z∈G

|a− z|.

Òåîðåìà Ïóñòü ρM (r) � ñîáñòâåííûé óòî÷íåííûé ïîðÿäîê öå-
ëîé ôóíêöèè f(z) è σ = σf � òèï ôóíêöèè f(z) îòíîñèòåëüíî
ìîäåëüíîé ôóíêöèè ρM (r). Òîãäà

lim
|w|→∞

dist(w,Zf )
ψ(|w|)V ′(|w|)

|w|
⩾

− exp(Mϱ(1))

σ ·Mϱ(e
1
ϱ )

.

ãäå w � òî÷êà ìàêñèìóìà ìîäóëÿ, V (r) = (M(r))ρ(r) � ôóíêöèÿ
ðîñòà, îòíîñèòåëüíî ìóëüòèïëèêàèâíîé ìîäåëüíîé ôóíêöèè M(r)
è ψ(r) = 1

(lnM(r))′ .
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Â ïîñëåäíåå âðåìÿ âîçíèêàåò èíòåðåñ ê ðàçðàáîòêå âû÷èñëèòåëü-
íî ýôôåêòèâíûõ àëãîðèòìîâ ðåøåíèÿ ïðÿìûõ è îáðàòíûõ ñïåê-
òðàëüíûõ çàäà÷, çàäàííûõ íà êâàíòîâûõ ãðàôàõ ñ èçìåíÿþùèìèñÿ
âî âðåìåíè ðåáðàìè. Â ðàáîòå îïèñàíà ìåòîäèêà ðåøåíèÿ ïðÿìûõ
ñïåêòðàëüíûõ çàäà÷ äëÿ äèôôåðåíöèàëüíûõ îïåðàòîðîâ â ÷àñòíûõ
ïðîèçâîäíûõ, çàäàííûõ íà ãðàôàõ òèïà çâåçäà ñ ïåðåìåííûìè äëè-
íàìè ðåáåð, êîòîðàÿ ïðîèëëþñòðèðîâàíà íà ïðèìåðå îïåðàòîðà òåï-
ëîïðîâîäíîñòè.

Ðàññìîòðèì äâà âèäà ãðàôà-çâåçäà: ãðàô G0, ó êîòîðîãî äëèíû
ðåáåð Lj ïîñòîÿííûå è ãðàô Gt, ó êîòîðîãî äëèíû ðåáåð èçìåíÿ-
þòñÿ âî âðåìåíè ïî çàêîíàì Lj(t) = ljL(t), lj ∈ R+. Íà ãðàôå
G = G0

⋃
Gt ââåäåì íåîáõîäèìîå íàì ïðîñòðàíñòâî ñóììèðóåìûõ

ñ êâàäðàòîì ôóíêöèé L2,1(G)

||u||L2,1(G) =

T∫
0

(∫
G

(y, t)dy
)1/2

dt, y = (y1, ..., yj0), yj ∈ (0, Lj(t)).

Äëÿ íàõîæäåíèÿ ñîáñòâåííûõ çíà÷åíèé {µn}∞n=1 âåêòîð-
îïåðàòîðà òåïëîïðîâîäíîñòè çàäàííîãî íà ãðàôå Gt, ðàññìîòðèì
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ñëåäóþùèå ñïåêòðàëüíûå çàäà÷è

∂ψj
∂t

− ∂2ψj
∂x2j

= µψj , xj = (0, Lj(t)), j = 1, j0,

ψ1(0, t) = . . . = ψj0(0, t) = 0, ψ1(L1(t), t) = . . . = ψj0(Lj0(t), t), (1)

j0∑
j=1

∂

∂xj
ψj(Lj(t), t) = 0, ψj(xj , 0) = φj(xj)

äëÿ åãî ïðîåêöèé íà ðåáðà ãðàôà. Èñïîëüçóÿ çàìåíó ïåðåìåííûõ,

yj =
xj
L(t)

, t1 = t, 0 ⩽ yj ⩽ lj

ïåðåéäåì îò çàäà÷ (1), çàäàííûõ íà ãðàôå Gt, ê ýêâèâàëåíòíûì ñïåê-
òðàëüíûì çàäà÷àì íà ãðàôå G0

∂

∂t
ψj(yj , t)−

1

L2(t)

∂2

∂y2j
ψj(yj , t)−

L̇(t)

L(t)
yj

∂

∂yj
ψj(yj , t) = µψ(yj , t),

ψ1(0, t) = · · · = ψj0(0, t), ψ1(l1, t) = · · · = ψj0(lj0 , t),

j0∑
j=1

∂

∂yj
ψj(lj , t) = 0, ψj(yj , 0) = φj(yj).

Íà îñíîâå ðàçðàáîòàííîé ìåòîäèêè âû÷èñëåíèÿ ñîáñòâåííûõ çíà-
÷åíèé äèñêðåòíûõ ïîëóîãðàíè÷åííûõ îïåðàòîðîâ íàéäåíû ôîðìóëû
äëÿ âû÷èñëåíèÿ ïðèáëèæåííûõ ñîáñòâåííûõ çíà÷åíèé µ̃n(t) â ìî-
ìåíò âðåìåíè t = T âåêòîð-îïåðàòîðà òåïëîïðîâîäíîñòè [1]

µ̃n(T ) = −D
2
n

2

(
1− e−2λnT

)
+D2

n

T∫
0

Rn(t)
e−2λnt

L(t)
dt+ δ̃n(T ),

ãäå

Rn(t) =
λ2n
L(t)

− B2
nL̇(t)

8λn

j0∑
j=1

sin(2λnlj)− 2λnlj cos(2λnlj)

sin2(λnlj)
,

Dn =

√
2λn

1− e−2λnT
, Bn =

√√√√√√√
2

j0∑
j=1

lj −
sin(2λnlj)

2λn
sin2(λnlj)

,
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λn − êîðíè òðàíñöåíäåíòíîãî óðàâíåíèÿ
j0∑
j=1

ctg(λlj) = 0.
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Ìíîæåñòâî A ⊂ D � ìíîæåñòâî åäèíñòâåííîñòè äëÿ ñèñòåìû
ôóíêöèé (fn) ñ îáëàñòüþ îïðåäåëåíèÿ D, åñëè èç ñõîäèìîñòè ê íó-
ëþ íà D\A ðÿäà

∑
n cnfn âûòåêàåò ðàâåíñòâî íóëþ âñåõ cn. Òàêèå

ìíîæåñòâà äëÿ ìíîãèõ ñèñòåì (íàïð., òðèãîíîìåòðè÷åñêîé, Óîëøà,
Õààðà, Ôðàíêëèíà) ñëóæèëè ïðåäìåòîì ìíîãî÷èñëåííûõ èññëåäîâà-
íèé.

Ëàêóíàðíûå â ðàçíûõ ñìûñëàõ ñèñòåìû (φk : [0, 1] → R) ÷àñòî ÿâ-
ëÿþòñÿ ñèñòåìàìè ε-åäèíñòâåííîñòè, ò.å. òàêèìè, ÷òî äëÿ íåêîòîðîãî
ε > 0 ñõîäèìîñòü ê íóëþ íà ìíîæåñòâå ìåðû > 1 − ε ðÿäà

∑
k ckφk

âëå÷åò ðàâåíñòâî íóëþ âñåõ ck. Òàê, âñå ñèñòåìû, äëÿ êîòîðûõ èìååò
ìåñòî L2-Lq-íåðàâåíñòâî Õèí÷èíà (ñèñòåìû q-ëàêóíàðíîñòè) ÿâëÿ-
þòñÿ ñèñòåìàìè ε-åäèíñòâåííîñòè [1].

Ìû èçó÷àëè êëàññ ñèñòåì ôóíêöèé, êîòîðûå ïî íåêîòîðûì ñâîé-
ñòâàì âåäóò ñåáÿ ïîäîáíî ëàêóíàðíûì, à ïî äðóãèì � íåò.

Ïóñòü çàäàíî íàòóðàëüíîå p ⩾ 2, ω := exp(2πi/p). Ôóíêöèè
Rk(x) := ω⌊x·pk+1⌋, k = 0, 1, . . ., x ∈ [0, 1), íàçûâàþò îáîáùåííûìè
ôóíêöèÿìè Ðàäåìàõåðà, à èõ âñåâîçìîæíûå êîíå÷íûå ïðîèçâåäåíèÿ
� ôóíêöèÿìè Âèëåíêèíà�Êðåñòåíñîíà (Óîëøà ïðè p = 2). Îáîçíà-
÷èì Ep êëàññ ïîäñèñòåì ñèñòåìû Âèëåíêèíà�Êðåñòåíñîíà, êàæäàÿ
èç êîòîðûõ çàäàåòñÿ ñ÷åòíûì ìíîæåñòâîìM òàêèì, ÷òî äëÿ êàæäî-
ãî k ∈ N0 ìíîæåñòâà {n ∈M : nk ̸= 0} êîíå÷íû, nk � êîýôôèöèåíòû
p-è÷íîãî ðàçëîæåíèÿ ÷èñëà n. Â ñëó÷àå p = 2 òàêèå ìíîæåñòâà M
ðàññìàòðèâàëèñü â ðÿäå çàäà÷ Ëóêîìñêèì [2].

Òåîðåìà 1. Ìíîæåñòâàìè åäèíñòâåííîñòè äëÿ Ep-ñèñòåì ÿâ-
ëÿþòñÿ âñå ìíîæåñòâà X ⊂ [0, 1), ¾ìàëûå¿ ëèáî ñ ìåòðè÷åñêîé
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òî÷êè çðåíèÿ (µX = 0), ëèáî ñ òîïîëîãè÷åñêîé (ìíîæåñòâà ïåðâîé
êàòåãîðèè).

Íàïðèìåð, ìíîæåñòâà äèîôàíòîâûõ è ëèóâèëëåâûõ ÷èñåë èç [0, 1)
� ìíîæåñòâà åäèíñòâåííîñòè äëÿ êàæäîé èç Ep-ñèñòåì (à èõ îáúåäè-
íåíèå � íåò).

Òåîðåìà 2. Ñóùåñòâóþò Ep-ñèñòåìû, íå ÿâëÿþùèåñÿ ñèñòåìà-
ìè ε-åäèíñòâåííîñòè è, êàê ñëåäñòâèå, íå ÿâëÿþùèåñÿ ñèñòåìàìè
q-ëàêóíàðíîñòè íè äëÿ êàêîãî q > 2.

Òåîðåìà 1 ÿâëÿåòñÿ àíàëîãîì òåîðåìû èç [3] äëÿ ëàêóíàðíûõ (ïî
Àäàìàðó) ïîäñèñòåì Óîëøà, Â òîæå âðåìÿ, êàê ïîêàçûâàåò òåîðå-
ìà 2, â âîïðîñàõ q-ëàêóíàðíîñòè è ε-åäèíñòâåííîñòè ðÿäû ïî íåêî-
òîðûì Ep-ñèñòåìàì âåäóò ñåáÿ èíà÷å, íåæåëè ëàêóíàðíûå ðÿäû Óî-
ëøà. Êðîìå òîãî, åùå îäíî ñâîéñòâî ëàêóíàðíûõ ðÿäîâ Óîëøà, ñî-
ñòîÿùåå â òîì, ÷òî ñõîäÿùèéñÿ ê íóëþ íà ìíîæåñòâå ïîëîæèòåëüíîé
ìåðû òàêîé ðÿä âûðîæäàåòñÿ â ïîëèíîì, òîæå íå âûïîëíÿåòñÿ äëÿ
Ep-ñèñòåì.

Èç òåîðåìû 2 âûòåêàåò, ÷òî òåîðåìà 1 òî÷íà â ÷àñòè, ñâÿçàííîé
ñ ìåðîé: µ(X) = 0 íåëüçÿ çàìåíèòü ñðàçó äëÿ âñåãî êëàññà Ep íà
µ(X) = δ íè äëÿ êàêîãî δ > 0.

Äëÿ òðèãîíîìåòðè÷åñêèõ àíàëîãîâ Ep-ñèñòåì âåðåí ãîðàçäî áîëåå
ñèëüíûé àíàëîã ìåòðè÷åñêîé ÷àñòè òåîðåìû 1: ìíîæåñòâàìè åäèí-
ñòâåííîñòè äëÿ íèõ ÿâëÿþòñÿ âñå ìíîæåñòâà íåïîëíîé ìåðû [4].

Ïåðâûé àâòîð ÿâëÿåòñÿ ñòèïåíäèàòîì Ôîíäà ðàçâèòèÿ òåîðåòè-
÷åñêîé ôèçèêè è ìàòåìàòèêè ¾ÁÀÇÈÑ¿.
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Äîêëàä ïîñâÿùåí òî÷íîé îöåíêå ÷èñëà ñàìîïåðåñå÷åíèé ó ïëîñ-
êîé çàìêíóòîé êðèâîé ñ òðèãîíîìåòðè÷åñêîé ïàðàìåòðèçàöèåé. Êðî-
ìå òîãî, ïîêàçûâàåòñÿ, ÷òî òàêàÿ êðèâàÿ îáùåãî âèäà ÿâëÿåòñÿ íîð-
ìàëüíîé â ñìûñëå Óèòíè è ÷òî âëîæåíèÿ îêðóæíîñòåé ÿâëÿþòñÿ
ïëîòíûìè ñðåäè âñåõ îòîáðàæåíèé îêðóæíîñòè â ïëîñêîñòü îòíîñè-
òåëüíî èíòåãðàëüíîé íîðìû.

Îñíîâàíî íà ñîâìåñòíûõ ðàáîòàõ ñ Ë.Â. Êîâàëåâûì [1] è [2].
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Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà àíàëèçó ïðåäåëüíûõ öèêëîâ äëÿ
êóñî÷íî-ëèíåéíûõ ñèñòåì ñ ðàçðûâîì íà ëèíèè ïåðåêëþ÷åíèÿ [1-3].
Ââåäåì â ðàññìîòðåíèå ôóíêöèþ h(y, y′) = y2 + (y′)2 − r2, ãäå r ∈ R,
è êóñî÷íî-ëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå âèäà

y′′ + g(y, y′) = 0, (1)

ãäå

g(y, y′) =

 a1y
′ + b1(y − c1), h(y, y

′) > 0,

a2y
′ + b2(y − c2), h(y, y

′) < 0,
(2)
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çäåñü ai, bi, ci � âåùåñòâåííûå ÷èñëà, i = 1, 2. Îêðóæíîñòü, îïèñûâà-
åìàÿ ðàâåíñòâîì h(y, y′) = 0, ÿâëÿåòñÿ ëèíèåé ïåðåêëþ÷åíèÿ.

Çàìåòèì, ÷òî ôóíêöèÿ g(y, y′) íà ëèíèè h(y, y′) = 0 â îáùåì ñëó-
÷àå èìååò ðàçðûâ. Äèôôåðåíöèàëüíîå óðàâíåíèå âèäà (1), ãäå g(y, y′)
îïðåäåëÿåòñÿ ðàâåíñòâîì (2), íàçûâàþò ¾ñøèòûì¿ èëè ¾ñêëååííûì¿
äèôôåðåíöèàëüíûì óðàâíåíèåì [2]. Êàê èçâåñòíî [1, 2], ìíîãèå ïðè-
êëàäíûå çàäà÷è ïðèâîäÿò ê ðàññìîòðåíèþ ïîäîáíûõ ñøèòûõ ñèñòåì.

Óðàâíåíèå (1) ýêâèâàëåíòíî ñëåäóþùåé ñèñòåìå äèôôåðåíöèàëü-
íûõ óðàâíåíèé ïåðâîãî ïîðÿäêà ẋ1 = x2,

ẋ2 = −g(x1, x2),
(3)

ãäå x1 = y, x2 = y′. Òðàåêòîðèè ñèñòåìû (3) â îáëàñòÿõ G1 =
{(x1, x2) : h(x1, x2) > 0} è G2 = {(x1, x2) : h(x1, x2) < 0} îïðåäå-
ëÿþòñÿ ðåøåíèÿìè ëèíåéíûõ ñèñòåì ẋ1 = x2,

ẋ2 = −a1y′ − b1(y − c1),
(4)

è  ẋ1 = x2,

ẋ2 = −a2y′ − b2(y − c2),
(5)

ñîîòâåòñòâåííî. Íà ëèíèè ñøèâàíèÿ h(x1, x2) = 0 òðàåêòîðèÿ ñèñòå-
ìû (3) äîîïðåäåëÿåòñÿ â çàâèñèìîñòè îò ïîâåäåíèÿ ðåøåíèé óêàçàí-
íûõ ëèíåéíûõ ñèñòåì.

Íàñ èíòåðåñóåò ñëó÷àé, êîãäà êîýôôèöèåíòû ai è bi óäîâëåòâî-
ðÿþò óñëîâèþ 4bi > a2i , i = 1, 2. Ýòî îçíà÷àåò, ÷òî êîðíè õàðàêòåðè-
ñòè÷åñêèõ óðàâíåíèé, ñîîòâåòñòâóþùèõ ñèñòåìàì (4) è (5), ÿâëÿþòñÿ
êîìïëåêñíûìè ÷èñëàìè.

Ïóñòü a1 > 0, a2 < 0 è r = 1. Áîëåå ïîäðîáíî ïðîñëåäèì çà
ïîâåäåíèåì òðàåêòîðèè êóñî÷íî-ëèíåéíîé ñèñòåìû (3), êîãäà

|ci| >
1

bi

√
a2i + (1− bi)2, i = 1, 2. (6)

Óñëîâèÿ (6) ýêâèâàëåíòíû òîìó, ÷òî îêðóæíîñòü h(x1, x2) = 0 âî âñåõ
òî÷êàõ, çà èñêëþ÷åíèåì òî÷åê (−1, 0) è (1, 0), íå èìååò êîíòàêòà ñ
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ñèñòåìàìè (4) è (5). Îòìåòèì, ÷òî òî÷êè (−1, 0) è (1, 0) ÿâëÿþòñÿ
îñîáûìè òî÷êàìè ñèñòåìû (3).

Äîïîëíèòåëüíî ïðåäïîëîæèì, ÷òî 0 < c1 < 1 < c2. Ýòè óñëîâèÿ
âìåñòå ñ óñëîâèÿìè (6) ýêâèâàëåíòíû ñëåäóþùèì óñëîâèÿì:

1

b1

√
a21 + (1− b1)2 < c1 < 1, c2 > max

{
1

b2

√
a22 + (1− b2)2, 1

}
. (7)

Íà ðèñóíêå 1 ïðèâåäåí ôàçîâûé ïîðòðåò, èëëþñòðèðóþùèé
óòâåðæäåíèÿ ëåììû.

a) óñòîé÷èâûé ôîêóñ. á) íåóñòîé÷èâûé ôîêóñ.

Ðèñ. 1

Ðèñ. 2
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Èç óñëîâèé (7) ñëåäóåò, ÷òî 1 − bi(1 − ci) ̸= 0, i = 1, 2 è, ñëåäîâà-
òåëüíî, îïðåäåëåíî ÷èñëî

γ =
a1

b1(1− c1)(1− b1(1− c1))
− a2
b2(1− c2)(1− b2(1− c2))

.

Ëåììà. Ïóñòü âûïîëíåíû óñëîâèÿ (7). Òîãäà îñîáàÿ òî÷êà (1, 0)
ñèñòåìû (3) ÿâëÿåòñÿ íåóñòîé÷èâûì ôîêóñîì, åñëè γ < 0, è ÿâëÿ-
åòñÿ óñòîé÷èâûì ôîêóñîì, åñëè γ > 0.

Òåîðåìà. Ïóñòü âûïîëíåíû óñëîâèÿ (7) è γ < 0. Òîãäà ñèñòåìà
(3) èìååò ïðåäåëüíûé öèêë.

Íà ðèñóíêå 2 ïðèâåä¼í ôàçîâûé ïîðòðåò âîçíèêíîâåíèÿ ïðåäåëü-
íîãî öèêëà ñîãëàñíî òåîðåìå.
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Â äàííîé ðàáîòå ðå÷ü èäåò î êîýðöèòèâíûõ îöåíêàõ è ðàçäå-
ëèìîñòè îïåðàòîðà Òðèêîìè â ãèëüáåðòîâîì ïðîñòðàíñòâå. Â ðàáî-
òàõ (ñì.[1]�[4] è èìåþùèåñÿ òàì ññûëêè) èññëåäóþòñÿ êîýðöèòèâíûå
ñâîéñòâà è ðàçäåëèìîñòü äèôôåðåíöèàëüíûõ îïåðàòîðîâ.

Â ïðîñòðàíñòâå L2(R
2) ðàññìàòðèâàåì äèôôåðåíöèàëüíîå óðàâ-

íåíèå

M [u] = −(
∂2u

∂y2
+ y

∂2u

∂x2
) + V (x, y)u(x, y) = f(x, y), (1)

ãäå V (x, y)-ïîëîæèòåëüíàÿ ôóíêöèÿ.
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Äëÿ óäîáñòâà çàïèñè ââîäèì îáîçíà÷åíèå F (x, y) = V 1/2(x, y).
Ïðåäïîëîæèì, ÷òî äëÿ âñåõ òî÷åê (x,y) èç R2 âûïîëíåíû íåðà-

âåíñòâà:∥∥∥∥F−1/2(x, y)
∂F (x, y)

∂y
F−3/2(x, y)

∥∥∥∥2 ⩽ σ1, (∀(x, y) ∈ R2)

∥∥∥∥F−1/2(x, y)y
1
2
∂F (x, y)

∂x
F−3/2(x, y)

∥∥∥∥2 ⩽ χ1, (∀(x.y) ∈ R2)

ãäå 0 < σ1, χ1 < 4, à çíà÷åíèå ôóíêöèè F è åãî ïðîèçâîäíûõ âçÿòû
â òî÷êå (x,y).

Ïóñòü, êðîìå òîãî, âûïîëíåíû íåðàâåíñòâà∥∥∥∥V −1/2(x, y)
∂V (x, y)

∂y
V −1(x, y)

∥∥∥∥2 ⩽ σ, (∀(x, y) ∈ R2)

∥∥∥∥V −1/2(x, y)y
1
2
∂V (x, y)

∂x
V −1(x)

∥∥∥∥2 ⩽ χ, (∀(x.y) ∈ R2)

ãäå 0 < σ, χ < 4.
Òîãäà ñïðàâåäëèâà ñëåäóþùàÿ
Òåîðåìà 1. Ïðè âûïîëíåíèè óñëîâèÿ α < 2, β < 2, σ

2α +
χ
2β < 1 óðàâíåíèå (1) ðàçäåëÿåòñÿ â ïðîñòðàíñòâå L2(R

2). Äëÿ âñåõ

u(x, y) ∈ L2(R
2) ∩ W 2

2 (R
2) òàêèõ, ÷òî L[u] ∈ L2(R

2) ñïðàâåäëèâû
âêëþ÷åíèÿ

−(
∂2u

∂y2
+y2

∂2u

∂x2
), V (x, y)u(x, y), y

1
2V

1
2
∂u

∂x
, V 1/2(x, y)

∂u(x)

∂y
∈ L2(R

2).

Ïðè ýòîì èìååò ìåñòî êîýðöèòèâíîå íåðàâåíñòâî∥∥V u;L2(R
2)
∥∥+ ∥∥∥∥y 1

2V
1
2
∂u

∂x
;L2(R

2)

∥∥∥∥+ ∥∥∥∥V 1
2
∂u

∂y
;L2(R

2)

∥∥∥∥+
+

∥∥∥∥(∂2u∂y2
+ y2

∂2u

∂x2
);L2(R

2)

∥∥∥∥ ⩽ K∥f(x, y);L2(R
2)∥,

ãäå ïîëîæèòåëüíîå ÷èñëî K íå çàâèñèò îò u(x, y), f(x, y).
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Ðàññìàòðèâàåòñÿ îïåðàòîð Øòóðìà�Ëèóâèëëÿ Lq â ãèëüáåðòî-
âîì ïðîñòðàíñòâå L2[0,+∞), ïîðîæäàåìûé äèôôåðåíöèàëüíûì âû-
ðàæåíèåì: lq(y) = −y′′(x) + q(x)y(x), è ãðàíè÷íûì óñëîâèåì â íó-
ëå: y(0) cosα + y′(0) sinα = 0, ãäå q(x) � íåïðåðûâíàÿ íà [0,+∞)
äåéñòâèòåëüíîçíà÷íàÿ ôóíêöèÿ. Îáëàñòü îïðåäåëåíèÿ îïåðàòîðà Lq:
D(Lq) = {y ∈ L2[0,+∞) : y, y′ àáñîëþòíî íåïðåðûâíû íà ëþáîì
[a, b] ⊂ [0,+∞), −y′′+q(x)y ∈ L2[0,+∞) è y(0) cosα+y′(0) sinα = 0}.
Åñëè ïîòåíöèàë q(x) → +∞, x → +∞, òî îïåðàòîð Lq ïîëóîãðàíè-
÷åí ñíèçó è èìååò ÷èñòî äèñêðåòíûé ñïåêòð {λn}n∈N, λn → +∞,
n → +∞ (Ý.×. Òèò÷ìàðø [1], À.M. Ìîë÷àíîâ [2]). Ïîýòîìó ìîæíî
ãîâîðèòü îá àñèìïòîòèêå ñîáñòâåííûõ çíà÷åíèé, çàíóìåðîâàâ èõ â
ïîðÿäêå âîçðàñòàíèÿ.

Â äàííîé ðàáîòå èññëåäóåòñÿ ìåòîä íàõîæäåíèÿ àñèìïòîòèêè ñîá-
ñòâåííûõ çíà÷åíèé îïåðàòîðà Lq äëÿ êëàññîâ ïîòåíöèàëîâ, áûñòðî
ðàñòóùèõ íà áåñêîíå÷íîñòè.

Îáîçíà÷èì ÷åðåç Q̃ êëàññ ôóíêöèé q ∈ C[0,+∞)∩C2(0,+∞), õîòÿ
áû ïðè îäíîì çíà÷åíèè 1 < γ < 4/3 óäîâëåòâîðÿþùèõ óñëîâèÿì:

q′′(x) ⩾ 0, x ⩾ x0, (1)

lim
x→+∞

xq′(x)

q(x)
= +∞ (2)
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q′′(x) ⩽ (q′(x))γ , x ⩾ x0. (3)

Îáîçíà÷èì cn = (πn)2, n ∈ N. Â ðàáîòå [3] äîêàçàíî, ÷òî â ñëó-
÷àå q ∈ Q̃ èìååò ìåñòî àñèìïòîòèêà n ∼ 1

πλ
1/2
n p(λn), n → +∞.

Îòñþäà ïîëó÷àåì, ÷òî λn ∼ cn
p2(λn)

, n → +∞, òî åñòü äëÿ íåêîòî-
ðîé ïîñëåäîâàòåëüíîñòè αn → 1, n → +∞ âûïîëíåíî ðàâåíñòâî:
λn = αncn

p2(λn)
, n ∈ N.

Â ïðèíÿòûõ ðàíåå îáîçíà÷åíèÿõ äëÿ íàòóðàëüíûõ i ïîëîæèì ïî
îïðåäåëåíèþ: R0

n = cn, Lin = αncn
p2(Ri−1

n )
, Rin = αncn

p2(Li
n)
.

Òåîðåìà. Ðàññìîòðèì ïðîèçâîëüíóþ ôóíêöèþ q ∈ Q̃ è îáðàò-
íóþ ê íåé ôóíêöèþ p. Çàôèêñèðóåì äëÿ q ââåäåííûå âûøå îáîçíà÷å-
íèÿ äëÿ ïîñëåäîâàòåëüíîñòåé. Òîãäà â ýòèõ îáîçíà÷åíèÿõ äëÿ âñåõ
íîìåðîâ n, áîëüøèõ íåêîòîðîãî N ∈ N, âåðíû ñëåäóþùèå óòâåð-
æäåíèÿ:

1) Lin < Li+1
n , Ri−1

n > Rin; 2) Lin < λn < Rin, i ∈ N.

Äàííàÿ òåîðåìà äîêàçûâàåòñÿ, îñíîâûâàÿñü íà õàðàêòåðå ðîñòà
ôóíêöèè p, îáðàòíîé äëÿ ïîòåíöèàëà. Ñ ïîìîùüþ ïîëó÷åííîãî ìå-
òîäà ìîæíî èññëåäîâàòü ïîâåäåíèå ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà
Øòóðìà-Ëèóâèëëÿ äëÿ ðàçëè÷íûõ êëàññîâ ïîòåíöèàëîâ, óäîâëåòâî-
ðÿþùèõ óñëîâèÿì ôîðìóë (1), (2) è (3). Ïîäîáíûé ìåòîä ñ êîíå÷íûì
÷èñëîì èòåðàöèîííûõ øàãîâ èñïîëüçîâàí äëÿ íàõîæäåíèÿ àñèìïòî-
òèêè ñïåêòðà îïåðàòîðà Lq â ñëó÷àå áîëåå óçêîãî êëàññà ïîòåíöèà-
ëîâ â ðàáîòå [4]. Àñèìïòîòèêè ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà Lq
ìîãóò èñïîëüçîâàòüñÿ ïðè íàõîæäåíèè ðåãóëÿðèçîâàííûõ ñëåäîâ [5],
[6], ïðè ðåøåíèè îáðàòíûõ çàäà÷ è ïðè íàõîæäåíèè áàçèñíûõ ñâîéñòâ
ñîáñòâåííûõ ôóíêöèé.
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Â äàííîé ðàáîòå èñïîëüçîâàí ìåòîä [1] äëÿ ïîñòðîåíèÿ ðåøåíèÿ
ñìåøàííîé êðàåâîé çàäà÷è ñ óñëîâèÿìè âòîðîãî ðîäà íà áîêîâûõ ãðà-
íÿõ â öèëèíäðè÷åñêîé îáëàñòè ïðÿìîóãîëüíîãî ñå÷åíèÿ ñ äàííûìè
Êîøè íà çàäàííîé ïîâåðõíîñòè.

Â öèëèíäðå ïðÿìîóãîëüíîãî ñå÷åíèÿ

D∞ = {(x, y, z) : 0 < x < lx, 0 < y < ly,−∞ < z < +∞}

ðàññìîòðèì îáëàñòü D(F,H), òî åñòü ÷àñòü öèëèíäðà, îãðàíè÷åííóþ
ñ îäíîé ñòîðîíû ïëîñêîñòüþ z = H, ñ äðóãîé � ïîâåðõíîñòüþ

S = {(x, y, z) : 0 < x < lx, 0 < y < ly, z = F (x, y) < H}, F ∈ C2.

Â îáëàñòè D(F,H) ðàññìîòðèì ñëåäóþùóþ ñìåøàííóþ êðàåâóþ
çàäà÷ó

∆u(M) = 0, M ∈ D(F,H),

u|S = f,
∂u

∂n

∣∣∣
S
= g,

∂u

∂n

∣∣∣
x=0,lx

= 0,
∂u

∂n

∣∣∣
y=0, ly

= 0.
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Ïóñòü ôóíêöèè f è g â çàäà÷å çàäàíû ñ ïîãðåøíîñòüþ, òî åñòü
âìåñòî f è g çàäàíû ôóíêöèè fδ è gδ , òàêèå ÷òî∣∣∣∣fδ − f

∣∣∣∣
L2(S)

⩽ δ,
∣∣∣∣gδ − g

∣∣∣∣
L2(S)

⩽ δ.

Ïîñòðîèì ïðèáëèæåííîå ðåøåíèå, ñõîäÿùååñÿ ê òî÷íîìó ðåøå-
íèþ çàäà÷è ïðè δ → 0.

Óñòîé÷èâîå ïðèáëèæåííîå ðåøåíèå áóäåì ñòðîèòü íà îñíîâå ïðè-
ìåíåíèÿ ìåòîäà ðåãóëÿðèçàöèè Òèõîíîâà. Â êà÷åñòâå ïðèáëèæåííî-
ãî ðåøåíèÿ ðàññìàòðèâàåì ýêñòðåìàëü ôóíêöèîíàëà Òèõîíîâà [2] ñ
óñëîâíûì ñòàáèëèçàòîðîì [3] íóëåâîãî ïîðÿäêà α > 0.

Ïðèáëèæåííîå, óñòîé÷èâîå ê ïîãðåøíîñòÿì â äàííûõ, ðåøåíèå
çàäà÷è ìîæåò áûòü ïîëó÷åíî â âèäå

uδα(M) = vδα(M) + Φδ(M), M ∈ D(F,H).

Ãäå

Φδ(M) =

∫
S

[
gδ(P )φ̃(M,P )− fδ(P )

∂φ̃

∂nP
(M,P )

]
dσP ,

vδα(M) = −
∞∑

n,m=0

Φ̃δnm(a)eknm(zM−a)

1 + αe2knm(H−a) cos
πnxM
lx

cos
πmyM
ly

dxdy.

Φ̃δnm(a) � êîýôôèöèåíòû Ôóðüå ôóíêöèè Φδ(M)|M∈Π(a):

Φ̃δnm(a) =
4ϵnϵm
lxly

∫
Π(a)

Φδ(x, y, a) cos
πnx

lx
cos

πmy

ly
dxdy.

Äëÿ a < min
(x,y)

F (x, y) è M ∈ Π(a), ãäå

Π(a) = {(x, y, z) : 0 < x < lx, 0 < y < ly, z = a}.

a φ̃(M,P ) � ôóíêöèÿ èñòî÷íèêà èñõîäíîé çàäà÷è

φ̃(M,P ) =
1

2lxly
C +

2

lxly

∞∑
n,m=0,n2+m2 ̸=0

ϵnϵm
e−knm|zM−zP |

knm
×

× cos
πnxM
lx

cos
πmyM
ly

cos
πnxP
lx

cos
πmyP
ly
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ãäå

knm =

√(
πn

lx

)2

+

(
πm

ly

)2

, ϵn =

{
1 n ̸= 0,

0, 5 n = 0.

Äëÿ ïðèáëèæåííîãî óñòîé÷èâîãî ðåøåíèÿ îáðàòíîé çàäà÷è âèäà
uδα(M) = vδα(M) + Φδ(M) äîêàçûâàåòñÿ òåîðåìà ñõîäèìîñòè.

Òåîðåìà. Ïóñòü ðåøåíèå ñìåøàííîé êðàåâîé çàäà÷è ñóùåñòâó-
åò. Òîãäà äëÿ ëþáîãî α = α(δ) òàêîãî, ÷òî α(δ) → 0 è δ/

√
α(δ) → 0

ïðè δ → 0 ôóíêöèÿ uα(δ) âèäà u
δ
α(M) = vδα(M) + Φδ(M) ðàâíîìåð-

íî ñõîäèòñÿ ïðè δ → 0 ê òî÷íîìó ðåøåíèþ â D(F + ε,H − ε),
0 < ε < 0, 5(H −max

(x,y)
F (x, y)).

Äàííûé ïîäõîä ìîæåò áûòü èñïîëüçîâàí äëÿ ïîñòðîåíèÿ ýôôåê-
òèâíûõ âû÷èñëèòåëüíûõ àëãîðèòìîâ ÷èñëåííîãî ðåøåíèÿ çàäà÷è.
Àêòóàëüíîñòü ðåøåíèÿ îïðåäåëÿåòñÿ áîëüøèì ðàçíîîáðàçèåì ìîäå-
ëåé, èñïîëüçóåìûõ â ïðèëîæåíèÿõ, êîòîðûå ìîãóò áûòü ê íåé ñâåäå-
íû [3, 4].
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Ïóñòü T � îäíîìåðíûé òîð, ðåàëèçîâàííûé êàê îòðåçîê [−π;π]
ñ îòîæäåñòâë¼ííûìè òî÷êàìè −π è π. ×åðåç Lp(T), 1 ⩽ p < +∞
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îáîçíà÷èì ïðîñòðàíñòâî äåéñòâèòåëüíîçíà÷íûõ íà T ôóíêöèé, ñóì-
ìèðóåìûõ â p-îé ñòåïåíè, ñ íîðìîé

∥f(·)∥p =
(

1

2π

∫
T
|f(x)|p dx

) 1
p

.

Â ñëó÷àå p = +∞ ïîëàãàåì, ÷òî f ∈ C(T) è ∥f∥∞ = maxx∈T |f(x)|.
Äëÿ r ∈ N, a > 0, h ∈ R îïðåäåëèì îáîáù¼ííûé ðàçíîñòíûé îïåðàòîð
ïîðÿäêà r:

∆a,r
h (f, x) = ∆h∆ah . . .∆ar−1h(f, x),

∆hf(x) = f(x) − f(x + h). Îáîçíà÷èì ωa,r(f ;h) = sup|t|⩽h ∥∆
a,r
t f∥p

è En(f)Lp(T) = inft∈Tn
∥f − t∥Lp(T) � íàèëó÷øåå ïðèáëèæåíèå ôóíê-

öèè f â íîðìå Lp(T) òðèãîíîìåòðè÷åñêèìè ïîëèíîìàìè ñòåïåíè íå
âûøå, ÷åì n. Íàìè ïîëó÷åí àíàëîã ïðÿìîé òåîðåìû ïðèáëèæåíèÿ
äëÿ íåñèììåòðè÷íûõ ïðîñòðàíñòâ ñî çíàêî÷óâñòâèòåëüíûìè âåñà-
ìè, â êîòîðîé îöåíèâàåòñÿ íàèëó÷øåå ïðèáëèæåíèå ÷åðåç ìîäóëü
ãëàäêîñòè ñì. [1]. Ðàçëè÷íûì çàäà÷àì òåîðèè ïðèáëèæåíèÿ â íåñèì-
ìåòðè÷íûõ ïðîñòðàíñòâàõ ïîñâÿùåíî ìíîãî ðàáîò ñì. [1]�[5] è ñïèñîê
öèòèðóåìîé ëèòåðàòóðû òàì. Ïðèâåä¼ì ñëåäñòâèå äëÿ ñèììåòðè÷íî-
ãî ñëó÷àÿ (äëÿ îáû÷íîé Lp íîðìû áåç çíàêî÷óâñòâèòåëüíûõ âåñîâ).

Ñëåäñòâèå 1. Äëÿ ëþáîãî r, n, a ∈ N è {λn}n∈N � âîçðàñòà-
þùåé ïîñëåäîâàòåëüíîñòè ïîëîæèòåëüíûõ ÷èñåë, limn→+∞ λn =
+∞, f ∈ Lp, p ∈ [1; +∞] ñïðàâåäëèâî En(f)Lp(T) ⩽ Cωa,r(f, λ

−1
n )p,

1 ⩽ p ⩽ +∞ c ïîëîæèòåëüíîé êîíñòàíòîé C, çàâèñÿùåé îò n.
Îòìåòèì èçâåñòíûå ñëó÷àè: äëÿ a = 1, ò.å. äëÿ êëàññè÷åñêîãî ìî-

äóëÿ íåïðåðûâíîñòè r-ãî ïîðÿäêà â îáû÷íûõ Lp(T) ïðîñòðàíñòâàõ,
ñëåäñòâèå 1 áûëî ïîëó÷åíî Ñ.Á. Ñòå÷êèíûì â 1949 ã. Îí èíòåðåñî-
âàëñÿ ñëó÷àåì p = +∞, õîòÿ åãî ìåòîäû äàþò âîçìîæíîñòü áåç òðóäà
ïîëó÷èòü ýòî óòâåðæäåíèå ïðè ëþáîì p ∈ [1; +∞]. Ñëó÷àé a = 1 è
r = 1 â ïðîñòðàíñòâàõ C(T) = L∞(T) ñ λn = 2nk, k ∈ N áûë èçó÷åí
â ðàáîòàõ Í.Ï. Êîðíåé÷óêà [6]. Ñëó÷àé a = 1 è r = 2 â ïðîñòðàí-
ñòâàõ C(T) = L∞(T) ñ λn = 4n áûë ïîëó÷åí â ðàáîòå Â.Â. Æóêà è
Â.À. Øàëàåâà [7]. Äëÿ ñëó÷àÿ a ∈ N íå÷¼òíî, a ⩾ 3 è p = 2 îöåíêà
íà íàèëó÷øóþ êîíñòàíòó C = C(a, r, 2, λn) â íåðàâåíñòâå Äæåêñîíà-
Ñòå÷êèíà äëÿ λn = n

γπ , γ ⩾ 1 ïîëó÷åíà â ðàáîòå [8].
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Î ÅÄÈÍÑÒÂÅÍÍÎÑÒÈ ÐÅØÅÍÈß ÄÂÓÌÅÐÍÎÃÎ
ÈÍÒÅÃÐÀËÜÍÎÃÎ ÓÐÀÂÍÅÍÈß

Ì.Ì.ËÀÂÐÅÍÒÜÅÂÀ1

Ì.Þ. Êîêóðèí, Ä.À. Ïàõìóòîâ (Éîøêàð-Îëà, ÌàðÃÓ)
kokurinm@yandex.ru, dmitryaric@mail.ru

Ðàññìîòðèì âîëíîâîå óðàâíåíèå

1

c2(x)
utt(x, t)−∆u(x, t) = δ(x−z)δ(t), (x, t) ∈ R3; u(x, t)|t<0 ≡ 0. (1)

Çàäà÷à (1) âîçíèêàåò ïðè ìîäåëèðîâàíèè àêóñòè÷åñêèõ è ýëåêòðî-
ìàãíèòíûõ êîëåáàíèé â òðåõìåðíîé ñðåäå R3 = {(x, x3)}, ñâîéñòâà
êîòîðîé íå ìåíÿþòñÿ ïî íàïðàâëåíèþ x3. Èññëåäóåìàÿ îáðàòíàÿ çà-
äà÷à (ÎÇ) çàêëþ÷àåòñÿ â îïðåäåëåíèè êîýôôèöèåíòà c(x) ïî ðåçóëü-
òàòàì íàáëþäåíèÿ ïîëåé u(x, t), îòâå÷àþùèõ ðàçëè÷íûì ïîëîæåíè-
ÿì èñòî÷íèêà z ∈ Z. Ñðåäà îäíîðîäíà âíå àïðèîðè çàäàííîé îáëàñòè

1 Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ïðîåêò � 24-21-00031).
© Êîêóðèí Ì.Þ., Ïàõìóòîâ Ä.À., 2025
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D ⊂ R2, òàê ÷òî c(x) ≡ c0 ïðè x ∈ R2 \ D, ãäå êîíñòàíòà c0 > 0
èçâåñòíà, à ôóíêöèÿ c = c(x) ïðè x ∈ D ïîäëåæèò îïðåäåëåíèþ.
Íàáëþäåíèå ïîëÿ ïðîâîäèòñÿ â òî÷êàõ êðèâîé Y , Y ∩ D = ∅. Îáî-
çíà÷èì ξ(x) = 1/c2(x)− 1/c20, x ∈ D. Òîãäà ÎÇ ñâîäèòñÿ ê ðåøåíèþ
èíòåãðàëüíîãî óðàâíåíèÿ Ì.Ì.Ëàâðåíòüåâà [1]∫

D

ξ(x) ln |x− y| ln |x− z|dx = F (y, z), (y, z) ∈ Y × Z. (2)

Ãîâîðèì, ÷òî M ⊂ Ω = R2\D ÿâëÿåòñÿ ìíîæåñòâîì åäèíñòâåííîñòè
äëÿ ãàðìîíè÷åñêèõ ôóíêöèé âíå D, åñëè äëÿ ëþáîé u(x), ãàðìîíè-
÷åñêîé â Ω, è òàêîé, ÷òî |u(x)| ⩽ C(1 + ln |x|), x ∈ Ω, |x| ⩾ R äëÿ
íåêîòîðûõ C, R, óñëîâèå u(x) = 0, x ∈M âëå÷åò u(x) = 0, x ∈ Ω.

Ðèñ. 1. Êðèâûå Y , Z è îáëàñòü D (ñëåâà). Òî÷íîå ðåøåíèå (ñïðàâà).

Ðèñ. 2. Ïðèáëèæåííîå ðåøåíèå ïðè δ = 0.0 (ñëåâà) è δ = 0.1 (ñïðàâà).

Òåîðåìà 1. Ïóñòü êðèâàÿ M äåëèò R2 íà äâå íåîãðàíè÷åííûå
îáëàñòè, îäíà èç êîòîðûõ ñîäåðæèò D. Òîãäà M � ìíîæåñòâî
åäèíñòâåííîñòè.
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Åñëè â Òåîðåìå 1 M � àíàëèòè÷åñêàÿ êðèâàÿ, òî è ëþáîé åå
îòêðûòûé ñåãìåíò åñòü ìíîæåñòâî åäèíñòâåííîñòè.

Òåîðåìà 2. Ïóñòü Y , Z åñòü ìíîæåñòâà åäèíñòâåííîñòè äëÿ
ãàðìîíè÷åñêèõ ôóíêöèé â Ω. Òîãäà óðàâíåíèå (2) èìååò íå áîëåå
îäíîãî ðåøåíèÿ.

Òåîðåìà 3. Ïóñòü Y , Z � çàìêíóòûå êðèâûå êëàññà C2, îõâà-
òûâàþùèå ìíîæåñòâî D, ëèáî îäíà èç íèõ åñòü ìíîæåñòâî åäèí-
ñòâåííîñòè, à äðóãàÿ � çàìêíóòàÿ êðèâàÿ êëàññà C2, îõâàòûâàþ-
ùàÿ D. Òîãäà (2) èìååò íå áîëåå îäíîãî ðåøåíèÿ.

Â óñëîâèÿõ òåîðåì 2,3 ÎÇ èìååò åäèíñòâåííîå ðåøåíèå. Íà
Ðèñ.1,2 ïðåäñòàâëåíû ðåçóëüòàòû ÷èñëåííîãî ýêñïåðèìåíòà ïî ðå-
øåíèþ óðàâíåíèÿ (2). Â ïðàâóþ ÷àñòü (2) âíîñèëàñü ñëó÷àéíàÿ àá-
ñîëþòíàÿ ïîãðåøíîñòü óðîâíÿ δ.

Ëèòåðàòóðà
1. Êîêóðèí Ì.Þ. Î ðåäóêöèè íåëèíåéíîé îáðàòíîé çàäà÷è äëÿ

ãèïåðáîëè÷åñêîãî óðàâíåíèÿ íà ïëîñêîñòè ê ëèíåéíîìó èíòåãðàëü-
íîìó óðàâíåíèþ // Âû÷. ìåò. ïðîãðàììèðîâàíèå. � 2009. � Ò.10, �
3. � Ñ.300�305.

ÒÐÅÕÌÎÄÎÂÛÅ ÁÈÔÓÐÊÀÖÈÈ
ÑÅÃÍÅÒÎÝËÅÊÒÐÈ×ÅÑÊÈÕ ÔÀÇ ÊÐÈÑÒÀËËÀ

È.Â. Êîëåñíèêîâà (Âîðîíåæ, ÂÃÓ)
kolinna@inbox.ru

Â òåîðèè Ë.Ä. Ëàíäàó [1], [2] ìîäóëèðîâàííûå ñåãíåòîýëåêòðè-
÷åñêèå ôàçû íåîäíîðîäíûõ êðèñòàëëîâ îïðåäåëÿþòñÿ íåëèíåéíûìè
äèôôåðåíöèàëüíûìè óðàâíåíèÿìè (óðàâíåíèÿìè Ýéëåðà � Ëàãðàí-
æà ýêñòðåìàëåé ôóíêöèîíàëîâ ýíåðãèè). Íåëèíåéíîñòü óðàâíåíèé
çàäàåòñÿ òåðìîäèíàìè÷åñêèìè ïîòåíöèàëàìè, àëãåáðàè÷åñêàÿ ñòðóê-
òóðà êîòîðûõ îïðåäåëÿåòñÿ êàê íà îñíîâå îïûòíûõ äàííûõ, òàê è íà
îñíîâå îáùèõ òåîðåòè÷åñêèõ ñîîáðàæåíèé.

Îáùåìàòåìàòè÷åñêèé àñïåêò çàäà÷è î ôàçîâûõ ïåðåõîäàõ â êðè-
ñòàëëàõ çàêëþ÷åí â áèôóðêàöèîííîì àíàëèçå ýêñòðåìàëåé ãëàäêîãî
ôðåäãîëüìîâà ôóíêöèîíàëà (ñ ïàðàìåòðàìè) âáëèçè òî÷êè ìèíèìó-
ìà ñ ìíîãîìåðíûì âûðîæäåíèåì [3]. Ðåøåíèå ýòîé çàäà÷è ìîæíî
ïîëó÷èòü ïîñðåäñòâîì ðåäóêöèè Ëÿïóíîâà�Øìèäòà, òî åñòü ñâåäå-
íèåì ê àíàëèçó êëþ÷åâûõ ôóíêöèé, ïðåäñòàâëåííûõ â âèäå ìíî-
ãîïàðàìåòðè÷åñêèõ ñåìåéñòâ ïîëèíîìîâ îò íåñêîëüêèõ ïåðåìåííûõ.
Âû÷èñëåíèå ãëàâíîé ÷àñòè êëþ÷åâîé ôóíêöèè îñóùåñòâëÿåòñÿ ÷åðåç

© Êîëåñíèêîâà È.Â., 2025
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ðèòöåâñêóþ àïïðîêñèìàöèþ (âîîáùå ãîâîðÿ, íåëèíåéíóþ) ôóíêöèî-
íàëà ïî êîíå÷íîé ñîâîêóïíîñòè ìîä áèôóðêàöèè.

Îñíîâíîé ïîëó÷åííûé ðåçóëüòàò � îïèñàíèå äîïóñòèìûõ
3-ìîäîâûõ ðàñêëàäîâ ýêñòðåìàëåé âáëèçè ñèììåòðè÷íîé min�
îñîáåííîñòè 6�ãî ïîðÿäêà ïîñðåäñòâîì ñâåäåíèÿ ê çàäà÷å î ïîâåäå-
íèè ñèììåòðè÷íîãî ïîëèíîìà òðåòüåé ñòåïåíè â ñèììåòðè÷íîé òðå-
óãîëüíîé îáëàñòè.

Â ñëó÷àå òðåõêîìïîíåíòíîãî ïàðàìåòðà ïîðÿäêà ïðè îïèñàíèè
ìîäóëèðîâàííûõ (íåñîèçìåðèìûõ) ïî îäíîìó íàïðàâëåíèþ ñåãíåòî-
ýëåêòðè÷åñêèõ ñòðóêòóð êðèñòàëëîâ èñïîëüçóåòñÿ [1] ïîòåíöèàë

Π = |w|6 + β |w|4 + α |w|2 + q (w2
1w

2
2 + w2

1w
2
3 + w2

2w
2
3) |w|2+

+ κ (w2
1w

2
2 + w2

1w
2
3 + w2

2w
2
3),

w := (w1, w2, w3)
⊤ ,

âõîäÿùèé â ëàãðàíæèàí

L =
1

2

(∣∣∣∣∂2w∂z2
∣∣∣∣2 − µ

∣∣∣∣∂w∂z
∣∣∣∣2
)

+Π(w)

ôóíêöèîíàëà ýíåðãèè

V =
1

2π

2π∫
0

L
(
∂2w

∂z2
,
∂w

∂z
, w

)
dz.

Ñåãíåòîýëåêòðè÷åñêèå ôàçû, ñîîòâåòñòâóþùèå ýêñòðåìàëÿì ýòîãî
ôóíêöèîíàëà ïðè óñëîâèè ïåðèîäè÷íîñòè w(z + 2π) = w(z), îïðå-
äåëÿþòñÿ óðàâíåíèåì f(w) = 0, w ∈ E, f(w) ∈ F, ãäå

f(w) :=
∂4w

∂z4
+ µ

∂2w

∂z2
+ gradΠ(w) .

Íåëèíåéíûé îïåðàòîð f , äåéñòâóþùèé èç áàíàõîâà ïðîñòðàíñòâà

E := Π4
2π = {w ∈ C4(R,R2)

∣∣w(z + 2π) = w(z)}

(ïðîñòðàíñòâà ÷åòûðåæäû äèôôåðåíöèðóåìûõ 2π−ïåðèîäè÷åñêèõ
ôóíêöèé ñî çíà÷åíèÿìè â R3) â áàíàõîâî ïðîñòðàíñòâî F := Π0

2π

(ïðîñòðàíñòâî íåïðåðûâíûõ ïåðèîäè÷åñêèõ ôóíêöèé ñî çíà÷åíèÿìè
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â R3), ÿâëÿåòñÿ ôðåäãîëüìîâûì (àíàëèòè÷åñêîãî) èíäåêñà íóëü. Èñ-
ñëåäîâàíèå óðàâíåíèÿ ìîæíî ïðîâåñòè, ïåðåéäÿ ê êëþ÷åâîé ôóíê-
öèè.

Ãðóïïà G ñèììåòðèé èñõîäíîãî óðàâíåíèÿ ïîðîæäåíà ïðåîáðàçî-
âàíèÿìè

g1 :

 w1

w2

w3

 −→

 −w1

w2

w3

 , g2 :

 w1

w2

w3

 −→

 w1

−w2

w3

 ,

g3 :

 w1

w2

w3

 −→

 w1

w2

−w3

 ,

gω :

 w1

w2

w3

 −→

 wω(1)
wω(2)
wω(3)

 , ∀ω ∈ S3,

g4 :

 w1(z)
w2(z)
w3(z)

 −→

 w1(−z)
w2(−z)
w3(−z)

 ,

Jφ :

 w1(z)
w2(z)
w3(z)

 −→

 w1(z + φ)
w2(z + φ)
w3(z + φ)

 , ∀φ ∈ R,

S3 � ãðóïïà ïåðåñòàíîâîê òðåòüåãî ïîðÿäêà.
Ïðè íåêîòîðîé ëîêàëèçàöèè ïàðàìåòðîâ ïîëó÷èì â íóëå

6−ìåðíîå âûðîæäåíèå ñî ñëåäóþùèìè ìîäàìè áèôóðêàöèè:

e1 =

 c(z)
0
0

 , e2 =

 s(z)
0
0

 , e3 =

 0
c(z)
0

 , e4 =

 0
s(z)
0

 ,

e5 =

 0
0
c(z)

 , e6 =

 0
0
s(z)

 ,

ãäå
c(z) =

√
2 cos(z), s(z) =

√
2 sin(z).

Â ëèíåéíîé îáîëî÷êå N = Span(e1, e2, e3, e4, e5, e6), åñòåñòñòâåííî
îòîæäåñòâëÿåìîé ñ R6 (ïðîñòðàíñòâîì êëþ÷åâûõ ïàðàìåòðîâ), èí-
äóöèðóåòñÿ äåéñòâèå ãðóïïû G. Ïîëó÷åííûé ñóæåíèåì îáðàç ýòîé
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ãðóïïû â SO(6) (â ñïåöèàëüíîé ãðóïïå îðòîãîíàëüíûõ ìàòðèö øå-
ñòîãî ïîðÿäêà) òàêæå îáîçíà÷èì G. Íåòðóäíî óáåäèòüñÿ â òîì, ÷òî
äåéñòâèå ãðóïïû G â R6 ïîðîæäåíî ìàòðèöàìè

U1 =


−1 0 0 0 0 0
0 −1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 1 0 1

 , U2 =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 −1 0 0 0
0 0 0 −1 0 0
0 0 0 0 1 0
0 0 0 1 0 1

 ,

U3 =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 −1 0
0 0 0 1 0 −1

 , U4 =


−1 0 0 0 0 0
0 1 0 0 0 0
0 0 −1 0 0 0
0 0 0 1 0 0
0 0 0 0 −1 0
0 0 0 1 0 1

 ,

Uω � ìàòðèöà îïåðàòîðà
(ξ1, η1, ξ2, η2, ξ3, η3)

⊤ 7−→ (ξω(1), ηω(1), ξω(2), ηω(2), ξω(3), ηω(3))
⊤,

Uφ =


cos(φ) − sin(φ) 0 0 0 0
sin(φ) cos(φ) 0 0 0 0

0 0 cos(φ) − sin(φ) 0 0
0 0 sin(φ) cos(φ) 0 0
0 0 0 0 cos(φ) − sin(φ)
0 0 0 0 sin(φ) cos(φ)

 .

Òåîðåìà. Êëþ÷åâàÿ ôóíêöèÿW (ξ) := infx:g(x)=ξ V (x), ξ ∈ R6,
ãäå

g(x) = (g1, g2, g3, g4, g5, g6)
⊤, gj(w) := ⟨w, ej⟩

(⟨w, ej⟩ =
2π∫
0

wejdx), íàñëåäóåò ñèììåòðèþ ôóíêöèîíàëà V : ôóíê-

öèÿ W èíâàðèàíòíà îòíîñèòåëüíî äåéñòâèÿ G íà R6.

Åñëè âîñïîëüçîâàòüñÿ àëãîðèòìîì âû÷èñëåíèÿ òåéëîðîâñêèõ ðàç-
ëîæåíèé êëþ÷åâûõ ôóíêöèé [3] è óêàçàííîé âûøå ñèììåòðèåé, òî
ìîæíî ïîëó÷èòü ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà. Êëþ÷åâàÿ ôóíêöèÿW (ξ) èìååò (ñ òî÷íîñòüþ äî ìàñ-
øòàáèðóþùèõ ïðåîáðàçîâàíèé àðãóìåíòà è îáùåãî ìíîæèòåëÿ,
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çàâèñÿùåãî îò êîíñòàíò òåðìîäèíàìè÷åñêîãî ïîòåíöèàëà) ñëåäó-
þùèé âèä:

(I1 + I2 + I3)
3 + ε(I1 + I2 + I3)

2 + δ(I1 + I2 + I3)+

+γ1
(
I24 + I25 + I26

)
+ γ2

(
I27 + I28 + I29

)
+

+
(
p1
(
I24 + I25 + I26

)
+ p2

(
I27 + I28 + I29

))
(I1 + I2 + I3)+

+q1I4I5I6 + q2I7I8I9+

+O((I1 + I2 + I3)
4),

ãäå I1, . . . I9 � îáðàçóþùèå èíâàðèàíòû äåéñòâèÿ îêðóæíîñòè z −→
exp(iφ)z ( âåêòîð ξ ∈ R6 îòîæäåñòâëåí ñ êîìïëåêñíûì âåêòîðîì
z = (z1, z2, z3)

⊤ ∈ C3, z1 = ξ1 + iξ2, z2 = ξ3 + iξ4, z3 = ξ5 + iξ6 ):

I1 = ξ21 + ξ22 , I2 = ξ23 + ξ24 , I3 = ξ25 + ξ26 ,

I4 = ξ1ξ3 + ξ2ξ4, I5 = ξ3ξ5 + ξ4ξ6, I6 = ξ5ξ1 + ξ6ξ2,

I7 = −ξ1ξ4 + ξ2ξ3, I8 = −ξ3ξ6 + ξ4ξ5, I9 = −ξ5ξ2 + ξ6ξ1.

Êîýôôèöèåíòû ε, δ, γk, qk äîïóñêàþò ÿâíûå âûðàæåíèÿ ÷åðåç êî-
ýôôèöèåíòû òåðìîäèíàìè÷åñêîãî ïîòåíöèàëà β, α, q,κ. Ïðè ýòîì
ε, δ, γk = O(β, α,κ).

Îáðàçóþùåé ñèñòåìîé èíâàðèàíòîâ äåéñòâèÿ ãðóïïû G (èñïîëü-
çóåìîé â ôîðìóëèðîâêå òåîðåìû) ÿâëÿåòñÿ ñëåäóþùèé íàáîð ìíîãî-
÷ëåíîâ:

J1 = I1 + I2 + I3, J2 = I24 + I25 + I26 , J3 = I27 + I28 + I29 ,

J4 = I4I5I6, J5 = I7I8I9.

Ïîñëå ââåäåíèÿ ïîëÿðíûõ êîîðäèíàò z1 = r1 exp(iψ1), z2 =
r2 exp(iψ2), z3 = r3 exp(iψ3) ïîëó÷èì ôóíêöèþ â ôîðìå

U = J3
1+ε J

2
1+δ J1+γ1 J2+γ2 J3+(p1 J2+p2 J3)J1+q1J4+q2J5+O(|ξ|8) =

= σ3
1+ε σ

2
1+δ σ1+(γ1 (cos2(ψ1−ψ2)+cos2(ψ2−ψ3)+cos2(ψ3−ψ1))+

+γ2 (sin2(ψ1 − ψ2) + sin2(ψ2 − ψ3) + sin2(ψ3 − ψ1))σ2+

+(p1 (cos2(ψ1 − ψ2) + cos2(ψ2 − ψ3) + cos2(ψ3 − ψ1))+

p2 (sin2(ψ1 − ψ2) + sin2(ψ2 − ψ3) + sin2(ψ3 − ψ1)))σ1σ2+

+(q1 cos(ψ1 − ψ2) cos(ψ2 − ψ3) cos(ψ3 − ψ1)+
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q2 sin(ψ1 − ψ2) sin(ψ2 − ψ3) sin(ψ3 − ψ1))σ3 +O(|r|8),

σ1 = r21 + r22 + r23, σ2 = r21r
2
2 + r22r

2
3 + r21r

2
3, σ3 = r21r

2
2r

2
3.

Òî÷êè, ñòàöèîíàðíûå ïî ψj , íàõîäÿòñÿ èç óðàâíåíèÿ ∂U
∂ψj

= 0. ßñ-
íî, ÷òî ñòàöèîíàðíûå ïî ψj òî÷êè îïðåäåëÿþòñÿ íóëÿìè ôóíêöèè
sin(2(ψj−ψk). Íåòðóäíî ïðè ýòîì çàìåòèòü, ÷òî ñëåäóþùèå ïîäìíî-
æåñòâà (è èõ ïåðåñå÷åíèÿ) ÿâëÿþòñÿ êâàçèèíâàðèàíòíûìè ïîäìíî-
ãîîáðàçèÿìè äëÿ ýòîé ôóíêöèè:

Mm,n := {φ1 − φ2 = mπ/2, φ2 − φ3 = nπ/2}.

Ñóçèâ Ũ íà Mm,n, ïîëó÷èì íàáîð (ðåäóöèðîâàííûõ) ôóíêöèé
âèäà

W = σ3
1 + ε σ2

1 + δ σ1 + p σ1σ2 + γ σ2 + q σ3,

àíàëèç êîòîðûõ ìîæíî îñóùåñòâèòü ïîñðåäñòâîì âòîðè÷íûõ ðåäóê-
öèé

Ãëàâíàÿ ÷àñòü Ũ êëþ÷åâîé ôóíêöèè ïîñëå âòîðè÷íîé ðåäóêöèè
ïðèíèìàåò ñëåäóþùèé âèä:

σ3
1 + ε σ2

1 + δ σ1 + p σ1σ2 + γ σ2 + q σ3,

σ1 = r21 + r22 + r23, σ2 = r21r
2
2 + r21r

2
3 + r22r

2
3, σ3 = r21r

2
2r

2
3.

Â ïîëÿðíûõ êîîðäèíàòàõ r1 = r cos(φ1), r2 = r cos(φ2), r2 = r cos(φ3)
ïîëó÷èì σ1 = r2,

σ2 = r4
(
cos2(φ1) + cos2(φ2)− cos4(φ1)− cos4(φ2)− cos2(φ1) cos

2(φ2)
)
,

σ3 = r6
(
cos2(φ1) cos

2(φ2)− cos2(φ1) cos
2(φ2)

(
cos2(φ1) + cos2(φ2)

))
.

Ìíîæåñòâî êðèòè÷åñêèõ òî÷åê ôóíêöèè W ÿâëÿåòñÿ (ïðè ôèê-
ñèðîâàííûõ çíà÷åíèÿõ ïàðàìåòðîâ) ïåðåñå÷åíèåì ïîâåðõíîñòåé M0,
M1 èM2, îïðåäåëÿåìûõ óðàâíåíèÿìè ∂V

∂r = 0 (ïîâåðõíîñòü ðàäèàëü-
íî ñòàöèíàðíûõ òî÷åê) è ∂V

∂φ1
= 0, ∂V

∂φ2
= 0 (ïîâåðõíîñòè ñòàöèíàð-

íûõ òî÷åê ïî òàíãåíöèàëüíûì ïåðåìåííûì φ1, φ2).
M0 çàäàåòñÿ óðàâíåíèåì

6r5 + 4ε r3 + 2δ r + 2r3(3p r2 + γ)(cos2(φ1) + cos2(φ2)− cos4(φ1)−
− cos4(φ2)− cos2(φ1) cos

2(φ2)) + 6q r5(cos2(φ1) cos
2(φ2)−

− cos2(φ1) cos
2(φ2)(cos

2(φ1) + cos2(φ2))) = 0.
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Ïîâåðõíîñòü Mk çàäàåòñÿ óðàâíåíèåì

(p r2 + γ)
∂σ2
∂φk

+ q
∂σ3
∂φk

= 0.

Ìíîæåñòâî âñåõ êðèòè÷åñêèõ òî÷åê ñîâïàäàåò ñ ïåðåñå÷åíèåì M0 ∩
M1 ∩M2. Ïåðåñå÷åíèå M1 ∩M2 îïðåäåëÿåòñÿ óðàâíåíèåì

(p r2 + γ) gradφ σ2 + q gradφ σ3 = 0.

×àñòü ýòîãî ìíîæåñòâà îïðåäåëÿåòñÿ ñîîòíîøåíèÿìè

(p r2 + γ) = 0, gradφ σ3 = 0.

Îñòàëüíûå òî÷êè äàííîãî ìíîæåñòâà îïðåäåëÿþòñÿ (ïðè ðàçëè÷íûõ
çíà÷åíèÿõ ïàðàìåòðîâ) óðàâíåíèåì [σ2, σ3] = 0, ãäå [σ2, σ3]� ÿêîáèàí
(ñêîáêà Ïóàññîíà) ôóíêöèé σ2, σ3 (ïî φ1, φ2).

Êîëè÷åñòâî êëåòî÷íûõ êîìïëåêñîâ, èçîáðàæàþùèõ
bif−ðàñêëàäû êðèòè÷åñêèõ òî÷åê (â ñëó÷àå òðåõ ìîä), âåñüìà
îáøèðíî è â ïîëíîì îáúåìå ïîêà íå èçâåñòíî. Ñðåäè ìàêñèìàëüíûõ
êîìïëåêñîâ (ñîñòîÿùèõ èç 125 ýëåìåíòîâ)
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Ìû ïðåäëàãàåì òåîðåìó, êîòîðàÿ äàåò òî÷íóþ ôîðìó ïîëóãðóïïû
äëÿ èíòåãðàëà Ðèìàíà-Ñòèëòüåñà ñ ìåðîé, èìåþùåé ñ÷åòíîå ÷èñëî
ýêñòðåìóìîâ.

Ðàññìîòðèì èíòåãðàë If(t) =
t∫
a

f(y)dF (y), a ∈ R. Ïðåäïîëîæèì,

÷òî ôóíêöèÿ F íåïðåðûâíà, èìååò êîíå÷íóþ âàðèàöèþ è òàêàÿ, ÷òî
äëÿ äèñêðåòíîãî íàáîðà ak ∈ R, k ∈ Z, |k| < K ñK ∈ N èëèK = ∞, F
ñòðîãî âîçðàñòàåò íà [a2k, a2k+1] è ñòðîãî óáûâàåò íà [a2k−1, a2k] äëÿ
âñåõ k. Ïóñòü S � íåêîòîðàÿ ïîäõîäÿùàÿ ôóíêöèÿ. Òîãäà îáðàòíûé
äèôôåðåíöèàëüíûé îïåðàòîð, ðåøàþùèé óðàâíåíèå IG = S, çàäà-
åòñÿ ôîðìóëîé

G(x) = (LS)(x) =
dS(x)

dF (x)
= lim
δ→0

S(x+ δ)− S(x)

F (x+ δ)− F (x)
, (1)

êîòîðàÿ ñïðàâåäëèâà äëÿ ëþáîãî íåïðåðûâíîãî G è âñåõ òî÷åê x. Â
ñèëó óñëîâèé, íàëîæåííûõ íà F , ïðîèçâîäíàÿ F ′(x) ñóùåñòâóåò è íå
îáðàùàåòñÿ â íóëü ïî÷òè äëÿ âñåõ òî÷åê x. Äëÿ ýòèõ òî÷åê

G(x) = LS(x) =
S′(x)

F ′(x)
.

Òåîðåìà 1. Ïðè âûïîëíåíèè íàëîæåííûõ âûøå óñëîâèÿõ íà F ,
îïåðàòîð L ïîðîæäàåò ñèëüíî íåïðåðûâíóþ ïîëóãðóïïó íà ìíîæå-
ñòâå ôóíêöèé, íåïðåðûâíûõ âíå ìíîæåñòâà {a2k} ñ ëåâûìè è ïðà-
âûìè ïðåäåëàìè â ýòèõ òî÷êàõ. Ïîëóãðóïïà èìååò èíâàðèàíòíûå
ïðîñòðàíñòâà C([a2k, a2k+2]), ãäå îíà äåéñòâóåò ïî ôîðìóëå

TtS(x)=



S[(F − F (a2k))
−1(t+ F (x)− F (a2k))],

ïðè x ∈ [a2k, a2k+1], t⩽F (a2k+1)−F (x),
S[(F − F (a2k+2))

−1(t+ F (x)− F (a2k+2))],

ïðè x ∈ [a2k+1, a2k+2], t⩽F (a2k+1)−F (x),
S(a2k+1), x ∈ [a2k, a2k+2],ïðè t⩾F (a2k+1)−F (x).

© Êîëîêîëüöîâ Â.Í., Øèøêèíà Ý.Ë., 2025
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Ïðèâåäåì ïðèìåð. Ïóñòü

F (x) =

{
x åñëè 0 ⩽ x ⩽ 1;
2− x åñëè 1 < x ⩽ 2

(2)

è f ∈ C[0, 2], òàêàÿ ÷òî f(1) = 0. Òîãäà a0 = 0, a1 = 1, a2 = 2 è
ïîëóãðóïïà, ïîñòðîåííàÿ ïî Òåîðåìå 1, èìååò âèä

Ttf(x)=


f (x+ t) , x ∈ [0, 1), t ⩽ 1− x,

f (x− t) , x ∈ [1, 2], t ⩽ x−1,

0, x ∈ [0, 2], t > 1− F (x).

Ïîñòðîåííóþ ïîëóãðóïïó ìîæíî èñïîëüçîâàòü, íàïðèìåð, äëÿ
ïîñòðîåíèÿ äðîáíûõ ñòåïåíåé îïåðàòîðîâ. À èìåííî, èçâåñòíî [1],
÷òî äðîáíàÿ ñòåïåíü (−A)α, 0 < α < 1 çàäàåòñÿ ôîðìóëîé

(−A)αf =
1

Γ(−α)

∞∫
0

t−α−1(Tt − I)f(x)dt, f ∈ D(A). (3)

Ðàññìîòðèì îïåðàòîð DF f(x) = d
dF (x)f(x), ãäå F (x) çàäàåòñÿ

ôîðìóëîé (1). Ïóñòü f(1) = 0, òîãäà, ïî ôîðìóëå (2), ïîëó÷èì ïðè
0 < α < 1(

− d

dF (x)

)α
f(x) =

1

Γ(−α)

[
I[0,1](x)

1−x∫
0

t−α−1(f(x+ t)− f(x))dt+

+ I[1,2](x)

x−1∫
0

t−α−1(f(x− t))− f(x))dt+

]
=

=
1

Γ(−α)

[
I[0,1](x)

1∫
x

(t− x)−α−1(f(t)− f(x))dt−

− I[1,2](x)

x∫
1

(x− t)−α−1(f(t)− f(x))dt

]
.

Ëèòåðàòóðà
1. Balakrishnan A.V. An operational calculus for in�nitesimal

generators of semigroups / A.V. Balakrishnan. // Transactions of the
American Mathematical Society. � 1959. � V. 91, � 2. �Pp. 330�353.
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Î ÍÅÊÎÒÎÐÛÕ ÑÏÅÊÒÐÀËÜÍÛÕ ÑÂÎÉÑÒÂÀÕ
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Â ðàáîòå ðàññìàòðèâàåòñÿ îïåðàòîð Äèðàêà:

(Ly)(x) = By′(x) +Q(x)y(x),

y1(0) = y1(1), y2(0) = y2(1).

Çäåñü y(x) = (y1(x), y2(x))
T (T � çíàê òðàíñïîíèðîâàíèÿ), B =(

1 0
0 −1

)
, Q(x) =

(
0 q2(x)

−q1(x) 0

)
, qj(x) ∈ C[0, 1], âñå ôóíêöèè

êîìïëåêñíîçíà÷íûå. Ñ÷èòàåì, ÷òî îïåðàòîð äåéñòâóåò â ïðîñòðàí-
ñòâå íåïðåðûâíî-äèôôåðåíöèðóåìûõ âåêòîð-ôóíêöèé, óäîâëåòâîðÿ-
þùèõ çàäàííîìó êðàåâîìó óñëîâèþ.

Ïóñòü ôóíêöèè zij(x), i, j = 1, 2 îïðåäåëåíû ôîðìóëàìè òèïà
îïåðàòîðîâ ïðåîáðàçîâàíèÿ èç [1, Ëåììû 4�6]), Rλ = (L − λE)−1 �
ðåçîëüâåíòà îïåðàòîðà L (E � åäèíè÷íûé îïåðàòîð, λ � ñïåêòðàëü-
íûé ïàðàìåòð). Ñïðàâåäëèâî óòâåðæäåíèå:

Òåîðåìà. Ïóñòü y1j(x) = eλxz1j(x), y2j(x) = e−λxz2j(x),
j = 1, 2. Èìååò ìåñòî ôîðìóëà:

Rλf(x) = (Mλf)(x) + Ωλ(x, f), f = (f1, f2)
T .

Çäåñü (Mλf)(x) =
x∫
0

M(x, t, λ)f(t)dt, M(x, t, λ) = (Mij)i,j=1,2,

Mi1 =

∣∣∣∣yi1(x) yi2(x)
y21(t) y22(t)

∣∣∣∣, Mi2 =

∣∣∣∣yi1(x) yi2(x)
y11(t) y12(t)

∣∣∣∣,
Ωλ(x, f) = (Ω1(x, λ, f),Ω2(x, λ, f))

T ,

Ωk(x, λ, f)=υk1(x)[(y22, f1)+(y12, f2)]+υk2(x)[(y21, f1)+(y11, f2)],

ãäå

υ11(x)=
y11(x)

∆
[y11(1)−y11(1)y22(1)+y21(1)y12(1)]+

y12(x)

∆
y21(1),

υ12(x)=−y11(x)
∆

y12(1)−
y12(x)

∆
[y22(1)−y11(1)y22(1)+y12(1)y21(1)],

© Êîíäàóðîâà À.Â., 2025
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υ21(x)=
y21(x)

∆
[y11(1)−y11(1)y22(1)+y21(1)y12(1)]+

y22(x)

∆
y21(1),

υ22(x)=−y21(x)
∆

y12(1)−
y22(x)

∆
[y22(1)−y11(1)y22(1)+y12(1)y21(1)],

∆ = (1− y11(1))(1− y22(1))− y12(1)y21(1), (f, g) =
1∫
0

f(x)g(x)dx.

Âåêòîð-ôóíêöèÿ (Mλf)(x) ÿâëÿåòñÿ öåëîé ïî λ.

Â äîêëàäå ïðèâîäÿòñÿ îöåíêè äëÿ êîìïîíåíò Rλf , êîòîðûå ïîç-
âîëÿþò, â ÷àñòíîñòè, óñòàíîâèòü ðàâíîìåðíóþ ñõîäèìîñòü ðÿäà ïî
ñ.ï.ô. äëÿ ôóíêöèé èç îáëàñòè îïðåäåëåíèÿ îïåðàòîðà L. Êðîìå òî-
ãî, äàííîå ïðåäñòàâëåíèå èñïîëüçóåòñÿ â ñìåøàííîé çàäà÷å, ïðèâî-
äÿùåé ê ñïåêòðàëüíîé çàäà÷å äëÿ îïåðàòîðà L, ñ ïðèìåíåíèåì ðå-
çîëüâåíòíîãî ïîäõîäà â ìåòîäå Ôóðüå.
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ÔÓÍÊÖÈß ÃÐÈÍÀ ÏÅÐÂÎÉ
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Êðàåâûå çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè â îáëàñòÿõ, âû-
ðîæäàþùèõñÿ ïðè t = 0, èññëåäîâàëèñü âî ìíîãèõ ðàáîòàõ, ñì., íà-
ïðèìåð, [1-3] è öèòèðîâàííóþ òàì ëèòåðàòóðó.

Îáîçíà÷èì ÷åðåç L = ∂t−∆u îïåðàòîð òåïëîïðîâîäíîñòè è ÷åðåç

Z(x, t) = (4πt)−n/2e−
|x|2
4t θ(t),

ãäå θ � ôóíêöèÿ Õåâèñàéäà, åãî ôóíäàìåíòàëüíîå ðåøåíèå.
Ïóñòü Ω � îãðàíè÷åííàÿ îáëàñòü â Rn, à åå ãðàíèöà ∂Ω ∈ C∞. Â

êîíóñå

K = {(tx, t) |x ∈ Ω, 0 < t < T}, 0 < T <∞,
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c áîêîâîé ãðàíèöåé ΣK = {(tx, t) |x ∈ ∂Q, 0 < t ⩽ T}, ðàññìàòðèâà-
åòñÿ ïåðâàÿ êðàåâàÿ çàäà÷à ñ íóëåâîé ãðàíè÷íîé ôóíêöèåé{

Lu = f â K,
u|ΣK

= 0.
(1)

Ìû óñòàíàâëèâàåì íåêîòîðûå ñâîéñòâà ôóíêöèè Ãðèíà
GK(x, t, ξ, τ) ýòîé çàäà÷è.

Îáîçíà÷èì ÷åðåç Q = Ω × (0,∞) öèëèíäð ñ áîêîâîé ãðàíèöåé
ΣQ = ∂Ω × (0,∞), à ÷åðåç GQ(x, ξ, t − τ) ôóíêöèþ Ãðèíà ïåðâîé
êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè â Q.

Òåîðåìà 1. Äëÿ (x, t), (ξ, τ) ∈ K̄\{0}, 0 < τ < t ⩽ T , èìååò
ìåñòî ðàâåíñòâî

GK(x, t, ξ, τ) = τ−nZ(x, t)Z−1(ξ, τ)GQ(t
−1x, τ−1ξ, τ−1 − t−1).

Ïóñòü 0 < λ1 < λ2 ⩽ . . . ⩽ λm ⩽ . . . � ñîáñòâåííûå çíà÷åíèÿ, à
{φm} � îðòîíîðìèðîâàííûé áàçèñ â L2(Ω) èç ñîáñòâåííûõ ôóíêöèé
çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ Ëàïëàñà â îáëàñòè Ω. Èç òåîðåìû 1,
èñïîëüçóÿ èçâåñòíóþ ôîðìóëó äëÿ ôóíêöèè Ãðèíà ïåðâîé êðàåâîé
çàäà÷è â öèëèíäðå, ïîëó÷àåì ïðåäñòàâëåíèå ôóíêöèè Ãðèíà â êîíóñå
â âèäå ðÿäà:

GK(x, t, ξ, τ) =

= (τt)−n/2e
ξ2

4τ − x2

4t

∞∑
m=1

φm(t−1x)φm(τ−1ξ)e−λm(τ−1−t−1).

Òåîðåìà 2. Ïðè (x, t), (ξ, τ) ∈ K̄\{0} è τ−1−t−1 ⩾ 1 äëÿ ôóíêöèè
Ãðèíà çàäà÷è (1) èìååò ìåñòî îöåíêà

GK(x, t, ξ, τ) ⩽ C(τt)−n/2e−λ1(τ
−1−t−1).

Ñ ïîìîùüþ óñòàíîâëåííûõ ñâîéñòâ ôóíêöèè Ãðèíà ìû ïîëó÷àåì
óòâåðæäåíèå î îäíîçíà÷íîé ðàçðåøèìîñòè ïåðâîé êðàåâîé çàäà÷è â
íåêîòîðîì êëàññå ôóíêöèé, äîïóñêàþùåì ðîñò ïðè t→ 0+.

Òåîðåìà 3. Åñëè ïðàâàÿ ÷àñòü f èçìåðèìà è óäîâëåòâîðÿåò
íåðàâåíñòâó

|f(x, t)| ⩽ Ct−n/2eλ1t
−1

, (x, t) ∈ K,

òî ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (1) â êëàññå íåïðå-
ðûâíûõ â K̄\{0} ôóíêöèé, óäîâëåòâîðÿþùèõ óñëîâèþ

lim
(x,t)→0 x

t ∈K
tn/2e−λ1t

−1

u(x, t) = 0.
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Ýòî ðåøåíèå óäîâëåòâîðÿåò â K îöåíêå

|u(x, t)| ⩽ Ct−n/2eλ1t
−1

∫ t

0

τn/2e−λ1τ
−1

∥f(·, τ)∥L∞(τΩ) dτ.
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Ðàññìàòðèâàþòñÿ 3D óðàâíåíèÿ Íàâüå � Ñòîêñà äëÿ äâèæåíèÿ
íåñæèìàåìîé ñðåäû â ïîëå ñèëû òÿæåñòè

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
+ w

∂u

∂z
= −∂p

∂x
+

1

Re
(
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
), (1)

∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
+ w

∂v

∂z
= −∂p

∂y
+

1

Re
(
∂2v

∂x2
+
∂2v

∂y2
+
∂2v

∂z2
), (2)

∂w

∂t
+ u

∂w

∂x
+ v

∂w

∂y
+w

∂w

∂z
= −∂p

∂z
− g +

1

Re
(
∂2w

∂x2
+
∂2w

∂y2
+
∂2w

∂z2
), (3)

∂u

∂x
+
∂v

∂y
+
∂w

∂z
= 0. (4)

Ãäå u,v,w,p îñíîâíûå íåèçâåñòíûå; Re íåîòðèöàòåëüíûé ïàðà-
ìåòð, íàçûâàåìûé ÷èñëîì Ðåéíîëüäñà.
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Óðàâíåíèÿ (1-4) îáëàäàþò èíòåðåñíûìè è íå äî êîíöà èçó÷åííû-
ìè ñâîéñòâàìè. Îäíî èç íèõ ñîñòîèò â òîì, ÷òî â íåêîòîðûõ ñëó÷àÿõ
ðåøåíèÿ ñóùåñòâóþò ëèøü â èíòåðâàëå âðåìåíè 0 < t < t∗ [1-2].
Â ýòîì ñëó÷àå ðåøåíèå èìååò êîíå÷íîå âðåìÿ æèçíè t∗. Â äîêëàäå
ïðåäëàãàåòñÿ ïðèìåð ïîñòðîåíèÿ òàêèõ ðåøåíèé.

Ïðåäëàãàåòñÿ ðàññìîòðåòü äâèæåíèå íåñæèìàåìîé ñðåäû â áîëü-
øîì ðåçåðâóàðå, êîãäà âëèÿíèåì îãðàíè÷èâàþùèõ ïîâåðõíîñòåé
ìîæíî ïðåíåáðå÷ü. Ñ÷èòàåì, ÷òî ñóùåñòâóåò ïîòåíöèàë ñêîðîñòè φ
è ïîòðåáóåì âûïîëíèìîñòè ñëåäóþùèõ óñëîâèé

u(x0, y0, z0, t) = v(x0, y0, z0, t) = w(x0, y0, z0, t) = 0, (5)

u→ u0, v → v0, w → w0, (6)

êîãäà x = cx
ε + o( 1ε ), y =

cy
ε + o( 1ε ), z =

cz
ε + o( 1ε ) ïðè ε→ 0.

Óñëîâèÿ (5) ñîîòâåòñòâóþò òîìó, ÷òî êàæäàÿ èç êîìïîíåíò âåê-
òîðà ñêîðîñòè â çàäàííîé òî÷êå M0(x0, y0, z0) îáðàùàåòñÿ â íóëü.
Óñëîâèÿ (6) òðåáóþò àñèìïòîòè÷åñêîãî ïðèáëèæåíèÿ íà áåñêîíå÷íî-
ñòè äëÿ êàæäîé èç êîìïîíåíò âåêòîðà ñêîðîñòè ê íàïåðåä çàäàííûì
çíà÷åíèÿì u0, v0, w0. Ïðè ýòîì cx, cy, cz, ïðåäñòàâëÿþò íåíóëåâûå
ïàðàìåòðû. Ìîæíî ïîêàçàòü, ÷òî ðåøåíèÿ óðàâíåíèé (1-4) ïðè
óñëîâèÿõ (5) îïðåäåëÿåòñÿ âûðàæåíèÿìè [3-4]

u = −
A1(t)sh(

Reθ1
2 )−B1(t)sin(

Reλ1

2 )

2(cos2(Reλ1

4 ) + sh2(Reθ14 ))
+
B3(t)sh(

Reθ3
2 ) +A3(t)sin(

Reλ3

2 )

2(cos2(Reλ3

4 ) + sh2(Reθ34 ))
,

v = −
A2(t)sh(

Reθ2
2 )−B2(t)sin(

Reλ2

2 )

2(cos2(Reλ2

4 ) + sh2(Reθ24 ))
+
B1(t)sh(

Reθ1
2 ) +A1(t)sin(

Reλ1

2 )

2(cos2(Reλ1

4 ) + sh2(Reθ14 ))
,

w = −
A3(t)sh(

Reθ3
2 )−B3(t)sin(

Reθ3
2 )

2(cos2(Reλ3

4 ) + sh2(Reθ34 ))
+
B2(t)sh(

Reθ2
2 ) +A2(t)sin(

Reλ2

2 )

2(cos2(Reλ2

4 ) + sh2(Reθ24 ))
,

p− p0 = −gz − u2 + v2 + w2

2
− ∂φ

∂t
.

Ãäå äëÿ ïîòåíöèàëà ñêîðîñòè φ ñïðàâåäëèâî ïðåäñòàâëåíèå

φ = φ1 + φ2 + φ3,

φk =
2

Re
ln(cos2

Reλk
4

+ sh2
Reθk
4

), k = 1, 2, 3,

θ1 = A1(t)(x− x0)−B1(t)(y− y0), λ1 = B1(t)(x− x0) +A1(t)(y− y0).
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θ2 = A2(t)(y − y0)−B2(t)(z − z0), λ2 = B2(t)(y − y0) +A2(t)(z − z0),

θ3 = A3(t)(z − z0)−B3(t)(x− x0), λ3 = B3(t)(z − z0) +A3(t)(x− x0).

Ïðè ýòîì Ak(t), Bk(t) ïðè k = 1, 2, 3 ïðåäñòàâëÿþò ôóíêöèè
âðåìåíè óäîâëåòâîðÿþùèå óñëîâèþ

A1(t)
2 +A2(t)

2 +A3(t)
2 = B1(t)

2 +B2(t)
2 +B3(t)

2.

Èìåþò ìåñòî ñëåäóþùèå çàêîíîìåðíîñòè. Ôóíêöèè A1(t) è B1(t)
ìîãóò áûòü âûáðàíû ïðîèçâîëüíî, òîãäà êàê îñòàëüíûå ÷åòûðå îä-
íîçíà÷íî âûðàæàþòñÿ ÷åðåç íèõ. Ðåøåíèÿ, óäîâëåòâîðÿþùèå óñëî-
âèÿì (6), ñóùåñòâóþò òîëüêî â ñëó÷àå, êîãäà òî÷êà (A1(t), B1(t))
íàõîäèòñÿ âíóòðè íåêîòîðîé îáëàñòè íà ïëîñêîñòè, ãäå A1 îòêëà-
äûâàåòñÿ âäîëü îñè àáñöèññ, à B1 âäîëü îñè îðäèíàò. Â ÷àñòíîñòè,
åñëè ïîëîæèòü cx = 1, cy = 2, cz = −3, u0 = 0, v0 = 0, w0 = 4,
òî îáëàñòü, âíóòðè êîòîðîé ìîæíî óäîâëåòâîðèòü óñëîâèÿì (6),
ïðåäñòàâëÿåò ïðÿìîóãîëüíèê ñ âåðøèíàìè â òî÷êàõ (−6,−3), (−6, 3),
(6, 3), (6,−3). Äèàãîíàëü, ñîåäèíÿþùàÿ òî÷êè (−6,−3), (6, 3), ðàçáè-
âàåò óêàçàííûé ïðÿìîóãîëüíèê íà äâå òðåóãîëüíûå îáëàñòè. Åñëè
òî÷êà (A1(t), B1(t)) ðàñïîëàãàåòñÿ â íèæíåé òðåóãîëüíîé îáëàñòè,
òî âûïîëíåíî θ1 > 0, θ2 < 0, θ3 < 0. Åñëè ýòà òî÷êà ðàñïîëàãàåòñÿ â
âåðõíåé òðåóãîëüíîé îáëàñòè, òî âûïîëíåíî θ1 < 0, θ2 < 0, θ3 > 0. è
ðåøåíèå ïðè óñëîâèè (6) èçìåíÿåò ñâîé âèä. Åñëè òî÷êà ðàñïîëàãà-
åòñÿ âíå óêàçàííîãî ïðÿìîóãîëüíèêà, òî ðåøåíèÿ óäîâëåòâîðÿþùåãî
óñëîâèÿì (6), íå ñóùåñòâóåò. Ïóñòü ôóíêöèè A1(t) è B1(t) âûáðàíû
êàê

A1(t) = t2, B1(t) = t,

òîãäà ïðè 0 < t < 2 òî÷êà (A1(t), B1(t)) íàõîäèòñÿ âíóòðè âåðõíåãî
òðåóãîëüíèêà. Ïðè 2 < t <

√
6 òî÷êà (A1(t), B1(t)) íàõîäèòñÿ âíóòðè

íèæíåãî òðåóãîëüíèêà. Åñëè t >
√
6 òî òî÷êà (A1(t), B1(t)) íàõîäèò-

ñÿ âíå óêàçàííîãî ïðÿìîóãîëüíèêà.
Òàêèì îáðàçîì, äëÿ ðàññìàòðèâàåìîãî ñëó÷àÿ ïðè 0 < t < 2 ðåøå-

íèå óðàâíåíèé (1-4) ïðè óñëîâèÿõ (5-6)ïðåäñòàâëÿåòñÿ â îäíîì âèäå,
ïðè 2 < t <

√
6 â äðóãîì, è ñóììàðíîå âðåìÿ æèçíè ðåøåíèÿ ðàâíî√

6. Òî åñòü t∗ =
√
6.
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Ïîñòàíîâêà çàäà÷è. Â çàìûêàíèè Q̄ = [0,∞) × [0,∞) îáëàñòè
Q = (0,∞) × (0,∞) ïåðåìåííûõ x = (x1, x2) íàéòè ðåøåíèå óðàâíå-
íèÿ (

∂2x1
u− a2∂2x2

u
)
(x) = f(x), x = (x1, x2) ∈ Q̄, (1)

óäîâëåòâîðÿþùåå óñëîâèÿì Êîøè

u(0, x2) = φ(x2), ∂x1
u(0, x2) = ψ(x2), x2 ∈ [0,∞), (2)

è èíòåãðàëüíîìó óñëîâèþ

ax1∫
0

u(x1, x2)dx2 = µ(x1), x1 ∈ [0,∞) (3)

ãäå f ∈ Ck−1(Q̄) k ∈ N , k ⩾ 2, µ ∈ Ck−1([0,∞)), φ ∈ Ck([0,∞)),
ψ ∈ Ck−1([0,∞)).

Òàêèì îáðàçîì, ðàññìàòðèâàåì çàäà÷ó (1), (2), (3) ñ öåëüþ ïî-
ñòðîåíèÿ åå êëàññè÷ñêîãî ðåøåíèÿ èç êëàññà Ck(Q̄), k ⩾ 2.

Ðåøåíèå óðàâíåíèÿ (1) ïðåäñòàâëÿåòñÿ â âèäå

u(x) = g(1)(x2 − ax1) + g(2)(x2 + ax1) + Vp(x),
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ãäå ïðîèçâîëüíûå ôóíêöèè g(j), j = 1, 2, èç êëàññà Ck è îáëàñòè
îïðåäåëåíèÿ D

(
g(1)

)
= Ck(R), D

(
g(2)

)
= Ck ([0,∞)) äëÿ ëþáî-

ãî x ∈ Q̄, Vp � ÷àñòíîå ðåøåíèå óðàâíåíèÿ (1) èç êëàññà Ck
(
Q̄
)
.

Äëÿ îïðåäåëåíèÿ Vp õàðàêòåðèñòèêîé x2 − ax1 = 0 îáëàñòü Q ðàç-
áèâàåòñÿ íà äâå ïîäîáëàñòè Q(1) = {x ∈ Q|x2 − ax1 > 0}, Q(2) =
{x ∈ Q|x2 − ax1 < 0} Òîãäà ÷àñòíîå ðåøåíèå îïðåäåëÿåòñÿ â ââèäå:

Vp(x) =

{
v
(1)
p (x), x ∈ Q(1),

V
(2)
p (x), x ∈ Q(2),

Òåîðåìà 1. Ïóñòü çàäàííàÿ ôóíêöèÿ f óðàâíåíèÿ (1) ïðèíàäëå-
æèò ìíîæåñòâó Ck−1

(
Q̄
)
. Òîãäà ôóíêöèè Vp ïðèíàäëåæèò êëàñ-

ñó Ck
(
Q̄
)
òîãäà è òîëüêî òîãäà, êîãäà âûïîëíÿþòñÿ îïðåäåëåííûå

óñëîâèÿ ñîãëàñîâàíèÿ, óäîâëåòâîðÿåò îäíîðîäíûì óñëîâèÿì Êîøè

(2), ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (1). Êðîìå ýòîãî ôóíêöèÿ V
(2)
p

óäîâëåòâîðÿåò îäíîðîäíîìó èíòåãðàëüíîìó óñëîâèþ (3).
Òåîðåìà 2. Ïóñòü çàäàííûå ôóíêöèè çàäà÷è (1), (2), (3) óäî-

âëåòâîðÿþò ñëåäóþùèì óñëîâèÿì ãëàäêîñòè: f ∈ Ck−1
(
Q̄
)
. φ ∈

Ck([0,∞)), ψ ∈ Ck−1([0,∞)), µ ∈ Ck+1([0,∞)). Ôóíêöèÿ u ïðèíàä-
ëåæèò êëàññó Ck(Q̄) òîãäà è òîëüêî òîãäà, êîãäà âûïîëíÿþòñÿ
óñëîâèÿ ñîãëàñîâàíèÿ:

φ(0)− 1

a
dµ(0) m = 0,

dmφ(0)− 2mdmφ(0)−
(

1

2a
− 2m

)
dm−1ψ(0)+

+
1

am+1
dm+1µ(0) + b(m) = 0, m = 1, 3, . . . , k,

2mdmφ(0) + 2mdm−1φ(0)− 1

am+1
dm+1µ(0) + b(m) = 0, m = 2, . . . , k,

ÿâëÿåòñÿ ðåøåíèåì íà Q óðàâíåíèÿ (1), óäîâëåòâîðÿåò óñëîâèÿì
Êîøè (2) è èíòåãðàëüíîìó óñëîâèþ (3). Òàêîå êëàññè÷åñêîå ðåøåíèå
çàäà÷è (1), (2), (3) èç êëàññà Ck

(
Q̄
)
ÿâëÿåòñÿ åäèíñòâåííûì.

×èñëà b(m) îïðåäåëåíû ÷åðåç çíà÷åíèÿ ôóíêöèè f è åå ïðîèçâîä-
íûõ.
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Â îãðàíè÷åííîé îáëàñòè Q = (−∞, T ] × Ω, ãäå T > 0 è Ω ⊂ Rn,
n = 2, 3 ñ äîñòàòî÷íî ãëàäêîé ãðàíèöåé ∂Ω ⊂ C2 ðàññìàòðèâàåòñÿ
ñëåäóþùàÿ êðàåâàÿ çàäà÷à:

∂v

∂t
+

n∑
i=1

ui
∂v

∂xi
− µ0△v−

− µ1

Γ(1− α)
Div

∫ t

−∞
e

−(t−s)
λ (t− s)

−α
E(v)(s, z(s; t, x))ds+∇p = f ; (1)

u = (I − α2∆)−1v, (t, x) ∈ Q. (2)

div v(t, x) = 0, (t, x) ∈ Q; (3)

z(τ ; t, x) = x+

∫ τ

t

v(s, z(s; t, x))ds, t, τ ∈ (−∞, T ], x ∈ Ω̄; (4)

v(t, x) |(t,x)∈(−∞,T ]×∂Ω= 0; (5)

Çäåñü v(t, x) = (v1(t, x), ..., vn(t, x)) è p(t, x) � âåêòîð - ôóíêöèÿ ñêî-
ðîñòè, ôóíêöèÿ äàâëåíèÿ ñðåäû ñîîòâåòñòâåííî, E(v) = {Eij}ni,j=1 �

òåíçîð ñêîðîñòåé äåôîðìàöèè ñ êîìïîíåíòàìè Eij = 1
2 (

∂vi
∂xj

+
∂vj
∂xi

),
f � ïëîòíîñòü âíåøíèõ ñèë, µ0 > 0, µ1 ⩾ 0, 0 < α < 1, λ > 0 � êîí-
ñòàíòû, z(τ ; t, x) � òðàåêòîðèÿ äâèæåíèÿ ÷àñòèö ñðåäû. Çíàê Div
îáîçíà÷àåò äèâåðãåíöèþ ìàòðèöû, òî åñòü âåêòîð, êîîðäèíàòàìè êî-
òîðîãî ÿâëÿþòñÿ äèâåðãåíöèè âåêòîðîâ - ñòîëáöîâ ìàòðèöû.

Ðàññìàòðèâàåìàÿ çàäà÷à ÿâëÿåòñÿ ïðîäîëæåíèåì öèêëà ðàáîò,
ïîñâÿùåííûõ èññëåäîâàíèþ ìîäåëåé âÿçêîóïðóãèõ ñðåä (ñì., íàïðè-
ìåð, [1]�[3] è èìåþùóþñÿ òàì áèáëèîãðàôèþ). Â äàííîé ðàáîòå ðàñ-
ñìîòðåíà àëüôà�ìîäåëü (ñì., íàïðèìåð, [4]�[5] è èìåþùóþñÿ òàì
áèáëèîãðàôèþ) äëÿ èññëåäóåìîé çàäà÷è.

Ñëàáîå ðåøåíèå áóäåò íàõîäèòüñÿ â ñëåäóþùåì ôóíêöèîíàëüíîì
ïðîñòðàíñòâå

W1 = {v ∈ L2(−∞, T ;V 1)∩L∞(−∞, T ;V 0), v′ ∈ L4/3,loc(−∞, T ;V −1)}.
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Îïðåäåëåíèå 1. Ïóñòü f ∈ L2(−∞, T ;V −1). Ñëàáûì ðåøåíèåì
çàäà÷è (1)�(5) íàçûâàåòñÿ ôóíêöèÿ v ∈ W1, óäîâëåòâîðÿþùàÿ äëÿ
ëþáîé φ ∈ V 1 è ï.â. t ∈ (−∞, T ] òîæäåñòâó

⟨v′, φ⟩ −
∫
Ω

n∑
i=1

(∆−1
α v)ivj

∂φ

∂xi
dx+ µ0

∫
Ω

∇v : ∇φdx+

+
µ1

Γ(1− α)

∫
Ω

∫ t

−∞
e

−(t−s)
λ (t− s)

−αE(v)(s, z(s; t, x))ds, E(φ)dx = ⟨f, φ⟩,

çäåñü z � ÐËÏ, ïîðîæäåííûé v.
Îñíîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Ïóñòü f ∈ L2(−∞, T ;V −1). Òîãäà çàäà÷à (1)�(5) èìååò
ïî êðàéíåé ìåðå îäíî ñëàáîå ðåøåíèå v ∈W1.
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Íåêîòîðîå âðåìÿ íàçàä, â ñâÿçè ñ ïðèëîæåíèÿìè ê çàäà÷àì ìà-
òåìàòè÷åñêîé ôèçèêè (ñì., íàïðèìåð, [1]), àâòîðîâ çàèíòåðåñîâàë
âîïðîñ î ñâîéñòâàõ êîìïëåêñíîçíà÷íîé ôóíêöèè Γ(iy) ïåðåìåííîé
y ∈ R. Ââèäó òîãî, ÷òî âåëè÷èíû Γ(iy) è Γ(−iy) êîìïëåêñíî ñîïðÿ-
æåíû, îãðàíè÷èâàåìñÿ ïîëîæèòåëüíûìè çíà÷åíèÿìè ïåðåìåííîé.

Èç ðàçëîæåíèÿ öåëîé ôóíêöèè 1/Γ(z) â áåñêîíå÷íîå ïðîèçâåäå-
íèå Âåéåðøòðàññà

1

Γ(z)
= z eγz

∞∏
n=1

(
1 +

z

n

)
e−z/n , z = x+ iy ∈ C ,

ãäå γ � êîíñòàíòà Ýéëåðà�Ìàñêåðîíè, ñëåäóåò ïðåäñòàâëåíèå

|Γ(iy)|2 =
1

y2

∞∏
n=1

n2

n2 + y2
=

π

y sh(πy)
, y > 0,

ñ èçâåñòíîé àñèìïòîòèêîé |Γ(iy)| ∼
√

2π

y
exp

(
−πy

2

)
, y → +∞.

Êàê äîêàçàíî â ðàáîòå [2], ïðè êàæäîì y > 0 îäíî èç ñ÷¼òíîãî
÷èñëà çíà÷åíèé Arg Γ(iy) ñîâïàäàåò ñ âûðàæåíèåì

Φ(y) = y ln
y

e
− π

4
−

+∞∫
0

g(t) sin yt dt ≡ y ln
y

e
− π

2
+

+∞∫
0

h(t) sin yt dt, (1)

ãäå g(t) =
(1
2
− 1

t
+

1

et − 1

)1
t
, h(t) =

1

2t
− g(t) =

et − 1− t

(et − 1)t2
.

Äëÿ àðãóìåíòà Arg âåòâü ñî çíà÷åíèÿìè â ïðîìåæóòêå (−π, π]
ñ÷èòàåì ãëàâíîé è îáîçíà÷àåì arg. Äåòàëüíûé àíàëèç ôîðìóëû (1)
ïîêàçûâàåò, ÷òî ôóíêöèÿ Γ(iy) ïðèíèìàåò ïðè y > 0 íåâåùåñòâåííûå
çíà÷åíèÿ âñþäó çà èñêëþ÷åíèåì òî÷åê íåêîòîðîé ïîñëåäîâàòåëüíî-
ñòè {ηm}m∈N, ηm → +∞ ïðè m→ ∞, â êîòîðûõ Γ(iηm) ∈ R .
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Òåîðåìà 1. Äëÿ ôóíêöèè (1) ïðè âñåõ y > 0 âåðíà äâóñòîðîííÿÿ
îöåíêà

Φ(y) < Φ(y) < Φ(y) ,

â êîòîðîé ìèíîðàíòà Φ è ìàæîðàíòà Φ çàäàþòñÿ ôîðìóëàìè

Φ(y) =

{
y ln y

e
− π

2
, 0 < y < 2

3π
,

y ln y
e
− π

4
− 1

6y
, y ⩾ 2

3π
,

Φ(y) =

{
y ln π

2
− π

2
, 0 < y < y0 ,

y ln y
e
− π

4
, y ⩾ y0 .

Çäåñü
2

3π
= 0.21 . . . , y0 = − π

4W−1(− 1
2e )

= 0.29 . . . , à ñèìâîëW−1

èñïîëüçîâàí äëÿ ñîîòâåòñòâóþùåé âåòâè W-ôóíêöèè Ëàìáåðòà.

Ïðè êàæäîì m ∈ N ïîëîæèì ym =
(8m− 3)π

4W0

( (8m−3)π
4e

) ,
y
m

=
3(8m− 3)πym + 2

12ymW0

( 3(8m−3)πym+2
12eym

) , ym =
(8m+ 5)π

4W0

( (8m+5)π
4e

) ,
ãäå W0 îáîçíà÷àåò îñíîâíóþ âåòâü W-ôóíêöèè Ëàìáåðòà (ñì. [3]).

Áëàãîäàðÿ òåîðåìå 1 ñîîòíîøåíèå Φ(y) ∈ Arg Γ(iy), y > 0,

äîïóñêàåò ñëåäóþùóþ äåòàëèçàöèþ.
Òåîðåìà 2. Ïóñòü ôóíêöèÿ Φ(y) îïðåäåëåíà ôîðìóëîé (1). Òî-

ãäà ãëàâíîå çíà÷åíèå àðãóìåíòà âåëè÷èíû Γ(iy) ïðè

y ∈
(
0,

5π

4W0(
5π
4e )

)
= ( 0, 5.52 . . . )

âû÷èñëÿåòñÿ ïî ïðàâèëó arg Γ(iy) = Φ(y), à ïðè y ∈ ( y
m
, ym ) ñ çà-

äàííûì m ∈ N � ïî ïðàâèëó arg Γ(iy) = Φ(y)− 2πm.
Íàïðèìåð, âçÿâ y = 1, ïîëó÷èì

arg Γ(i) = Φ(1) =

+∞∫
0

et − 1− t

(et − 1)t2
sin t dt− 1− π

2
= −1.87 . . . (2)
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ñ ïðèåìëåìûìè äëÿ ïðàêòè÷åñêèõ âû÷èñëåíèé ãðàíèöàìè

−1.95 . . . = −7

6
− π

4
= Φ(1) < arg Γ(i) < Φ(1) = −1− π

4
= −1.78 . . .

èç òåîðåìû 1. Â äîïîëíåíèå ê (2) ïðèâåä¼ì ëþáîïûòíóþ ôîðìóëó

arg Γ(i) =

π/2∫
0

{tg t} dt− 1− π

2
, {·} � äðîáíàÿ ÷àñòü,

ñâÿçàííóþ ñ îäíîé çàäà÷åé, îïóáëèêîâàííîé â 2017 ãîäó â ¾La Gaceta
de la RSME¿ (vol. 20, num. 2, probl. 327).

Ïðè âûáîðå y = 3e ∈ ( y
1
, y1 ) = ( 5.54 . . . , 8.74 . . . ) ïîëó÷èì

arg Γ(3ei) = Φ(3e)− 2π =

= 3e ln 3− 5π

2
+

+∞∫
0

et − 1− t

(et − 1)t2
sin(3et) dt = 1.88 . . . ;

ñîãëàñíî æå òåîðåìàì 1, 2 èìååì

1.86 . . . = 3e ln 3− 9π

4
− 1

18e
= Φ(3e)− 2π < arg Γ(3ei) < Φ(3e)− 2π

= 3e ln 3− 9π

4
= 1.89 . . . ,

÷òî äà¼ò âåñüìà íåïëîõîå ïðèáëèæåíèå.
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òåìàòè÷åñêèõ çàäà÷àõ ôèçèêè / À.Å. Äóáèíîâ, È.Ä. Äóáèíîâà,
Ñ.Ê. Ñàéêîâ � Ñàðîâ : ÐÔßÖ-ÂÍÈÈÝÔ, 2006. � 159 ñ.
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ÎÖÅÍÊÀ ÂÅÐÎßÒÍÎÑÒÈ ËÎÆÍÎÉ ÒÐÅÂÎÃÈ
Â ÊÎÃÍÈÒÈÂÍÛÕ ÐÀÄÈÎÑÅÒßÕ

À.Â. Êîñòèí, Ì.È. Ïàðøèí
(Âîðîíåæ, ÂÃÓ, ÀÎ Êîíöåðí Ñîçâåçäèå)

leshakostin@mail.ru, parshin_maksim@mail.ru

Ðàññìàòðèâàåòñÿ öåíòðàëèçîâàííàÿ êîãíèòèâíàÿ ðàäèîñåòü ñ L
àêòèâíûìè âòîðè÷íûìè ïîëüçîâàòåëÿìè. Ïðåäïîëàãàåòñÿ, ÷òî ñîâ-
ìåñòíîå ðåøåíèå ïðèíèìàåòñÿ öåíòðîì ñëèÿíèÿ. Âòîðè÷íûå ïîëüçî-
âàòåëè, {CRi}Li=1, îáîçíà÷àþò ñèñòåìíûå ðåòðàíñëÿòîðû è èñïîëü-
çóþò òó æå ïîëîñó ñïåêòðà, êîòîðàÿ ïåðâîíà÷àëüíî âûäåëåíà îñíîâ-
íûì ïîëüçîâàòåëÿì. Ïàðàìåòðû çàìèðàíèÿ êàíàëà i�ãî èçìåðèòåëü-
íîãî êàíàëà è i�ãî ðåòðàíñëÿöèîííîãî êàíàëà îáîçíà÷àþòñÿ hsi è hri
ñîîòâåòñòâåííî. Ìû òàêæå îáîçíà÷àåì ÷åðåç hsi è hri àääèòèâíûé
ãàóññîâñêèé øóì çîíäèðóþùåãî è ðåòðàíñëÿöèîííîãî êàíàëîâ ñîîò-
âåòñòâåííî, êîòîðûå, êàê ïðåäïîëàãàåòñÿ, ÿâëÿþòñÿ íåçàâèñèìûìè
èäåíòèôèöèðóåìî ðàñïðåäåëåííûìè ñ íóëåâûì ñðåäíèì çíà÷åíèåì
è äèñïåðñèåé N0.

Ïðåäïîëàãàåòñÿ, ÷òî èíôîðìàöèÿ î ñîñòîÿíèè êàíàëà äîñòóïíà
äëÿ âñåõ ðåòðàíñëÿòîðîâ, à òàêæå, ÷òî öåíòð ñëèÿíèÿ îáëàäàåò ïîë-
íûì çíàíèåì èíôîðìàöèè î ñîñòîÿíèè êàíàëà, ò.å. îí ìîæåò ïîëó-
÷èòü ãëîáàëüíûå çíàíèÿ î îáíàðóæåíèè è ðåòðàíñëÿöèè óñèëåíèÿ
êàíàëà. Èíôîðìàöèÿ î ñîñòîÿíèè êàíàëà ÿâëÿåòñÿ îäíèì èç îñíîâ-
íûõ óñëîâèé óñïåøíîé ðåàëèçàöèè ïðîòîêîëîâ äèíàìè÷åñêîé êîãíè-
òèâíîé ðàäèîñâÿçè. Íà ïðàêòèêå ëåãêî ïîëó÷èòü ëîêàëüíóþ èíôîð-
ìàöèþ î êîýôôèöèåíòàõ óñèëåíèÿ êàíàëà ñ ïîìîùüþ ìåõàíèçìà îá-
ðàòíîé ñâÿçè, èñïîëüçóÿ ïèëîòíûå ñèãíàëû, ïåðèîäè÷åñêè ïåðåäàâà-
åìûå öåíòðîì ñëèÿíèÿ. ×òîáû ïîëó÷èòü èíôîðìàöèþ î ñîñòîÿíèè
êàíàëà óäàëåííîé ëèíèè ñâÿçè (ò.å. ÷óâñòâèòåëüíîé ëèíèè ñâÿçè),
êîãíèòèâíîå ðàäèî óñèëèâàåò ïèëîòíûé ñèãíàë, ïîëó÷åííûé îò ïåð-
âè÷íîé áàçîâîé ñòàíöèè, è ïåðåñûëàåò åãî â öåíòð ñëèÿíèÿ.

Ïóñòü xp îáîçíà÷àåò ñèãíàë, ïåðåäàâàåìûé îñíîâíûì ðàäèîïðè-
åìíèêîì, òîãäà ïðèíÿòûé ñèãíàë i�ì ïðèåìíèêîì, ysi , ìîæåò áûòü
âûðàæåí êàê

ysi = θhsixp + nsi (1)

ãäå θ = 0 èëè 1 îáîçíà÷àåò ñîñòîÿíèå îñíîâíîãî ïîëüçîâàòåëÿ ïðè
äâóõ ãèïîòåçàõ: H0 äëÿ îòñóòñòâèÿ îñíîâíîãî ïîëüçîâàòåëÿ è H1 äëÿ
ïðèñóòñòâèÿ îñíîâíîãî ïîëüçîâàòåëÿ. Åñëè Yi îáîçíà÷àåò ìîùíîñòü
ysi , òî ñðåäíåå çíà÷åíèå Yi ìîæåò áûòü âûðàæåíî êàê

© Êîñòèí À.Â., Ïàðøèí Ì.È., 2025

203



E{Ysi} =

{
σYsi0 = N0 H0

σsi1 = Ei +N0 = N0(1 + γsi) H1
(2)

ãäå Ei = E{|hsixp|2}� ñðåäíåå çíà÷åíèå ìîùíîñòè ñèãíàëà, ïðèíÿòî-
ãî íà ðàäèî÷àñòîòíîì èíòåðôåéñå i�ãî êîãíèòèâíîãî ðàäèîïðèåìíè-
êà, è γsi� ñðåäíåå îòíîøåíèå ñèãíàë/øóì, ñâÿçàííîå ñ i�ì êàíàëîì
îáíàðóæåíèÿ. Äëÿ ëîêàëüíîãî îïðåäåëåíèÿ ñïåêòðà Ysi ñðàâíèâàåò-
ñÿ ñ çàäàííûì ïîðîãîâûì çíà÷åíèåì λi äëÿ îïðåäåëåíèÿ ïåðâè÷íîãî
ñîñòîÿíèÿ θ. Ñëåäîâàòåëüíî, âåðîÿòíîñòü ëîæíîé òðåâîãè, Pfi , è âå-
ðîÿòíîñòü îáíàðóæåíèÿ, Pdi , ìîãóò áûòü âûðàæåíû êàê

Pfi = P{Ysi > λi|H0} =

∫ ∞

λi

(
mi

σγsi0

)mi

ymi−1

Γ(mi)
exp

(
− mi

σγsi0

)
ydy =

=

Γ

(
mi,

miλi

σγsi0

)
Γ(mi)

=
Γ
(
mi,

miλi

N0

)
Γ(mi)

(3)

è

Pdi = P{Ysi > λi|H1} =

∫ ∞

λi

(
mi

σγsi1

)mi

ymi−1

Γ(mi)
exp

(
− mi

σγsi1

)
ydy =

=

Γ

(
mi,

miλi

σγsi1

)
Γ(mi)

=
Γ
(
mi,

miλi

N0(1+γsi

)
Γ(mi)

. (4)

ãäå ïðèâåäåííûå âûøå èíòåãðàëû âû÷èñëÿþòñÿ ñ ïîìîùüþ [1, óðàâ-
íåíèå 3.381.3], mi� ïàðàìåòð çàòóõàíèÿ Íàêàãàìè-ì, Γ(·)� ãàììà�
ôóíêöèÿ, à Γ(·, ·)� íåïîëíàÿ ãàììà ôóíêöèÿ.

Ëèòåðàòóðà
1. Hussain S. Performance analysis of relay-based cooperative

spectrum sensing in cognitive radio networks over non-identical
Nakagami-m channels /S. Hussain, X. Fernando. � IEEE Trans.
Commun. 62(8), 2733�2746 (2014)

2. Mitola J. Cognitive radio: an integrated agent architecture for
software de�ned radio/ J. Mitola Ph.D. thesis, KTH Royal Institute of
Technology, Stockholm � 2000
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ÏÎËÓÃÐÓÏÏÎÂÎÉ ÎÏÅÐÀÒÎÐ ÌÀÑËÎÂÀ
È ÏÐÅÄÑÒÀÂËÅÍÈÅ ÐÅØÅÍÈÉ ÃÐÀÍÈ×ÍÛÕ

ÇÀÄÀ× ÄËß 0 ⩽ x ⩽ l <∞
Â.À. Êîñòèí, À.Â. Êîñòèí, Ì.Í. Ñèëàåâà (Âîðîíåæ, ÂÃÓ)
vlkostin@mail.ru, leshakostin@mail.ru, marinanebolsina@yandex.ru

Â ìîíîãðàôèè Â.Ï. Ìàñëîâà [2], ñòð. 18 äëÿ ïîëóãðóïïû ñäâè-
ãîâ (exDf)(t) = f(x + t), ñ ïðîèçâîäÿùèì îïåðàòîðîì D = d

dx
(x ⩾ 0, t ⩾ 0) îïðåäåëÿåòñÿ îáðàòíûé îïåðàòîð ê îïåðàòîðó (I−ehD)
êàê ñòåïåííîé ðÿä

(
I − ehD

)−1
=

∞∑
k=0

ekhD. (1)

ÎïåðàòîðûM±(h) ïðèìåíèì äëÿ ïðåäñòàâëåíèÿ ðåøåíèé ãðàíè÷-
íûõ çàäà÷ äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ

d2u(x)

dx2
= Au(x), 0 ⩽ x ⩽ l <∞; (2)

ñ êðàåâûìè óñëîâèÿìè

1. u(0) = φ1, u(l) = ψ1, (Çàäà÷à Äèðèõëå) (3)

2. u′(0) = φ2, u
′(l) = ψ2, (Çàäà÷à Íåéìàíà) (4)

3. u′(0) = φ3, u(l) = ψ3, (5)

4. u(0) = φ4, u
′(l) = ψ4. (6)

Ïðè ýòîì áóäåì ïðåäïîëàãàòü, ÷òî îïåðàòîð A òàêîé, ÷òî îïå-
ðàòîð −A, ÿâëÿåòñÿ ãåíåðàòîðîì C0-ïîëóãðóïïû, óäîâëåòâîðÿþùåé
îöåíêå

∥U(x)∥ ⩽Me−ωx, ω > 0, (7)

Ýòî îáåñïå÷èâàåò ñóùåñòâîâàíèå
√
A, ïðè÷åì îïåðàòîð −

√
A òàêæå

ÿâëÿåòñÿ ãåíåðàòîðîì ïîëóãðóïïû U 1
2
(x) êëàññ C0 ñ îöåíêîé

∥U 1
2
(x)∥ ⩽Me−

√
ωx.

Èñõîäÿ èç ýòîãî, â ñîîòâåòñòâèè ñ [1], ãë. III, �2 äàäèì ñëåäóþùèå
îïðåäåëåíèÿ:

© Êîñòèí Â.À., Êîñòèí À.Â., Ñèëàåâà Ì.Í., 2025
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Îïðåäåëåíèå 1. Ôóíêöèÿ u(x) íàçûâàåòñÿ îáîáùåííûì ðåøå-
íèåì óðàâíåíèÿ (2), åñëè 1) îíà íåïðåðûâíà íà [0, l], 2) çíà÷åíèÿ
ôóíêöèè u(x) (0 < x < l) ïðèíàäëåæèò D(A), 3) îíà óäîâëåòâîðÿ-
åò óðàâíåíèþ (2) â èíòåðâàëå (0, l).

Îïðåäåëåíèå 2. Ñîîòâåòñòâóþùàÿ êðàåâàÿ çàäà÷à äëÿ óðàâíå-
íèÿ (2) íàçûâàåòñÿ ðàâíîìåðíî êîððåêòíîé, åñëè äëÿ âñÿêèõ φi, ψi
èç E ñóùåñòâóåò åäèíñòâåííîå îáîáùåííîå ðåøåíèå ýòîé çàäà÷è,
íåïðåðûâíî çàâèñÿùåå â íîðìå C(E) îò φi, ψi (i = 1, 2, 3, 4).

Èñïîëüçóÿ ýòîò ïîäõîä, ââåäåì ïîëóãðóïïîâîé îïåðàòîð Ìàñëî-
âà Mα(h) äëÿ ïðîèçâîäÿùåãî îïåðàòîðà B ïîëóãðóïïû U(x) êëàññà
C0, äåéñòâóþùåé â áàíàõîâîì ïðîñòðàíñòâå E è óäîâëåòâîðÿþùåé
îöåíêå (7) ñ ïîìîùüþ ðàâåíñòâà

Mα(h) =

∞∑
k=0

αnU(kh). (8)

Íåòðóäíî âèäåòü, ÷òî ïðè âûïîëíåíèè óñëîâèÿ

|α| < eωh

èç (8) ñëåäóåò îöåíêà

∥Mα∥ ⩽M

∞∑
k=0

|α|ke−ωkh =
M

1− |α|e−ωh
.

Òàêèì îáðàçîì, ïðè ñäåëàííûõ ïðåäïîëîæåíèÿõ íà ïàðàìåòðû
α, ω, h, îïåðàòîðû Mα(h) ÿâëÿþòñÿ îãðàíè÷åííûìè â ïðîñòðàíñòâå
E. Ìû áóäåì èõ íàçûâàòü ïîëóãðóïïîâûìè îïåðàòîðàìè Ìàñëîâà.

Äàëåå îáîçíà÷èì

M+(h) =

∞∑
k=0

U(kh), M−(h) =

∞∑
k=0

(−1)kU(kh).

Äàëåå ââåäåì îïåðàòîðû

Sh(x) = M+(2l)[U(l − x)− U(l + x)],
Ch(x) = M−(2l)[U(l − x) + U(l + x)],
Th(x) = M−(2l)[U(l − x)− U(l + x)],
Cth(x) = M+(2l)[U(l − x) + U(l + x)].

Ñïðàâåäëèâà ñëåäóþùàÿ
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Òåîðåìà. Çàäà÷è (2)�(6) ðàâíîìåðíî êîððåêòíû è èõ ðåøåíèå
ïðåäñòàâèìî â âèäå

1. u1(x) = Sh(l − x)φ1 + Sh(x)ψ1 − çàäà÷à (2)− (3),

2. u2(x) = A− 1
2 [Cth(l − x)φ2 + Cth(x)ψ2]− çàäà÷à (2)− (4),

3. u3(x) = A− 1
2Th(l − x)φ3 + Ch(x)ψ3 − çàäà÷à (2)− (5),

3. u4(x) = Ch(l − x)φ4 +A− 1
2Th(x)ψ4 − çàäà÷à (2)− (6).

Ëèòåðàòóðà
1. Êðåéí Ñ.Ã. Ëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ â áàíàõî-

âîì ïðîñòðàíñòâå / Ñ.Ã. Êðåéí. � Ì. : Íàóêà, 1967. �464 ñ.
2. Ìàñëîâ Â.Ï. Îïåðàòîðíûå ìåòîäû / Â.Ï. Ìàñëîâ. Ì. : Íàóêà,

ãëàâ. ðåä. ôèç.-ìàò. ëèò., 1973. � 543 ñ.
3. Êîñòèí Â.À. Îïåðàòîðíûå êîñèíóñ ôóíêöèè è ãðàíè÷íûå çà-

äà÷è / Â. À. Êîñòèí, Ä. Â. Êîñòèí, À. Â. Êîñòèí // ÄÀÍ. � 2019. �
Ò. 486. �� 5. � Ñ. 531�536.

4. Íåáîëüñèíà Ì.Í. Î êîððåêòíîé ðàçðåøèìîñòè êðàåâûõ çàäà÷
äëÿ óðàâíåíèÿ âòîðîãî ïîðÿäêà / Ì.Í. Íåáîëüñèíà, Â.À. Êîñòèí //
ÄÀÍ. � 2009. �Ò. 426. �� 1. �Ñ. 20�22.

ÍÅËÎÊÀËÜÍÀß ÂÀÐÈÀÖÈÎÍÍÀß ÂÅÐÑÈß
ÌÅÒÎÄÀ ËßÏÓÍÎÂÀ-ØÌÈÄÒÀ

Ò.È. Êîñòèíà (Âîðîíåæ, ÂÃÒÓ)
tata_sti@rambler.ru

Ðàññìàòðèâàåòñÿ íåëîêàëüíàÿ âàðèàöèîííàÿ âåðñèÿ ìåòîäà Ëÿ-
ïóíîâà-Øìèäòà íà ïðèìåðå èçó÷åíèÿ óðàâíåíèÿ Áåëåöêîãî, îïèñû-
âàþùåãî ïåðèîäè÷åñêèå êîëåáàíèÿ ñïóòíèêà âáëèçè ýëëèïòè÷åñêîé
îðáèòû :

(1 + e cos(ν))
d2δ

dν2
− 2e sin(ν)

dδ

dν
+ µ sin(δ)− 4e sin(ν) = 0.

Çäåñü e � ýêñöåíòðèñèòåò îðáèòû, µ � ïàðàìåòð, õàðàêòåðèçóþùèé
ðàñïðåäåëåíèå ìàññû ñïóòíèêà, δ � óãîë ìåæäó ôîêàëüíûì ðàäèó-
ñîì è îñüþ ñèììåòðèè ñïóòíèêà, ν � óãëîâàÿ (ïîëÿðíàÿ) êîîðäèíàòà
öåíòðà ìàññ ñïóòíèêà.
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Óìíîæàÿ óðàâíåíèå íà (1+e cos(ν)) ïîëó÷àåòñÿ óðàâíåíèå, ÿâëÿ-
þùååñÿ óðàâíåíèåì Ýéëåðà-Ëàãðàíæà äëÿ ýêñòðåìàëåé ôóíêöèîíà-

ëà V (q) =
2π∫
0

L(q̇, q)dt, ñ ëàãðàíæèàíîì L(q̇, q): q̇
2

2 (1+ e cos(ν))
2+(1+

e cos(ν))4eq sin(ν) + (1 + e cos(ν))µ cos(q).

Åñëè â óðàâíåíèè Áåëåöêîãî ïîëîæèòü e = 0, òî ïîëó÷àåòñÿ
óðàâíåíèå êîëåáàíèé ìàÿòíèêà ν̈ + µ sin(ν) = 0 (áåç âíåøíåãî âîç-
äåéñòâèÿ).

Ïðèìåíÿÿ ìåòîä Ëÿïóíîâà-Øìèäòà, ïîëó÷àåì ãëàäêîå îòîáðà-
æåíèå Φ(ξ), äëÿ êîòîðîãî V (u(ξ) + Φ(ξ)) = inf

v∈N⊥
V (u + v). Êëþ-

÷åâàÿ ôóíêöèÿ ïðåäñòàâèìà â âèäå îáîáùåííîé (íåëèíåéíîé) ðèò-
öåâñêîé àïïðîêñèìàöèè ïî ïåðâûì òðåì ìîäàì: W (ξ) = V (u(ξ) +
Φ(ξ)), u(ξ) := ξ0e0 + ξ1e1 + ξ2e2.

Ïîñòðîåíèå ïðèáëèæåíèé Φk(ξ) ê ôóíêöèè Φ(ξ) îñíîâàí íà ìåòî-
äå êðàò÷àéøåãî (ãðàäèåíòíîãî) ñïóñêà. Ïîñëåäîâàòåëüíîñòü ïðèáëè-
æåíèé Φk(ξ) ïðèâîäèò ê ïîñëåäîâàòåëüíîñòè ïðèáëèæåíèé êëþ÷åâîé
ôóíêöèè W(k)(ξ) = V (u(ξ) + Φk(ξ)).

Êàê è â ñëó÷àå ìàÿòíèêà ìîæíî âîñïîëüçîâàòüñÿ ìîäàìè êîëåáà-
íèé: e0 = 1, e1 =

√
2cos(t); e2 =

√
2sin(t), e3 =

√
2cos(2t), e4 =√

2sin(2t) . . . . Ïðè x =
∑2n
k=0 ξkek, ïîëó÷àåì ñèñòåìó óðàâíåíèé〈

f
(∑2n

k=0 ξkek

)
, ej

〉
= 0, ãäå f � ëåâàÿ ÷àñòü óðàâíåíèÿ Áåëåö-

êîãî. Â èòîãå ïðèìåíåíèÿ äàííîé âû÷èñëèòåëüíîé ñõåìû ïîëó÷èì
ñõîäÿùèéñÿ èòåðàöèîííûé ïðîöåññ, ïîçâîëÿþùèé îñóùåñòâèòü ïî-
ñòðîåíèå êëþ÷åâîé ôóíêöèè ñ ëþáîé òî÷íîñòüþ. ×òî ïîçâîëÿåò îñó-
ùåñòâèòü ïîñòðîåíèå ñîîòâåòñòâóþùåãî ïðèáëèæåííîãî äèñêðèìè-
íàíòíîãî ìíîæåñòâà (êàóñòèêè) � ìíîæåñòâà çíà÷åíèé ïàðàìåòðîâ
(q0, q1, q2), ïðè êîòîðûõ ñóùåñòâóþò âûðîæäåííûå êðèòè÷åñêèå òî÷-
êè.

Ëèòåðàòóðà

1. Áåëåöêèé Â.Â Äâèæåíèå èñêóññòâåííîãî ñïóòíèêà îòíîñèòåëü-
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Î ÌÀÑØÒÀÁÈÐÓÞÙÈÕ ÔÓÍÊÖÈßÕ Â ÃÐÓÏÏÅ
ÂÈËÅÍÊÈÍÀ

Þ.Ñ. Êðóññ, Ñ.Ô. Ëóêîìñêèé (Ñàðàòîâ, ÑÃÓ)
LukomskiiSF@info.sgu.ru

Ðàññìîòðèì çàäà÷ó ïîñòðîåíèÿ ñòóïåí÷àòîé ìàñøòàáèðóþùåé
ôóíêöèè â ãðóïïå Âèëåíêèíà. Ïóñòü G = {x = (...0, xn, xn+1, ...) :
xk = 0, p− 1, n ∈ Z} � ëîêàëüíî-êîìïàêòíàÿ ãðóïïà Âèëåíêèíà,
Gn = {x = (...0, xn, xn+1, ...) : xk = 0, p− 1}, n ∈ Z �ïîäãðóïïû,
îáðàçóþùèå áàçó òîïîëîãèè, gn = (..., 0n−1, 1n, 0n+1, 0, ...) � áàçèñíàÿ
ïîñëåäîâàòåëüíîñòü ò.å. g =

∑+∞
n=−∞ angn, an = 0, p− 1. Ïóñòü

X � ñîâîêóïíîñòü õàðàêòåðîâ, G⊥
n = {χ ∈ X : ∀x ∈ Gn , χ(x) = 1}

àííóëÿòîð ïîäãðóïïû Gn. G⊥
n îáðàçóþò âîçðàñòàþùóþ ïîñëåäîâà-

òåëüíîñòü è áàçó òîïîëîãèè â X. Äëÿ ïðîèçâîëüíîãî n ∈ Z âûáåðåì
õàðàêòåð rn ∈ G⊥

n+1\G⊥
n è çàôèêñèðóåì åãî. Ñîâîêóïíîñòü ôóíêöèé

(rn)n∈Z íàçûâàåòñÿ ñèñòåìîé Ðàäåìàõåðà. Ëþáîé õàðàêòåð χ ìîæåò
áûòü çàïèñàí â âèäå ïðîèçâåäåíèÿ χ =

∏+∞
j=−m r

αj

j , αj = 0, p− 1.

Ïóñòü m0� ìàñêà, λν� çíà÷åíèÿ ìàñêè m0. DG⊥
−N

(G⊥
M ) åñòü ñîâîêóï-

íîñòü ôóíêöèé, ïîñòîÿííûõ íà ñìåæíûõ êëàññàõ ïî G⊥
−N è ðàâíûõ

íóëþ âíå (G⊥
M ). Ìû õîòèì ïîñòðîèòü ìàñøòàáèðóþùóþ ôóíêöèþ φ

òàê, ÷òîáû φ̂ ∈ DG⊥
−N

(G⊥
M ) (N,M ⩾ 1). Äëÿ ýòîãî ñòðîèì îðèåíòè-

ðîâàííîå äåðåâî ñ êîðíåì λ0 = 1 = m0(G
⊥
−N ) âûñîòû H =M +N +2

(ñì.Ðèñ.1). Íóìåðàöèþ óðîâíåé íà÷èíàåì ñ íóëÿ, ò.å. êîðåíü îáðàçó-
åò íóëåâîé óðîâåíü. Êîðåíü λ0 ñâÿçàí ñ óçëàìè λ1, λ2, ..., λp−1 ïåð-
âîãî óðîâíÿ ãäå λj = m0(G

⊥
−Nr

j
−N ), (j = 1, 2, ..., p − 1) Èç êàæäîãî

óçëà λn, íà÷èíàÿ ñ ïåðâîãî óðîâíÿ, âûõîäèò ðîâíî p ðåáåð â óçëû
λnp, λnp+1, ..., λnp+p−1 ñëåäóþùåãî óðîâíÿ. Óçåë è ÷èñëîâîå çíà÷åíèå,
êîòîðîå ïîìåùàåì â óçåë, áóäåì îáîçíà÷àòü îäèíàêîâûì ñèìâîëîì
λn. Ò.å. â óçëû äåðåâà ïîìåùàåì çíà÷åíèÿ ìàñêè m0.

Òåîðåìà 1. Äåðåâî T îïðåäåëÿåò ìàñøòàáèðóþùóþ ôóíêöèþ
φ̂ ∈ DG⊥

−N
(G⊥

M ) (M ⩾ 1) òîãäà è òîëüêî òîãäà, êîãäà 1)íà êàæ-

äîé âåòâè ñ ëèñòîì â G⊥
M+1 \ G⊥

M åñòü ïî êðàéíåé ìåðå îäèí
íîëü, 2)ñóùåñòâóåò ïî êðàéíåé ìåðå îäèí ïóòü èç êîðíÿ â ëèñò
λpN+M−1+l = λn íà óðîâíå G⊥

M \G⊥
M−1, íà êîòîðîì âñå λj ̸= 0.

Èç ýòîé òåîðåìû ïîëó÷àåì ñëåäóþùèé àëãîðèòì ïîñòðîåíèÿ ìàñ-
øòàáèðóþùåé ôóíêöèè. Âûáèðàåì óçåë λn â äåðåâå T íà óðîâíå
M +N òàêîé, ÷òî 1)íà ïóòè

λn → λn div p → λ(n div2 p) → ...→ λ0. (1)
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Ðèñ 1. Ãðàô äåðåâà T = T (m0)

âî âñåõ óçëàõ ñòîÿò åäèíèöû, 2)çíà÷åíèÿ λnp+j = 0 ïðè âñåõ j =
0, 1, ...p − 1. 3)Îñòàëüíûå çíà÷åíèÿ â óçëàõ λj , (j < pN+1) âûáèðàåì
òàê, ÷òîáû âûïîëíÿëèñü óñëîâèÿ òåîðåìû 1. Êàæäûé òàêîé âûáîð
λj , (j < pN+1) îïðåäåëÿåò ìàñêó.

Ïðèìåð. Ïóñòü M = 1, p > 2. Âûáèðàåì

λn = m0(G
⊥
−Nr

α−N

−N r
α−N+1

−N+1 . . . r
α−1

−1 rα0
0 )

òàê, ÷òî α0 > 0, α−1 > 0, α0 ̸= α−1 è ñòðîèì ïóòü (1) êîòîðûé óäî-
âëåòâîðÿåò óñëîâèÿì òåîðåìû.

Ïðè p=3 òàêîé ïóòü åäèíñòâåííûé, ïðè p = 5 òàêèõ ïóòåé 4.
Â îáùåì ñëó÷àå çàäà÷à ðåøàåòñÿ ïåðåáîðîì çíà÷åíèé n èç îòðåçêà
[pN+M−1, pN+M ].

Ëèòåðàòóðà
1.Farkov Yu, Step wavelets on Vilenkin groups / Yu. Farkov,

M. Skopina // Journal of Mathematical Sciences. �2022. �V. �266.
� p.696-709.

2. Farkov, Yu. A., Wavelet frames on Vilenkin groups and
their approximation properties / Yu.A. Farkov, E.A. Lebedeva,
M.A. Skopina // Intern. J. Wavelets Multiresolut. Inf. Process. �2015. �
V.13 �N. �5, 1550036 (19 pages).
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¾ÍÀÈÂÍÀß¿ ÔÈËÜÒÐÀÖÈß ÑÈÃÍÀËÀ ÍÀ ÎÑÍÎÂÅ
ÐÀÇËÎÆÅÍÈÉ ÏÎ ÔÐÅÉÌÓ ÃÀÁÎÐÀ,

ÏÎÐÎÆÄ�ÍÍÎÌÓ ÔÓÍÊÖÈÅÉ ÃÀÓÑÑÀ.
À.Í. Êóçíåöîâ (Âîðîíåæ, ÂÃÓ)

kuzne.kuznetsov123@yandex.ru

Îïðåäåëåíèå 1. Íàáîð ôóíêöèé gk ∈ L2(R), k ∈ Z íàçûâàåòñÿ
ôðåéìîì, åñëè ∀f ∈ L2(R) âûïîëíÿþòñÿ íåðàâåíñòâà

A||f ||2 ⩽
∑
k

|(f, gk)|2 ⩽ B||f ||2,

ãäå 0 < A, B <∞ - íåêîòîðûå êîíå÷íûå ïîëîæèòåëüíûå ïîñòîÿííûå.
Îïðåäåëåíèå 2.Ïóñòü g(x) ∈ L2(R), à α1, α2 - çàäàííûå ïîëîæè-

òåëüíûå ïàðàìåòðû. Ôðåéìîì Ãàáîðà íàçûâàåòñÿ ôðåéì, ñîñòîÿùèé
èç ôóíêöèé

gk,m(x, α1, α2) = g(x− α1k)e
iα2mx, k,m ∈ Z

Îïðåäåëåíèå 3. Äâîéñòâåííûé ôðåéì [1,2] ê ôðåéìó gk â ïðî-
ñòðàíñòâå L2(R) � ýòî íàáîð ôóíêöèé g̃k, òàêîé ÷òî äëÿ ëþáîé ôóíê-
öèè f ∈ L2(R) âûïîëíÿåòñÿ ðàâåíñòâî

f =
∑
k∈Z

⟨f, g̃k⟩gk =
∑
k∈Z

⟨f, gk⟩g̃k,

ãäå ⟨f, g⟩ îáîçíà÷àåò ñêàëÿðíîå ïðîèçâåäåíèå ôóíêöèé f è g â L2(R).
Â ðàáîòå ðàññìàòðèâàåòñÿ ôðåéì Ãàáîðà ñ g(x) = exp(−x2/2).

Ïðè ïîìîùè èçâåñòíîãî äâîéñòâåííîãî ôðåéìà [2, 3] ïîëó÷åíî ðàç-
ëîæåíèå ôóíêöèè f(x) = eiηx â âèäå:

eiηx =

+∞∑
k,m=−∞

( √
2(−1)mkeiα1kη

2 · ϑ3(α1η, exp(−α2
1))

·

·
+∞∑

m′=−∞

(
cm′(2α2) exp−

(α2(2m+m′)− η)2

2

)
exp− (x− α1k)

2

2
eimα2x

)
,

ãäå

ϑ3(x, q) =

∞∑
k=−∞

qk
2

e2ikx, |q| < 1
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ck(ω) =
1

K (ω)
exp

(
k2ω2

4

) ∞∑
r=|k|

(−1)
r
exp

(
− (r + 0.5)

2
ω2

4

)
,

K (ω) =

∞∑
r=−∞

(4r + 1) exp

(
− (2r + 0.5)

2
ω2

4

)
.

Ýòî ðàçëîæåíèå äåìîíñòðèðóåò, êàê îòäåëüíàÿ ÷àñòîòà ìîæåò
áûòü ïðåäñòàâëåíà â âèäå ñóììû ôóíêöèé ôðåéìà Ãàáîðà. Ôèëü-
òðàöèÿ â êîíòåêñòå òàêîãî ðàçëîæåíèÿ îçíà÷àåò, ÷òî ìû ìîæåì âû-
áèðàòü êîìïîíåíòû ñèãíàëà, ñîîòâåòñòâóþùèå îïðåäåëåííûì çíà÷å-
íèÿì m è k, äëÿ äîñòèæåíèÿ æåëàåìîãî ýôôåêòà ôèëüòðàöèè. Íà-
ëè÷èå ÿâíîé ôîðìóëû äëÿ îòäåëüíîé ÷àñòîòû ïîçâîëÿåò îöåíèòü,
êàêóþ îøèáêó îíà îñòàâëÿåò â èñõîäíîì ñèãíàëå ïðè îáíóëåíèè ÷à-
ñòè êîýôôèöèåíòîâ.

Çàïèøåì ðàçëîæåíèå âûøå êàê

eiηx =
∑
k,m

akme
− (x−kα1)2

2 eimα2x

Â ýòîì ðàçëîæåíèè äëÿ ôèëüòðàöèè âîçüì¼ì âñå akm = 0 ïðè |m| ⩾
1
2

∣∣∣ ηα2

∣∣∣, ãäå η èç eiηx è α1 = α2 =
√
π. Èñïîëüçóÿ ÿâíóþ ôîðìóëó

äëÿ ðàçëîæåíèÿ eiηx ïî ôðåéìó Ãàáîðà, ÷èñëåííî íàéä¼ì ìàêñèìóì
ñãëàæåííîãî ñèãíàëà îòäåëüíî sin(ηx) è cos(ηx) ñ øàãîì ãðàôèêà
0.001 íà îòðåçêå îò [−5π, 5π].

η 20 40 60 80 100
sin(ηx) 6.40 · 10−5 3.97 · 10−9 4.69 · 10−13 1.42 · 10−16 1.66 · 10−45

cos(ηx) 6.40 · 10−5 3.97 · 10−9 4.69 · 10−13 1.42 · 10−16 1.66 · 10−45

×èñëåííûå ýêñïåðèìåíòû è ôîðìóëû ïîêàçûâàþò ïðèãîäíîñòü
ôðåéìîâ Ãàáîðà äëÿ ôèëüòðàöèè âûñîêî÷àñòîòíîãî ñèãíàëà.

Ëèòåðàòóðà
1. Janssen A.J.E.M. Duality and Biorthogonality for Weyl-

Heisenberg Frames / A.J.E.M. Janssen // J. Fourier Anal. Appl. � 1995.
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2. Janssen A.J.E.M. Some Weyl-Heisenberg frame bound calculations
/ A.J.E.M. Janssen // Indag. Math., New Ser. � 1996. � V. 7, � 2. �
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3. Êèñåëåâ Å. À. Ëîêàëèçàöèÿ îêîííûõ ôóíêöèé äâîéñòâåííûõ è
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ÂËÈßÍÈÅ ÔÀÊÒÎÐÀ ÇÀÏÀÇÄÛÂÀÍÈß
È ÊÎÍÊÓÐÅÍÖÈÈ ÍÀ ÄÈÍÀÌÈÊÓ Â ÌÎÄÅËÈ

¾ÑÏÐÎÑ-ÏÐÅÄËÎÆÅÍÈÅ¿
À.Í. Êóëèêîâ, Ä.À. Êóëèêîâ, Ä.Ã. Ôðîëîâ

(ßðîñëàâëü, ßðÃÓ èì. Ï.Ã. Äåìèäîâà)
kulikov_d_a@mail.ru

Îäíîé èç ïåðâûõ ìàòåìàòè÷åñêèõ ìîäåëåé ìàêðîýêîíîìèêè ìîæ-
íî ñ÷èòàòü òó, êîòîðàÿ íîñèò íàçâàíèå ¾ñïðîñ-ïðåäëîæåíèå¿ (¾ðûí-
êà îäíîãî òîâàðà¿). Â êëàññè÷åñêîì âàðèàíòå îíà èìååò âèä

ṗ = D(p)− S(p), (1)

ãäå íåîòðèöàòåëüíàÿ ôóíêöèÿ p = p(t) � ýòî öåíà òîâàðà, D(p), S(p)
� ôóíêöèè ñïðîñà è ïðåäëîæåíèÿ ñîîòâåòñòâåííî [1]. Ôóíêöèè D(p),
S(p) îáëàäàþò ñëåäóþùèìè ñâîéñòâàìè:

1) ïðè D(p), S(p) ∈ Ck (R+), ãäå k ∈ N è äîñòàòî÷íî âåëèêî;
2) ñïðàâåäëèâû ïðåäåëüíûå ðàâåíñòâà lim

p→0+
D(p) = ∞,

lim
p→∞

D(p) = 0, lim
p→0+

S(p) = 0, lim
p→∞

S(p) = ∞,

3) D′(p) < 0, S′(p) > 0.

Äèôôåðåíöèàëüíîå óðàâíåíèå (1) èìååò åäèíñòâåííîå ïîëîæè-
òåëüíîå ñîñòîÿíèå ðàâíîâåñèÿ p(t) = p0, êîòîðîå àñèìïòîòè÷åñêè
óñòîé÷èâî â öåëîì è, â ÷àñòíîñòè, óðàâíåíèå (1) íå èìååò èíûõ àò-
òðàêòîðîâ (íàïðèìåð, öèêëîâ). Òàêàÿ ïðîñòàÿ äèíàìèêà íàõîäèòñÿ
â ÿâíîì ïðîòèâîðå÷èè ñ ýêîíîìè÷åñêîé ïðàêòèêîé.

Â ðàáîòàõ [2-4] áûëî ðàññìîòðåíî óðàâíåíèå àíàëîãè÷íîå äèôôå-
ðåíöèàëüíîìó óðàâíåíèþ (1), â êîòîðîì áûë ó÷òåí ôàêòîð çàïàçäû-
âàíèÿ è áûëî ïðåäëîæåíî èçó÷èòü âìåñòî óðàâíåíèÿ (1) ñëåäóþùåå
äèôôåðåíöèàëüíîå óðàâíåíèå ñ îòêëîíÿþùèìñÿ àðãóìåíòîì

ṗ = D(q)− S(q), (2)

ãäå q(t) = p(t− h), h > 0.

Àíàëèç óðàâíåíèÿ (2) ïîêàçàë, ÷òî äèíàìèêà ðåøåíèé äèôôå-
ðåíöèàëüíîãî óðàâíåíèÿ (2) ñóùåñòâåííî ñëîæíåå è áîãà÷å, ÷åì äè-
íàìèêà ðåøåíèé óðàâíåíèÿ (1). Â ÷àñòíîñòè, ó äèôôåðåíöèàëüíîãî
óðàâíåíèÿ (2) ìîãóò áûòü öèêëû è â òîì ÷èñëå óñòîé÷èâûå. Ïîñëåä-
íåå õàðàêòåðíî äëÿ ðûíî÷íîé (êàïèòàëèñòè÷åñêîé) ýêîíîìèêè.
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Ó÷åò êîíêóðåíöèè åùå îäèí øàã â ïðèáëèæåíèè ìîäåëè ê âîç-
ìîæíîñòè îïèñàíèÿ ðåàëüíûõ ýêîíîìè÷åñêèõ ïðîöåññîâ. Ðàññìîò-
ðèì ñëåäóþùóþ ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé

ṗ1 = D(q1)− S(q1) + cε(q2 − q1), ṗ2 = D(q2)− S(q2) + cε(q1 − q2), (3)

ãäå pj(t) öåíà òîâàðà, qj = pj(t − h), j = 1, 2, ε � ìàëûé ïàðàìåòð,
c ∈ R è, êàê ïðàâèëî, ýòîò êîýôôèöèåíò ïîëîæèòåëåí.

Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé (3) èìååò ïîëîæèòåëü-
íîå ñîñòîÿíèå ðàâíîâåñèÿ p1 = p2 = p0 > 0. Ïðè ñîîòâåòñòâóþùåì
âûáîðå ïàðàìåòðîâ ó ñèñòåìû (3) ìîãóò ñóùåñòâîâàòü ïðåäåëüíûå
öèêëû: îäíîðîäíûé, ïðîòèâîôàçíûé è àñèììåòðè÷íûå [5]. Ðàññìîò-
ðåí âîïðîñ îá óñòîé÷èâîñòè öèêëîâ.

Îáîñíîâàíèå ðåçóëüòàòîâ èñïîëüçóåò òàêèå ìåòîäû òåîðèè äèíà-
ìè÷åñêèõ ñèñòåì êàê ìåòîä èíâàðèàíòíûõ ìíîãîîáðàçèé, íîðìàëü-
íûõ ôîðì, àñèìïòîòè÷åñêèå ìåòîäû àíàëèçà äèíàìè÷åñêèõ ñèñòåì.
Â ÷àñòíîñòè, èñïîëüçîâàí àëãîðèòì Êðûëîâà-Áîãîëþáîâà àäàïòè-
ðîâàííûé ê âîçìîæíîñòè åãî ïðèìåíåíèÿ äëÿ äèôôåðåíöèàëüíûõ
óðàâíåíèé ñ îòêëîíÿþùèìñÿ àðãóìåíòîì.
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ÐÅØÅÍÈÅ ÎÄÍÎÉ ÑÈÑÒÅÌÛ ÄÂÓÕ
ÔÓÍÊÖÈÎÍÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ

Â.À. Êûðîâ, È.Â. Ñêîïèíöåâ (Ãîðíî-Àëòàéñê, ÃÀÃÓ)
kyrovVA@yandex.ru

Äàíà ñèñòåìà äâóõ ôóíêöèîíàëüíûõ óðàâíåíèé

x̄ξ̄ + µ̄ = χ1(x+ ξ, y + η, µ, ν), x̄η̄ + ȳ + ν̄ = χ2(x+ ξ, y + η, µ, ν),

ãäå x̄ = x̄(x, y), ȳ = ȳ(x, y), ξ̄ = ξ̄(ξ, η, µ, ν), η̄ = η̄(ξ, η, µ, ν), µ̄ =
µ̄(ξ, η, µ, ν), ν̄ = ν̄(ξ, η, µ, ν) � äèôôåðåíöèðóåìûå ôóíêöèè.

Ââåä¼ì ìàòðè÷íûå îáîçíà÷åíèÿ: Ξ̄ =

(
ξ̄ 0
η̄ 1

)
, Ξ =

(
ξ 0
η 1

)
,

R̄ =

(
µ̄
ν̄

)
, Λ =

(
α β
γ δ

)
, A1 =

(
a3
a4

)
, B1 =

(
b3
b4

)
, X =

(
x
y

)
,

X̄ =

(
x̄
ȳ

)
, χ =

(
χ1

χ2

)
, Ξ̂ =

(
ξ̂ 0
η̂ 1

)
, R̂ =

(
µ̂
ν̂

)
, Ξ1 =

(
ξ
η

)
, ξ̂ =

ξ̂(µ, ν), η̂ = η̂(µ, ν), µ̂ = µ̂(µ, ν), ν̂ = ν̂(µ, ν), p̂ = p̂(µ, ν), q̂ = q̂(µ, ν) �
äèôôåðåíöèðóåìûå ôóíêöèè.

Òîãäà, èñõîäíàÿ ñèñòåìà ôóíêöèîíàëüíûõ óðàâíåíèé ïðèíèìàåò
ìàòðè÷íûé âèä:

Ξ̄X̄ + R̄ = χ. (1)

Ðåøåíèÿ èñõîäíîé ñèñòåìû (1) óäîâëåòâîðÿþò ñëåäóþùèì äâóì
óñëîâèÿì:

∆ =
∂(x̄, ȳ)

∂(x, y)
̸= 0, ⊔⊓ =

∂(ξ̄, η̄, µ̄, ν̄)

∂(ξ, η, µ, ν)
̸= 0. (2)

Äàëåå íàõîäèì íåâûðîæäåííûå ðåøåíèÿ ñèñòåìû (1). Îòìåòèì, ÷òî
ìàòðèöà Ξ̄ íåâûðîæäåíà, ïîñêîëüêó èíà÷å ξ̄ = 0, ÷òî ïðîòèâîðå÷èò
íåðàâåíñòâó ⊔⊓ ̸= 0 â (2).

Òåîðåìà. Îáùåå íåâûðîæäåííîå ðåøåíèå ôóíêöèîíàëüíîãî
óðàâíåíèÿ (1), ñ òî÷íîñòüþ äî ïîäõîäÿùåé çàìåíû êîîðäèíàò, ìî-
æåò áûòü ïðåäñòàâëåíî â ñëåäóþùåì âèäå:

X̄ = ΛX +A1, Ξ̄ = Ξ̂, R̄ = R̂+ Ξ̂ΛΞ1, χ = Ξ̂Λ(X + Ξ1) + R̂,
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ïðè÷åì Λ = const, A1 = const;
x̄ = βy + a3, ȳ = γx+ b2βy

2/2 + (b2a3 + δ)y + b3,

ξ̄ = ξ̂, η̄ = b2η + η̂,

µ̄ = βηξ̂ + µ̂, ν̄ = γξ + βb2η
2/2 + βηη̂ + δη + ν̂,

χ1 = βvξ̂ + µ̂+ a3ξ̂,
χ2 = γu+ βb2v

2/2 + βvη̂ + (b2a3 + δ)v + ν̂ + a3η̂ + b3;
x̄ = (a3e

a1x+a2y − β)/a2, ȳ = γx+ δy + b3,

ξ̄ = ξ̂ea1ξ+a2η, η̄ = η̂ea1ξ+a2η,

µ̄ = ξ̂ea1ξ+a2ηβ/a2 + µ̂, ν̄ = η̂ea1ξ+a2ηβ/a2 + γξ + δη + ν̂,

χ1 = ξ̂ea1u+a2va3/a2 + µ̂, χ2 = η̂ea1u+a2va3/a2 + γu+ δv + b3 + ν̂,

a2 ̸= 0, a1β = a2α, a3 = const, b3 = const.
Çàìåòèì, ÷òî ìåòîä, ïðèìåíÿåìûé ïðè äîêàçàòåëüñòâå âûøå

ñôîðìóëèðîâàííîé òåîðåìû, àïðîáèðîâàí â ñòàòüÿõ [1, 2].
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ÊÎÍÒÀÊÒÍÀß ÇÀÄÀ×À Î ÐÀÂÍÎÂÅÑÈÈ
ÏËÀÑÒÈÍÛ ÒÈÌÎØÅÍÊÎ Ñ ÎÒÑËÎÈÂØÈÌÑß

ÒÎÍÊÈÌ ÆÅÑÒÊÈÌ ÂÊËÞ×ÅÍÈÅÌ1

Í.Ï. Ëàçàðåâ (ßêóòñê, ÑÂÔÓ)
nyurgunlazarev@yandex.ru

Ïðåäëàãàåòñÿ íîâàÿ ìîäåëü, îïèñûâàþùàÿ êîíòàêò ïëàñòèíû
ìîäåëè Òèìîøåíêî ñ íåäåôîðìèðåìûì íàêëîííûì ïðåïÿòñòâèåì,
îãðàíè÷èâàþùèì ïëàñòèíó ñ áîêîâîé ÷àñòè. Ïðè ýòîì, ñ÷èòàåòñÿ,
÷òî ïëàñòèíà ñîäåðæèò òîíêîå æåñòêîå âêëþ÷åíèå, êîòîðîå îïèñû-
âàåòñÿ öèëèíäðè÷åñêîé ïîâåðõíîñòüþ. Ïðåäïîëàãàåòñÿ, ÷òî âêëþ÷å-
íèå ÷àñòè÷íî îòñëàèâàåòñÿ, ïðè ýòîì òà ÷àñòü, êîòîðàÿ îòñëàèâàåòñÿ,

1 Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíîáðíàóêè ÐÔ â ðàìêàõ
ãîñóäàðñòâåííîãî çàäàíèÿ (ïðîåêò � FSRG-2023-0025).
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ìîæåò êîíòàêòèðîâàòü ñ ïðåïÿòñòâèåì. Óñëîâèÿ íåïðîíèêàíèÿ çàïè-
ñûâàþòñÿ â âèäå ãðàíè÷íûõ óñëîâèé êàê íà ÷àñòè âíåøíåé ãðàíèöû,
òàê è â âèäå íåðàâåíñòâà, âûïîëíåííîãî â îäíîé òî÷êå � ýòî ñîîòâåò-
ñòâóåò óñëîâèþ äëÿ êðàéíåãî âîëîêíà âêëþ÷åíèÿ. Ñôîðìóëèðîâàíà
çàäà÷à ìèíèìèçàöèè. Äîêàçàíî, ÷òî çàäà÷à èìååò ðåøåíèå â ïîäõî-
äÿùåì êëàññå ôóíêöèé Ñîáîëåâà. Îòíîñèòåëüíî ìîäåëåé ïëàñòèí áåç
îòñëîèâøåãîñÿ âêëþ÷åíèÿ âàðèàöèîííûå çàäà÷è ñ óñëîâèåì íåïðî-
íèêàíèÿ äëÿ íàêëîííîãî ïðåïÿòñòâèÿ èçó÷åíû, íàïðèìåð, â [1,2].
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Î ÍÀÈËÓ×ØÅÌ ÏÐÈÁËÈÆÅÍÈÈ
ÏÅÐÈÎÄÈ×ÅÑÊÈÕ ÔÓÍÊÖÈÉ Â L2

Ì.Ð. Ëàíãàðøîåâ, Ñ.Ñ. Õîðàçìøîåâ
(Ìîñêâà, ÌÃÒÓ-ÌÀÑÈ; Äóøàíáå, ÒÒÓ èì. Ì. Îñèìè)

mukhtor77@mail.ru, skhorazmshoev@mail.ru

Ïóñòü N � ìíîæåñòâî íàòóðàëüíûõ ÷èñåë; Z+ := N ∪ {0}. ×åðåç
L2 = L2[0, 2π] îáîçíà÷èì ïðîñòðàíñòâî 2π-ïåðèîäè÷åñêèõ èçìåðèìûõ

ïî Ëåáåãó ôóíêöèé, íîðìà êîòîðûõ ∥f∥ =

(
1
π

2π∫
0

|f(x)|2dx
)1/2

<∞.

Ïîä L
(r)
2

(
r ∈ Z+, L

(0)
2 ≡ L2

)
ïîíèìàåì ìíîæåñòâî 2π-

ïåðèîäè÷åñêèõ ôóíêöèé f ∈ L2, ó êîòîðûõ ïðîèçâîäíûå (r − 1)-ãî
ïîðÿäêà àáñîëþòíî íåïðåðûâíû, à ïðîèçâîäíûå f (r) ∈ L2. Ñèìâîëîì
F2n−1 îáîçíà÷èì ïîäïðîñòðàíñòâî òðèãîíîìåòðè÷åñêèõ ïîëèíîìîâ
ïîðÿäêà 2n− 1.

Âåëè÷èíà En−1(f)2 = inf
{
∥f − Tn−1∥2 : Tn−1(x) ∈ F2n−1

}
íàçû-

âàåòñÿ íàèëó÷øåå ïðèáëèæåíèå ôóíêöèè f ∈ L2 ïîäïðîñòðàíñòâîì

F2n−1. Ïóñòü Sh(f, x) = 1
2h

h∫
−h

f(x+h)dx, h > 0 � ôóíêöèÿ Ñòåêëîâà
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ýëåìåíòà f ∈ L2. Ñëåäóÿ ðàáîòû [1], ðàâåíñòâàìè

∆1
h(f, x) = Sh(f, x)− f(x), ∆m

h (f, x) = ∆1
h(∆

m−1
h (f, x), x)

îïðåäåëèì ñîîòâåòñòâåííî êîíå÷íûå ðàçíîñòè ïåðâîãî è âûñøèõ ïî-
ðÿäêîâ.

Âåëè÷èíà Ωm(f, t) = sup{∥∆m
h (f, ·)∥ : 0 < h ⩽ t} íàçûâàåòñÿ

ñïåöèàëüíûì ìîäóëåì íåïðåðûâíîñòè m-ãî ïîðÿäêà ôóíêöèè f.
×åðåç bn(N, L2), d

n(N, L2), dn(N, L2), δn(N, L2) è Πn(N, L2) îáî-
çíà÷èì ñîîòâåòñòâåííî áåðíøòåéíîâñêèé, ãåëüôàíäîâñêèé, êîëìîãî-
ðîâñêèé, ëèíåéíûé è ïðîåêöèîííûé n-ïîïåðå÷íèêîâ (ñì. [2]), ãäå N
� öåíòðàëüíî-ñèììåòðè÷íîå ìíîæåñòâà èç L2.

Òàêæå ïîëàãàåì En−1(N)2 := sup{En−1(f)2 : f ∈ N}.
Ïóñòü Φ(u), 0 ⩽ u < ∞, íåïðåðûâíàÿ íåóáûâàþùàÿ ôóíêöèÿ

òàêàÿ, ÷òî Φ(0) = 0. Äëÿ ëþáûõ ÷èñåë m ∈ N, r ∈ Z+ è u > 0 ÷åðåç
W

(r)
m (u) è W

(r)
m (u,Φ) îáîçíà÷èì êëàññ ôóíêöèé f ∈ L

(r)
2 , êîòîðûå

ñîîòâåòñòâåííî óäîâëåòâîðÿþò íåðàâåíñòâàì

6

u3

u∫
0

t(u− t)Ω1/m
m (f (r), t)dt ⩽ 1,

 u∫
0

t(u− t)Ω1/m
m

(
f (r), t

)
dt

m

⩽ Φ(u).

Äëÿ ïðîèçâîëüíûõ m,n ∈ N, r ∈ Z+ è u > 0 ââåäåì â ðàññìîòðå-
íèå ñëåäóþùóþ ýêñòðåìàëüíóþ àïïðîêñèìàöèîííóþ õàðàêòåðèñòè-
êó

Km,n,r(u) = sup
f∈L(r)

2

En−1(f)2( u∫
0

t(u− t)Ω
1/m
m (f (r), t)2dt

)m .
Òåîðåìà 1. Ïóñòü m,n ∈ N, r ∈ Z+ è 0 < u ⩽ 3π/(4n). Òîãäà

Km,n,r(u) =
6mn3m−r

(n3u3 − 6nu+ 6 sinnu)m
.

Òåîðåìà 2. Ïóñòü m,n ∈ N, r ∈ Z+ è u > 0. Òîãäà èìåþò ìåñòî
ðàâåíñòâà

σ2n

(
W (r)
m (u), L2

)
= σ2n−1

(
W (r)
m (u), L2

)
= E2n−1

(
W (r)
m (u)

)
2
=
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=
1

nr−3m

(
u3

n3u3 − 6nu+ 6 sinnu

)m
,

ãäå σn(·) � ëþáîé èç âûøåïåðå÷èñëåííûõ n-ïîïåðå÷íèêîâ.
Òåîðåìà 3. Ïóñòü m,n, r ∈ N è u ∈ (0; 3π/(4n)] . Òîãäà èìååò

ìåñòî ñëåäóþùåå ðàâåíñòâî

En−1(W
(r)
m (u,Φ))2 =

1

nr−3m

(
6

n3u3 − 6nu+ 6 sinnu

)m
Φ(u).
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ÎÁ ÓÑÏÎÊÎÅÍÈÈ ÑÈÑÒÅÌÛ ÓÏÐÀÂËÅÍÈß
ÍÀ ÂÐÅÌÅÍÍÎÌ ÃÐÀÔÅ-ÇÂÅÇÄÅ Ñ ÃËÎÁÀËÜÍÛÌ

ÑÆÀÒÈÅÌ1

À.Ï. Ëåäíîâ (Ñàðàòîâ, ÑÃÓ)
lednovalexsandr@gmail.com

Ðàññìîòðèì ñèñòåìó óïðàâëåíèÿ íà âðåìåíí�îì ãðàôå-çâåçäå

ℓ1y(t) := y′1(t) + b1y1(t) + c1y1(q
−1t) = u1(t), 0 < t < T1, (1)

ℓjy(t) := y′j(t) + bjyj(t) + cjyj(q
−1(t− (q − 1)T1)) = uj(t),

t > 0, j = 2,m,
(2)

yj(t) = y1(t+ T1), t ∈ ((q−1 − 1)T1, 0), j = 2,m, (3)

y1(0) = y0 ∈ R, yj(0) = y1(T1), j = 2,m, (4)

ãäå q > 1, bj , cj ∈ R, j = 1,m.
Çàôèêñèðóåì Tj > (q − 1)T1, j = 2,m. Òðåáóåòñÿ âûáîðîì óïðàâ-

ëåíèé uj(t) ïðèâåñòè ñèñòåìó (1)�(4) â ñîñòîÿíèå ðàâíîâåñèÿ. Äëÿ
ýòîãî äîñòàòî÷íî íàéòè uj(t) ∈ L2(0, Tj), j = 1,m, îáåñïå÷èâàþùèå

yj(t) = 0, t ∈ [q−1(Tj − (q − 1)T1), Tj ], j = 2,m. (5)

1 Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ïðîåêò � 24-71-10003).
© Ëåäíîâ À.Ï., 2025
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Âûïîëíåíèå óñëîâèé (5) ãàðàíòèðóåò ïîñëåäóþùåå ñïîêîéñòâèå ñè-
ñòåìû ïðè uj(t) = 0 äëÿ t > Tj è j = 2,m. Ìèíèìèçèðóÿ òðåáóåìûå
óñèëèÿ ∥uj∥L2(0,Tj), j = 1,m, ïðèõîäèì ê âàðèàöèîííîé çàäà÷å∑m

j=1 αj
∫ Tj

0
(ℓjy(t))

2 dt→ min (6)

ïðè óñëîâèÿõ (3)�(5), ãäå αj > 0 � ôèêñèðîâàííûå âåñà.
Äëÿ âûáîðà âåñîâ αj , j = 1,m, ìîæíî èñïîëüçîâàòü âåðîÿòíîñò-

íûé ïîäõîä [1]. À èìåííî, ïîëîæèòü α1 = 1, à â êà÷åñòâå αj , j = 2,m,
âçÿòü âåðîÿòíîñòè ñöåíàðèåâ, çàäàâàåìûõ ñîîòâåòñòâóþùèìè óðàâ-
íåíèÿìè â (2).

Ïîíÿòèå âðåìåíí�îãî ãðàôà ïðåäëîæåíî â [1,2], ãäå íà ãðàôû áûëà
ïåðåíåñåíà çàäà÷à îá óñïîêîåíèè ñèñòåìû óïðàâëåíèÿ ñ ïîñòîÿííûì
çàïàçäûâàíèåì [3,4]. Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ ñëó÷àé,
êîãäà çàïàçäûâàíèå íå ïîñòîÿííî, à ÿâëÿåòñÿ ïðîïîðöèîíàëüíûì
âðåìåíè ñæàòèåì. Íà èíòåðâàëå ýòîò ñëó÷àé áûë èçó÷åí â [5] äëÿ
óðàâíåíèÿ íåéòðàëüíîãî òèïà.

Îáîçíà÷èì ÷åðåç B êðàåâóþ çàäà÷ó

Ljy(t) := −αj(ℓjy)′(t) + αjbjℓjy(t) + ℓ̃jy(t) = 0, 0 < t < lj , j = 1,m,

ïðè óñëîâèÿõ (3)�(5) è óñëîâèè òèïà Êèðõãîôà

α1y
′
1(T1)−

∑m
k=2 αky

′
k(0) + βy1(T1) + γy1(q

−1T1) = 0,

β := α1b1 −
∑m
k=2 αkbk, γ := α1c1 −

∑m
k=2 αkck,

ãäå l1 := T1, lj := q−1(Tj − (q − 1)T1), j = 2,m, è

ℓ̃1y(t) =

{
qα1c1ℓ1y(qt), 0 < t < q−1T1,

q
∑m
k=2 αkckℓky(qt− T1), q−1T1 < t < l1,

ℓ̃jy(t) =

{
qαjcjℓjy(qt+ (q − 1)T1), 0 < t < lj ,

0, lj < t < Tj ,
j = 2,m.

Òåîðåìà 1. Êîðòåæ y = [y1, . . . , ym] ∈ W 1
2 (Γ) :=

⊕m
j=1W

1
2 [0, Tj ]

ÿâëÿåòñÿ ðåøåíèåì âàðèàöèîííîé çàäà÷è (3)�(6) òîãäà è òîëüêî
òîãäà, êîãäà y ∈W 2

2 (Γ̃) :=
⊕m

j=1W
2
2 [0, lj ] è ÿâëÿåòñÿ ðåøåíèåì B.

Òåîðåìà 2. Êðàåâàÿ çàäà÷à B èìååò åäèíñòâåííîå ðåøåíèå y =
[y1, . . . , ym] ∈W 1

2 (Γ)∩W 2
2 (Γ̃). Êðîìå òîãî, ñóùåñòâóåò C > 0 òàêîå,

÷òî ∥y∥W 1
2 (Γ)

⩽ C|y0|.
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ÀÏÏÐÎÊÑÈÌÀÖÈÈ È ÏÐÈÁËÈÆÅÍÍÛÕ

ÐÅØÅÍÈßÕ ÊÐÀÅÂÛÕ ÇÀÄÀ×
Î.Þ. Ëèñèíà, Ä.À. Ëèñèí (Êóðñê, ÊÃÓ / Êðàñíîäàð, ÈÌÑÈÒ)

lisina_korovina@mail.ru

Ïîñòðîåíèå ïðèáëèæåííûõ ðåøåíèé êðàåâûõ çàäà÷ ïðåäñòàâëÿ-
åòñÿ àêòóàëüíûì íàïðàâëåíèåì âû÷èñëèòåëüíîé ìàòåìàòèêè. Â ïî-
ñëåäíèå äåñÿòèëåòèÿ ïîëó÷èëè ñâîå ðàçâèòèå ìåòîäû àïïðîêñèìàöèè
ñ èñïîëüçîâàíèåì ðàäèàëüíî-áàçèñíûõ ôóíêöèé (ÐÁÔ) [4]. Òàê êàê
òàêèå ôóíêöèè îáëàäàþò ðÿäîì ñâîéñòâ, ïîëåçíûõ ñ òî÷êè çðåíèÿ
÷èñëåííîãî ïðèáëèæåíèÿ, èõ ïðèìåíåíèå ðàñøèðèëîñü äî èñïîëüçî-
âàíèÿ â êà÷åñòâå áàçèñíûõ ïðè ïîñòðîåíèè ïðèáëèæåííûõ ðåøåíèé
êðàåâûõ çàäà÷, à èìåííî � â ðåàëèçàöèè áåññåòî÷íûõ ìåòîäîâ [1,
3]. Ïðåèìóùåñòâî áåññåòî÷íûõ ìåòîäîâ ïî ñðàâíåíèþ ñ ñåòî÷íûìè
ñîñòîèò â ôîðìèðîâàíèè ïðèáëèæåííîãî ðåøåíèÿ â âèäå ëèíåéíîé
êîìáèíàöèè áàçèñíûõ ôóíêöèé è äèñêðåòèçàöèè îáëàñòè ðåøåíèÿ
íàáîðîì áàçèñíûõ ôóíêöèé, ÷òî çíà÷èòåëüíî óïðîùàåò ïðîöåäóðó
ðåàëèçàöèè âû÷èñëèòåëüíîãî àëãîðèòìà. Ê òîìó æå, äëÿ ðåàëèçà-
öèè àëãîðèòìà ïðèáëèæåííîãî ðåøåíèÿ çàäà÷è áåññåòî÷íûìè ìåòî-
äàìè íåò íåîáõîäèìîñòè ïðèâÿçûâàòüñÿ ê óçëàì ñåòêè, ñ ïîìîùüþ
êîòîðîé îáû÷íî äèñêðåäèòèðóåòñÿ îáëàñòü ðåøåíèÿ ñ èñïîëüçîâàíè-
åì ñåòî÷íûõ ìåòîäîâ.

© Ëèñèíà Î.Þ., Ëèñèí Ä.À., 2025
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Íàðÿäó ñ ÐÁÔ â ïðàêòèêå ðåøåíèÿ çàäà÷ àïïðîêñèìàöèè è ìàòå-
ìàòè÷åñêîé ôèçèêè èñïîëüçóþòñÿ àòîìàðíûå ðàäèàëüíûå áàçèñíûå
ôóíêöèè (ÀÐÁÔ) [2, 5]. Â îòëè÷èè îò ÐÁÔ ýòè ôóíêöèè ÿâëÿþòñÿ
ôèíèòíûìè è áåñêîíå÷íî äèôôåðåíöèðóåìûìè. Ëîêàëüíîñòü ôóíê-
öèé ïðèâîäèò ê ôîðìèðîâàíèþ ðàçðåæåííîé ìàòðèöû ïðè ðåàëè-
çàöèè ïðîåêöèîííîãî ìåòîäà ïîñòðîåíèÿ ïðèáëèæåííîãî ðåøåíèÿ,
à ãëàäêîñòü ôóíêöèé óëó÷øàåò êà÷åñòâî àïïðîêñèìàöèè. Óñïåøíîå
èñïîëüçîâàíèå àòîìàðíûõ ôóíêöèé äëÿ ðåøåíèÿ çàäà÷ àïïðîêñèìà-
öèè îáóñëîâèëî íåîáõîäèìîñòü ïîñòðîåíèÿ ìíîãîìåðíûõ îáîáùåíèé
ÀÐÁÔ. Â ïðàêòèêå ÷èñëåííîãî àíàëèçà ÀÐÁÔ ïîëó÷èëè çíà÷èòåëü-
íûå ïðåèìóùåñòâà ïî ñðàâíåíèþ, íàïðèìåð, ñ èíòåðïîëÿöèîííûìè
ñïëàéíàìè, ïðè ïîñòðîåíèè êîòîðûõ íåîáõîäèìî ðåøàòü ñèñòåìó àë-
ãåáðàè÷åñêèõ óðàâíåíèé, ðàçìåðíîñòü êîòîðûõ îïðåäåëÿåòñÿ óñëîâè-
ÿìè èíòåðïîëÿöèè. Àòîìàðíûå ôóíêöèè ïîçâîëÿþò ðàññìàòðèâàòü
çàäà÷è èíòåðïîëÿöèè ñëîæíûõ ôóíêöèé, à òàêæå èñïîëüçîâàòü èõ
ïðè ðåøåíèè êðàåâûõ çàäà÷ ñ ñëîæíûì ãåîìåòðè÷åñêèì îïèñàíèåì
îáëàñòè ðåøåíèÿ.

Â ðåçóëüòàòå ðåøåíèÿ ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ (ÔÄÓ) âèäà

Lu(x1, . . . , xn) =

∮
∂Ω

φ(ξ1, . . . , ξn)u(ax1 − ξ1, . . . , axn − ξn)dω+

+µu(ax1, . . . , axn)

ãäå L � ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð, ∂Ω - ãðàíèöà
âûïóêëîé çàìêíóòîé îáëàñòè, áûëè ïîëó÷åíû ôèíèòíûå ðåøåíèÿ,
êîòîðûå è ïîëó÷èëè íàçâàíèå ÀÐÁÔ. Ïðåèìóùåñòâîì ýòèõ ôóíê-
öèé ÿâëÿåòñÿ òîò ôàêò, ÷òî ìîæíî ïîñòðîèòü ôóíêöèè êàê îò äâóõ
ïåðåìåííûõ, òàê è áîëüøå, èñïîëüçóÿ îäèí è òîò æå àëãîðèòì ïî-
ñòðîåíèÿ. Òàê, äëÿ ðåøåíèÿ äâóìåðíîé çàäà÷è òåïëîïðîâîäíîñòè ïî
áåññåòî÷íîé ñõåìå ìîæíî èñïîëüçîâàòü àòîìàðíûå ôóíêöèè, ÿâëÿþ-
ùèåñÿ ðåøåíèÿìè ÔÄÓ âèäà:

∆u(x1, x2)− δ2u(x1, x2) = λ

∮
∂Ω

u(a(x1 − ξ1), a(x2 − ξ2))dω+

+µu(ax1, ax2),

ãäå ñóùåñòâîâàíèå ôèíèòíîãî ðåøåíèÿ îáåñïå÷èâàåòñÿ ñîîòâåò-
ñòâóþùèìè êîýôôèöèåíòàìè λ è µ. Íîñèòåëåì òàêîé ôóíêöèè ÿâ-
ëÿåòñÿ êðóã.
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Ïîñòðîèòü ÀÐÁÔ òðåõ íåçàâèñèìûõ ïåðåìåííûõ ìîæíî, ðåøèâ
ÔÄÓ âèäà:

Lu(x1, x2, x3) = λ

∮
∂Ω

u(a(x1 − ξ1), a(x2 − ξ2), a(x3 − ξ3))dω+

+µu(ax1, ax2, ax3)

Íîñèòåëÿìè òàêèõ ôóíêöèé ÿâëÿåòñÿ øàð, ðàäèóñ êîòîðîãî òàê-
æå ìîæíî âàðüèðîâàòü. Ïðè ýòîì èñïîëüçîâàíèå ðàçëè÷íûõ äèôôå-
ðåíöèàëüíûõ îïåðàòîðîâ äàåò âîçìîæíîñòü ïîëó÷èòü ðàçëè÷íûå ôè-
íèòíûå ôóíêöèè, ÷òî äîïîëíÿåò ïðåèìóùåñòâà èñïîëüçîâàíèÿ òàêèõ
ôóíêöèé ïðè ïîñòðîåíèè ïðèáëèæåííûõ ðåøåíèé çàäà÷ ìàòåìàòè-
÷åñêîé ôèçèêè.
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Î 7-ÌÅÐÍÛÕ ÀËÃÅÁÐÀÕ ËÈ,
ÈÌÅÞÙÈÕ 5-ÌÅÐÍÛÅ ÍÈËÜÐÀÄÈÊÀËÛ1

À.Â. Ëîáîäà (Âîðîíåæ, ÂÃÓ)
lobvgasu@yandex.ru

Â çàäà÷å îïèñàíèÿ ãîëîìîðôíî îäíîðîäíûõ âåùåñòâåííûõ ãèïåð-
ïîâåðõíîñòåé ïðîñòðàíñòâà C⋭ ïðåäñòàâëÿþò åñòåñòâåííûé èíòåðåñ
7-ìåðíûå àëãåáðû Ëè ãîëîìîðôíûõ âåêòîðíûõ ïîëåé â ýòîì ïðî-
ñòðàíñòâå. Êëàññèôèêàöèÿ 7-ìåðíûõ ðàçðåøèìûõ íåðàçëîæèìûõ
àëãåáð Ëè [1] ñîäåðæèò 939 òèïîâ àáñòðàêòíûõ àëãåáð. Ïðè ýòîì
èçó÷åííûå àëãåáðû (149 òèïîâ íèëüïîòåíòíûõ àëãåáð Ëè è 594 òèïà
àëãåáð Ëè, ñîäåðæàùèõ 6-ìåðíûå íèëüðàäèêàëû) äîñòàòî÷íî ðåä-
êî äîïóñêàþò ãîëîìîðôíûå ðåàëèçàöèè â C⋭ ñ íåâûðîæäåííûìè ïî
Ëåâè íå ñâîäèìûìè ê òðóáêàì îðáèòàìè.

Íèæå îáñóæäàþòñÿ 99 òèïîâ 7-ìåðíûõ àëãåáð Ëè èç [1], èìåþ-
ùèõ 5-ìåðíûå íèëüðàäèêàëû ñî ñòðóêòóðîé g21 ⊕ g3 è åäèíñòâåííûì
íåòðèâèàëüíûì êîììóòàöèîííûì ñîîòíîøåíèåì [e1, e2] = e3. Ñåìåé-
ñòâî ýòèõ àëãåáð ðàçáèòî â ðàáîòå [1] íà 9 ïîäñåìåéñòâ:

L1(33), L2(11), R3(4), L4(11), L5(2), R6(6), R7(16), R8(9), R9(7),

ãäå ÷èñëà â ñêîáêàõ ïîêàçûâàþò êîëè÷åñòâà òèïîâ àëãåáð â êàæäîì
èç ïîäñåìåéñòâ.

Ñåìåéñòâî L1, ñàìîå îáøèðíîå èç íèõ, èññëåäîâàë Êðóòñêèõ Â.Â.
(îôîðìëåíèå ðåçóëüòàòîâ çàâåðøàåòñÿ è ãîòîâèòñÿ ê ïå÷àòè). Â ñâÿ-
çè ñ ýòèì èññëåäîâàíèåì âîçíèêëà ãèïîòåçà îá îòñóòñòâèè íåâûðîæ-
äåííûõ ïî Ëåâè íå ñâîäèìûõ ê òðóáêàì îðáèò â ïðîñòðàíñòâå C⋭ ó
ýòèõ 99 òèïîâ àëãåáð Ëè.

Òåîðåìà 1. Íèêàêèå àëãåáðû Ëè èç ñåìåéñòâ L2, L4, L5, R6, R7,
R8 íå äîïóñêàþò Ëåâè-íåâûðîæäåííûõ íåòðóá÷àòûõ 7-ìåðíûõ îðáèò
â ïðîñòðàíñòâå C⋭.

Â òî æå âðåìÿ äëÿ àëãåáð ñåìåéñòâ R3 è R9 èìåþòñÿ ãîëîìîðô-
íûå ðåàëèçàöèè â C⋭ ñ íåâûðîæäåííûìè íåòðóá÷àòûìè îðáèòàìè.

Ïðèìåð 1. Àëãåáðû Ëè ãîëîìîðôíûõ âåêòîðíûõ ïîëåé â C⋭ ñ
áàçèñàìè (ε = ±1)

e1 = (0, i,−z2, 0), e2 = (0, 1, 0, 0), e3 = (0, 0, 1, 0), e4 = (0, 0, z21 , iε),

1 Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò � 23-21-
00109).
© Ëîáîäà À.Â., 2025
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e5 = (0, 0, 0, 1), e6 = (− i

2
z1, iεz1,−z21z4,−iεz4), e7 = (z1, z2, 2z3, 0).

ÿâëÿþòñÿ ðåàëèçàöèÿìè ïðè m = n = 0, p = 1 àëãåáðû èç òðåõïàðà-
ìåòðè÷åñêîãî ñåìåéñòâà R3.3 ñ òàáëèöåé íåòðèâèàëüíûõ êîììóòàöè-
îííûõ ñîîòíîøåíèé

R3.3 e1 e2 e3 e4 e5 e6 e7
e1 e3 e1
e2 ∗ me2 pe2
e3 me3 (1 + p)e3
e4 ne4 + e5
e5 −e4 + e5
e6 ∗ ∗ ∗ ∗
e7 ∗ ∗ ∗

.

Îðáèòàìè òàêèõ àëãåáð ÿâëÿþòñÿ (ñ òî÷íîñòüþ äî ãîëîìîðôíîé ýê-
âèâàëåíòíîñòè) íåòðóá÷àòûå Ëåâè-íåâûðîæäåííûå ãèïåðïîâåðõíî-
ñòè ïðîñòðàíñòâà C⋭ ñ óðàâíåíèÿìè

y4 = ±(x21 + y21)± y22 + εx1y1y3.

Çàìå÷àíèå. Â îòëè÷èå îò ïðèâåäåííîãî ïðèìåðà àëãåáðû
îñòàëüíûõ òðåõ òèïîâ R3.1, R3.2 è R3.4 èç ñåìåéñòâà R3 íå èìåþò
Ëåâè-íåâûðîæäåííûõ íå ñâîäèìûõ ê òðóáêàì îðáèò.

Ïðèìåð 2. Ñåìåéñòâî àëãåáð R9.1, çàâèñÿùåå îò ïàðàìåòðàm ∈ ,
èìååò ãîëîìîðôíûå ðåàëèçàöèè ñ áàçèñàìè:

e1 = (0, i,−z1z2, iz1z2), e2 = (0, 1, 0, 0), e3 = (0, 0, z1,−iz1),

e4 = (0, 0, 1, 0), e5 = (0, 0, 0, 1),

e6 = (mz1,−iz2,
1

2
z22z1 +mz3,−

i

2
z22z1 +mz4), e7 = (iz1, 0,−z4, z3).

Ýòè àëãåáðû íå ñîäåðæàò ¾ÿâíûõ¿ ïðèçíàêîâ âûðîæäåíèÿ îðáèò èëè
ñâîäèìîñòè ýòèõ îðáèò ê òðóáêàì.

Ëèòåðàòóðà
1. Vu A.L. Classi�cation of 7-dimensional solvable Lie algebras

having 5-dimensional nilradicals /A.L. Vu, T.A. Nguyen, T.T.C. Nguyen,
T.T.M. Nguyen, T.N. Vo // Communications in Algebra. � 2023. �
V. 51, � 5. � P. 1866�1885.
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ÐÀÇËÎÆÅÍÈÅ ÍÀ ÀÒÎÌÛ ÄËß ÊËÀÑÑÎÂ Hp,q(X)
Ì.Ì. Ëîãèíîâñêàÿ (Ìèíñê, ÁÃÓ)

LoginovskayaMM@bsu.by

Ïóñòü (X, d, µ) � ìíîæåñòâî ñ σ-êîíå÷íîé áîðåëåâñêîé ìåðîé µ è
êâàçèìåòðèêîé d (íåðàâåíñòâî òðåóãîëüíèêà çàìåíåíî óñëîâèåì

∃Kd ⩾ 1 ∀x, y, z ∈ X d(x, z) ⩽ Kd[d(x, y) + d(y, z)]).

Êâàçèìåòðèêà ïîðîæäàåò øàðû

B = B(x, t) := {y ∈ X : d(x, y) < t}, x ∈ X, t > 0.

Ðàññìîòðèì ïðîèçâåäåíèå

X := X × I, ãäå I = (0, t0), 0 < t0 ⩽ +∞,

ñ ìåðîé-ïðîèçâåäåíèåì µ× λ (λ � ìåðà Ëåáåãà íà I), ñì. [1, � 3.3], è
¾íåêàñàòåëüíûå¿ îáëàñòè ïîäõîäà ê òî÷êàì x ∈ X ¾ãðàíèöû¿ ìíî-
æåñòâà X

D(x) := {(y, t) ∈ X : d(x, y) < t}, x ∈ X.

Äëÿ ôóíêöèè u : X → C îïðåäåëèì ìàêñèìàëüíûé îïåðàòîð

Nu(x) := sup{|u(y, t)| : (y, t) ∈ D(x)}, x ∈ X.

Ïóñòü H0(X) � ìíîæåñòâî âñåõ èçìåðèìûõ ôóíêöèé u : X →
C (ýêâèâàëåíòíûå ôóíêöèè íå îòîæäåñòâëÿþòñÿ), äëÿ êîòîðûõ Nu
ïî÷òè âñþäó êîíå÷íà. Äëÿ 0 < p, q ⩽ ∞ ââåäåì êëàññû

Hp,q(X) := {u ∈ H0(X) : Nu ∈ Lp,q(X)},

ãäå Lp,q(X) � ñòàíäàðòíûå ïðîñòðàíñòâà Ëîðåíöà [2, ï. 1.4].
Äëÿ 0 < p ⩽ 1 íàçîâåì p-àòîìîì ëþáóþ ôóíêöèþ a ∈ H0(X) ñî

ñâîéñòâàìè: 1) ñóùåñòâóåò øàð B ⊂ X, äëÿ êîòîðîãî supp a ⊂ T (B),
2) |a(y, t)| ⩽ [µ(B)]−1/p äëÿ âñåõ (y, t) ∈ X.

Çäåñü ìíîæåñòâî T (B) îïðåäåëÿåòñÿ ðàâåíñòâîì

T (B) := X \

(⋃
x/∈B

D(x)

)
.

© Ëîãèíîâñêàÿ Ì.Ì., 2025

226



Ãîâîðÿò, ÷òî ìåðà µ óäîâëåòâîðÿåò óñëîâèþ óäâîåíèÿ, åñëè ñóùå-
ñòâóåò òàêîå ÷èñëî Kµ > 0, ÷òî

µ(B(x, 2r)) ⩽ Kµµ(B(x, r)), x ∈ X, r > 0.

Òåîðåìà. Ïóñòü X óäîâëåòâîðÿåò óñëîâèþ óäâîåíèÿ, 0 < p ⩽ 1,
0 < q ⩽ ∞. Òîãäà äëÿ ëþáîé ôóíêöèè u ∈ Hp,q(X) ñóùåñòâóåò
ïîñëåäîâàòåëüíîñòü {uk}k∈Z ⊂ H0(X) ñî ñâîéñòâàìè:

1) u(x, t) =
∑
k

uk(x, t) ïðè âñåõ (x, t) ∈ X;

2) |uk(x, t)| ⩽ 2k+1 ïðè âñåõ (x, t) ∈ X;

3) supp

(
u−

N∑
k=−N

uk

)
⊂ {|u| ⩽ 2−N} ∪ T ({Nu > 2N+1});

4) äëÿ êàæäîãî k ∈ Z ôóíêöèÿ uk ïðåäñòàâèìà â âèäå

uk =
∑
j

λjka
j
k, λjk = 2k+1[µ(Bjk)]

1/p,

ãäå ajk � p-àòîì ñ íîñèòåëåì supp ajk ⊂ T (Bjk) äëÿ íåêîòîðîãî øàðà

Bjk, à λ
j
k óäîâëåòâîðÿþò íåðàâåíñòâó∑

k

∑
j

|λjk|
p

q/p


1/q

⩽ C∥u∥Hp,q(X) ïðè q <∞

è

sup
k∈Z

∑
j

|λjk|
p

1/p

⩽ C∥u∥Hp,∞(X) ïðè q = ∞

(ïîñòîÿííàÿ C íå çàâèñèò îò u).
Ýòà òåîðåìà ÿâëÿåòñÿ åñòåñòâåííûì îáîáùåíèåì ïðåäëîæåíèÿ 2

èç [3] (ñëó÷àé p = q = 1).

Ëèòåðàòóðà
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Èæåâñê: Ðåãóëÿðíàÿ è õàîòè÷. äèíàìèêà, 2003. � Ò. 1. � 584 ñ.
2. Grafakos L. Classical Fourier Analysis / L. Grafakos. � New York:

Springer, 2014. � Graduate Texts in Math. � 249. � 655 p.
3. Coifman R. Some new function spaces and their applications

in harmonic analysis / R. Coifman, Y. Meyer, E. Stein // J. Funct.
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ÎÁÐÀÙÅÍÈÅ B-ÏÎÒÅÍÖÈÀËÎÂ ÐÈÑÑÀ
È ÏÐÅÎÁÐÀÇÎÂÀÍÈß ÐÀÄÎÍÀ � ÊÈÏÐÈßÍÎÂÀ1

Ë.Í. Ëÿõîâ, Â.À. Êàëèòâèí, Ì.Ã. Ëàïøèíà
(Âîðîíåæ, ÂÃÓ, Åëåö, ÅÃÓ èì. È.À. Áóíèíà, Ëèïåöê, ËÃÏÓ èìåíè

Ï.Ï. Ñåìåíîâà-Òÿí-Øàíñêîãî, ÐÀÍÕèÃÑ)
levnlya@mail.ru, kalitvin@gmail.com, marina.lapsh@ya.ru

Ïóñòü ïîëîæèòåëüíîå ÷èñëî γ ôèêñèðîâàíî è ïóñòü R+
n � ÷àñòü

åâêëèäîâà ïðîñòðàíñòâà òî÷åê x = (x1, . . . , xn), îïðåäåëåííàÿ íåðà-
âåíñòâîì x1 > 0. ×åðåç Pγx1

áóäåì îáîçíà÷àòü îïåðàòîð Ïóàññîíà [1],
äåéñòâèå êîòîðîãî íà èíòåãðèðóåìóþ ôóíêöèþ f ïî ïåðåìåííîé x1
îïðåäåëåíî ñëåäóþùèì âûðàæåíèåì:

Pγx1
f(x) = C(γ)

∫ π

0

f(x1 cosα, x′) sinγ−1 α dα, C(γ) =
Γ(γ+1

2 )

Γ( 12 )Γ(
γ
2 )
,

ãäå, äëÿ óäîáñòâà, ââåëè îáîçíà÷åíèå x = (x1, x
′), x′ = (x2, . . . , xn).

×åðåç Sev(R+
n ) îáîçíà÷èì êëàññ ïðîáíûõ ôóíêöèé Ë.Øâàðöà

{φ}, ñîñòîÿùèé èç ôóíêöèé ÷åòíûõ ïî ïåðåìåííîé x1. Ñîîòâåòñòâó-
þùèé êëàññ ðåãóëÿðíûõ âåñîâûõ ðàñïðåäåëåíèé S ′

ev îïðåäåëÿåòñÿ
âåñîâîé áèëèíåéíîé ôîðìîé

(f, φ)γ =

∫
R+

n

f(x) φ(x) xγ1dx.

Íà îñíîâå îïåðàòîðà Ïóàññîíà ââåäåì â ïðîñòðàíñòâå ðàñïðåäå-
ëåíèé S′

ev âåñîâóþ îáîáùåííóþ δ-ôóíêöèþ, ñîñðåäîòî÷åííóþ íà ïî-
âåðõíîñòè P (x) = 0, x∈R+

n (êàê ïðàâèëî, ðàçìåðíîñòè n − 1) ñëå-
äóþùèì îïðåäåëåíèåì:

(Px1δ(P (x)) , φ)γ = C(γ)

∫
Γ={z: P (z)=0}

φ̃(z) zγ−1
2 dΓ(z), (1)

ãäå z = (z1, z2, x
′), φ̃(z) = φ

(√
z21 + z22 , x

′
)
è ââåäåíû îáîçíà÷åíèÿ{

z1 = x1 cosα,
z2 = x1 sinα,

∣∣∣∣ , 0 < α < π. Ïðè ýòîì −∞<z1<∞, 0<z2<∞.

Îòìåòèì, ÷òî åñëè áû ïåðâîíà÷àëüíî ïîâåðõíîñòü P (x)=0 áûëà
áû ñôåðîé |x|−R=0, òî îòîáðàæåííàÿ ïîâåðõíîñòü èíòåãðèðîâàíèÿ â

1 Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ïðîåêò � 24-21-00387).
© Ëÿõîâ Ë.Í., Êàëèòâèí Â.À., Ëàïøèíà Ì.Ã., 2025
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(1) � òîæå ñôåðà |z|=R, íî óæå â åâêëèäîâîì ïðîñòðàíñòâå áîëüøåé
ðàçìåðíîñòè: R+

n+1 = {z : z2 > 0}. Äàëåå ðàññìàòðèâàåòñÿ ñèòóàöèÿ,
êîãäà ïîâåðõíîñòüþ èíòåãðèðîâàíèÿ ÿâëÿåòñÿ ãèïåðïëîñêîñòü p =
⟨x, θ⟩ â Rn, ãäå ⟨x, θ⟩=

∑
i

xiθi. Òîãäà òðàíñôîðìàöèÿ (1) ïðèâåäåò ê

ñëåäóþùåé òðàíñôîðìàöèè ïëîñêîñòè èíòåãðèðîâàíèÿ:

{x∈R+
n :⟨x, θ⟩=p}def(1)−→ {z∈R+

n+1 :⟨z,Θ⟩=p},Θ=(θ1, 0, θ2, . . . , θn). (2)

Ïðåîáðàçîâàíèå Ðàäîíà�Êèïðèÿíîâà (ââåäåíî â ðàáîòàõ [2,3]; ñì.
òàêæå êíèãè [4], ñ.211 � 225; [5], ñ. 483 �495) îïðåäåëåíî ñëåäóþùåé
êîíñòðóêöèåé:

Kγ [f ](θ; p) =

∫
R+

n

f(x)Pγx1
δ(p− ⟨x; θ⟩) xγ1dx, (3)

ãäå x = (x1, x
′)∈
{
R+n : x1 ∈ R+

1 , x
′ ∈ Rn−1

}
. Ñîãëàñíî îïðåäåëå-

íèþ (1), èìååì

Kγ [f ](Θ; p) = C(γ)

∫
Γ={z: p=⟨z ,Θ⟩}+

f̃(z) zγ−1
2 dΓ(z), (4)

ãäå {z : p=⟨z, Θ⟩}+={z : ⟨z, θ̃⟩=p, z2>0}, è f̃(z) = f

(√
z21 + z22 , x

′
)
.

Çäåñü â ïðàâîé è ëåâîé ÷àñòÿõ ðàâåíñòâà (4) èíòåãðèðîâàíèå ïðîèñõî-
äèò ïî n+1 ïåðåìåííûì; â ñâÿçè ñ ÷åì îïðåäåëåíèÿ ïðåîáðàçîâàíèé
(3) è (4) ñîâïàäàþò: Kγ [f ](θ; p) = Kγ [f ](Θ; p). Ïðàâàÿ ÷àñòü ýòîãî
ðàâåíñòâà ïðåäñòàâëÿåò ñîáîé ñïåöèàëüíîå âåñîâîå ïðåîáðàçîâàíèå
Ðàäîíà â R+

n+1 (ñì. [2,3]), êîòîðîå ìîæíî çàïèñàòü â êëàññè÷åñêîì

âèäå Kγ [f ](Θ; p)=C(γ)
∫

R+
n+1

f̃(z) δ(p−⟨z,Θ⟩)zγ−1
2 dz.

Ïðè ôèêñèðîâàííîì âåêòîðå θ ïðèìåì îáîçíà÷åíèå Kγ [f ](θ; p)=
Kγ,θ[f ](p) ⇐⇒ Kγ [f ](Θ; p)=Kγ,Θ[f ](p). Ïîëóïëîñêîñòü èíòåãðèðî-

âàíèÿ â (4) îáîçíà÷èì Θ+
⊥, ò.å. Θ

+
⊥={z: ⟨Θ, z⟩ = p, z2⩾0} ∈ R+

n+1.
Ñëåäóÿ [6] (ñ. 17), çàïèøåì ïðåîáðàçîâàíèå Ðàäîíà�Êèïðèÿíîâà

â âèäå èíòåãðàëà ïî ïîëóïëîñêîñòè Θ+
⊥ â åâêëèäîâîì ïðîñòðàíñòâå

òî÷åê ∈R+
n+1 : Kγ,Θ[f ](p) = C(γ)

∫
Θ+

⊥
f̃(pΘ+ z)zγ−1

2 dΓ(z).

Îïåðàòîð, äâîéñòâåííûé ê ïðåîáðàçîâàíèþ Ðàäîíà-Êèïðèÿíîâà
[7] â Rn îïðåäåëèì èíòåãðèðîâàíèåì ïî âåñîâîé ñôåðå: ïóñòü
Z+
γ =S

+(n + 1)× R1. g ∈ Sev(Z+
γ ), Òîãäà
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K#
γ g(x) =

∫
S+
1 (n+1)

g(Θ, ⟨Θ, x⟩) Θγ dS.

Â-ïîòåíöèàëàìè Ðèññà ïîðÿäêà α íàçûâàþòñÿ èíòåãðàëüíûå îïå-
ðàòîðû âèäà

(Uγf)(x) =
∫
E+

n

f(y) T y
(

1
|x|λ

)
yγ dy , −∞ < λ < n+ |γ| ,

ãäå T y � ñìåøàííûé îáîáùåííûé ñäâèã, â êîòîðîì ñîáñòâåííî îáîá-
ùåííûé ñäâèã Ïóàññîíà äåéñòâóåò òîëüêî ïî ïåðâîé ïåðåìåííîé x1.

Èìååò ìåñòî ðàâåíñòâî FB [U
α
γφ](ξ) = k̂γα(ξ)φ̂(ξ) , φ∈Sev(R+

n ) ,

ãäå kγα(x)=A
−1|x|α−n−|γ| � ÿäðî Â-ïîòåíöèàëà Ðèññà, à êîíñòàíòà A

âûáèðàåòñÿ òàê, ÷òîáû FB [k
γ
α](ξ) = k̂γα(ξ) = |ξ|−α [8].

Äåéñòâèå îïåðàòîðà ∆
n+|γ|−1

2

B íà Â-ïîòåíöèàë Ðèññà îïðåäåëåíî â
ðàìêàõ ïðåîáðàçîâàíèÿ Ôóðüå�Áåññåëÿ, â ðåçóëüòàòå ïîëó÷àåì ôîð-
ìóëó îáðàùåíèÿ Â-ïîòåíöèàëà Ðèññà; åñëè φ∈Sev, òî

∆
n+|γ|−1

2

B Uαγ = F−1
B ξ→x

[
ξn+|γ|−1Ûαγ [f ]

]
= f(x).

Òåîðåìà 1. Ïóñòü f ∈ S+
ev(R

n). Òîãäà äëÿ ëþáîãî α < n+γ

f(x) =
1

C(γ)
U−α
γ K#

γ U
α−n−γ+1
γ Kγ [f ].

Äîêàçàòåëüñòâî îñíîâàíî íà ñâÿçè ïðåîáðàçîâàíèÿ Ðàäîíà, ïðå-
îáðàçîâàíèÿ Ôóðüå-Áåññåëÿ è ïðåîáðàçîâàíèÿ Ôóðüå, îòêðûòîé â ðà-
áîòå [2]: 2πFp→α[Kγ [f ]](ξ) = [FB [f ]](αθ), αθ = ξ.
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Õîðîøî èçâåñòíà ôóíêöèÿ

ω(x) =

{
Ch e

− h2

h2−|x|2 , |x| < h,
0, |x| ⩾ h,

}
, x ∈ Rn, n ⩾ 1, (1)

ââåäåííàÿ Ñ.Ë. Ñîáîëåâûì â [1] â êà÷åñòâå óñðåäíÿþùåãî ÿäðà (íà-
ïðèìåð, ñì. êíèãè [2, ñ. 23], [3, ñ. 34]). Â êëàññè÷åñêèõ ìàòåìàòè÷å-
ñêèõ çàäà÷àõ ñâåðòêà (f∗ ωh) =

∫
f(y)ωh(|x−y|) dµ(y) (ãäå â êà÷åñòâå

èíòåãðàëüíîé ìåðû îáû÷íî ðàññìàòðèâàåòñÿ ìåðà èíòåãðèðîâàíèÿ
Ëåáåãà dµ(y) = dy) íàçûâàåòñÿ ñðåäíèì ôóíêöèè f .

Â 70-õ ãîäàõ ïðîøëîãî âåêà È.À. Êèïðèÿíîâûì áûëî èíèöèèðî-
âàíî èçó÷åíèå âåñîâûõ ñðåäíèõ ôóíêöèé (ñì. [4]) íà îñíîâå îáîáùåí-
íîãî ñäâèãà

T yixi
f(xi, x

i)=
Γ
(
γi+1
2

)
Γ
(
1
2

)
Γ
(
γi
2

) π∫
0

f

(√
x2i+y

2
i−2xiyi cosαx

i

)
sinγ−1 αdα

(2)

1 Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ïðîåêò � 24-21-00387).
© Ëÿõîâ Ë.Í., Ðîùóïêèí Ñ.À., Ñàíèíà Å.Ë., 2025
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è ìåðû èíòåãðèðîâàíèÿ

dµ(x) = xγdx, xγ =

n∏
i=1

|xi|γi , γi ⩾ 0, n ⩾ 1, (3)

êîòîðàÿ ïðèñïîñîáëåíà äëÿ èññëåäîâàíèÿ çàäà÷ óðàâíåíèé ñ ñèíãó-
ëÿðíûì äèôôåðåíöèàëüíûì îïåðàòîðîì Áåññåëÿ Bγi=

∂2

∂x2
i
+ γi
xi

∂
∂xi

,

ïðè óñëîâèè γi ⩾ 0. Ñâåðòêè ôóíêöèé íà îñíîâå ñäâèãà (2) è ìåðû
(3) îáåñïå÷èëè óñïåøíîå ïðèìåíåíèå ïîëó÷åííûõ îáîáùåííûõ ñðåä-
íèõ çíà÷åíèé ôóíêöèé â çàäà÷àõ òåîðèè ñèíãóëÿðíûõ äèôôåðåíöè-
àëüíûõ óðàâíåíèé (ñì. [5], [6]).

Çàìå÷àíèå 1. Â [4] îòìå÷åí ñëåäóþùèé ôàêò, èìåþùèé ïðèí-
öèïèàëüíîå çíà÷åíèå: âûðàæåíèå (2) ñèììåòðè÷íî îòíîñèòåëüíî îò-
íîñèòåëüíî àðãóìåíòà x è øàãà y.

Â ýòîé ðàáîòå èññëåäóåòñÿ íîâûé êëàññ âåñîâîãî óñðåäíåíèÿ
ôóíêöèé íà îñíîâå ââåäåííûõ â [8] è [9] îïåðàòîðîâ îáîáùåííîãî
T-ïñåâäîñäâèãà è îáîáùåííîãî T-ñäâèãà.

×åðåç R+
n îáîçíà÷èì îáëàñòü â åâêëèäîâîì ïðîñòðàíñòâå òî÷åê

Rn, îïðåäåëåííóþ íåðàâåíñòâàìè xi>0, i=1, n. Ïóñòü R+
n={x : xi ⩾

0}.
Ïóñòü x è y ∈Rn è γ=(γi, . . . , γn), 0 > −γi>− 1. T-Ïñåâäîñäâèãîì

â Rn áóäåì íàçûâàòü èíòåãðàëüíûé îïåðàòîð
Tyx f(x)=

∏n
i=1 Tyixi

f(x), ãäå

Tyixi
f(x)=C

π∫
0

[x2i y
2
i ]

γi+1

2

f
(√

(x2i+y
2
i−2xiyi cosαi), x

i
)

(x2i+y
2
i−2xiyi cosαi )

γi+1

2

sinγi+1 αi dαi.

Çäåñü è íèæå ïðèìåíåíî îáîçíà÷åíèå àðãóìåíòà ôóíêöèè
x=(xi, x

i), xi = (x1, . . . , xi−1, xi+1, . . . , xn). Ñâîéñòâà îáîáùåííîãî Tyx-
ïñåâäîñäâèãà ïðèâåäåíû â [8] è [9].

Îáîáù¼ííûé T-ñäâèã â Rn èìååò âèä

∗
T y
x f(x) =

n∏
i=1

Tyixi
f(x), (3)

ãäå
∗
T yi
xi
f(x) = (y2i )

− γi+1

2 Tyixi
f(x) =
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=
Γ
(
γi+3
2

)
Γ
(
1
2

)
Γ
(
γi+2
2

) π∫
0

(x2i )
γi+1

2

f
(√

(x2i+y
2
i−2xiyi cosαi, xi)

)
(√

(x2i+y
2
i−2xiyi cosαi)

)γi+1

sinγi+1 αidαi. (4)

Âåñîâàÿ áèëèíåéíàÿ ôîðìà â R+
n , îòâå÷àþùàÿ ïàðàìåòðó −γ çà-

äàíà ñëåäóþùèì âûðàæåíèåì:

(u, v)−γ =

∫
R+

n

u(x) v(x) x−γdx , x−γdx =

n∏
i=1

x−γii dxi , 0<γi<1. (5)

Îïðåäåëåíèå (1) ïîðîæäàåò âåñîâîå ôóíêöèîíàëüíîå ïðîñòðàíñòâî

L−γ
2 = L−γ

2 (R+
n ) =

{
u : ∥u∥L−γ

2
=
√

(u, u)−γ <∞
}
, −γi > −1.

Çàìå÷àíèå 2. Â îòëè÷èå îò çàìå÷àíèÿ 1, ïðèìåíÿåìûé â ýòîé
ðàáîòå T-ïñåâäîñäâèã (8) íå ñèììåòðè÷åí ïî îòíîøåíèþ ê àðãóìåíòó
ôóíêöèè è øàãó ñäâèãà, Òîæå ñàìîå ñïðàâåäëèâî è äëÿ T-ñäâèãà (9)

:
∗
T y
xf(x) ̸=

∗
T x
yf(y).

Â íàøåé ðàáîòå èñïîëüçîâàëèñü ñëåäóþùèå

Ñâîéñòâà îïåðàòîðà
∗
T .

1. Íóëåâîé øàã íå ìåíÿåò ôóíêöèþ:
∗
T yf(x)

∣∣∣∣
y=0

= f(x).

2. Ïóñòü f ñóììèðóåìàÿ ôóíêöèÿ. Òîãäà ôóíêöèÿ
∗
T yf(x) �

÷åòíàÿ è ïî àðãóìåíòó ôóíêöèè x è ïî øàãó ñäâèãà y.
3. Ïóñòü f îãðàíè÷åííàÿ ñóììèðóåìàÿ ïî ìåðå dµ−γ(x) ôóíêöèÿ

â R+
n è ïóñòü supx f =M . Òîãäà supx

∗
T y
x f(x) =M.

Äîïîëíèòåëüíî îòìåòèì òàêæå ôîðìóëó

(Txyu , v)−γ=
∫
Ω+

Tyu(x) v(x)x−γdx=
∫
Ω+

∗
T y u(x) v(x)x1dx =

=
( ∗
T y
xu , v

)
1
,

ãäå y1dy =
n∏
i=1

yidy.
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Îïðåäåëèì T-ñðåäíþþ ôóíêöèè uh(x) â âèäå îáîáùåííîé T-
ñâåðòêè ñ óñðåäíÿþùèì ÿäðîì ωh (ðàâåíñòâî(1)):

uh(x) =

∫
Ω+

u(y)Tx ωh(y) y−γdy =

∫
Ω+

u(y)
∗
T x ωh(y) y

1dy,

ãäå Ω+ îãðàíè÷åííàÿ îáëàñòü, êîòîðàÿ, âîîáùå ãîâîðÿ êàê ïðàâè-
ëî, ïðèëåãàåò ê êîîðäèíàòíûì ãèïåðïëîñêîñòÿì xi = 0, i = 1, n.
Îáëàñòè, ïîëó÷åííûå çåðêàëüíûì îòðàæåíèåì îáëàñòè Ω+ îò êîîð-
äèíàòíûõ ïëîñêîñòåé xi = 0. îáîçíà÷èì Ω−. Ãðàíèöó Ω+∈R+ áóäåì
îáîçíà÷àòü Γ+, à ÷åðåç Γ0 � òå ÷àñòè ãðàíèö, êîòîðûå ïðèíàäëåæàò
êîîðäèíàòíûì ãèïåðïëîñêîñòÿì xi=0. Îáúåäèíåíèå ýòèõ îáëàñòåé
îáîçíà÷èì Ω = Ω+ ∪ Ω−.

Òàêèì îáðàçîì ãðàíèöà Γo � ýòî ãðàíèöà ñèììåòðèè, ïîýòî-
ìó ïîä îáëàñòüþ Ω+ áóäåì ïîíèìàòü ÷àñòè÷íî çàìêíóòóþ îáëàñòü
Ω+ = Ω+ ∪ Γo. Ïîäîáëàñòè òàêèõ îáëàñòåé, êàê ïðàâèëî, âêëþ÷àþò
ñîîòâåòñòâóþùèå ÷àñòè ãðàíèö Γo è ìû èõ íàçûâàåì s-âíóòðåííåé
ïîäîáëàñòüþ îáëàñòè Ω+ c ñîîòâåòñòâóþùåé ÷àñòüþ ãðàíèöû Γo.

Ââåäåì ïðîñòðàíñòâî

L−γ
p (Ω+) =

{
f : x−

γ
p f(x) ∈ Lp(Ω

+), 1⩽p<∞,

∥f∥L−γ
p (Ω+)=

( ∫
Ω+

f(x)x−γdx

)1/p }
Òåîðåìà 1. Ïóñòü x è y ∈ Ω+. Åñëè u ∈ C∞(Ω+), òî Th-ñðåäíÿÿ

uh(x) ïðè h → 0 ñòðåìèòñÿ ê ôóíêöèè u(x) ðàâíîìåðíî âî âñÿêîé
çàìêíóòîé s-ïîäîáëàñòè Ω′+ îáëàñòè Ω+.

Òåîðåìà 2. ∥uh∥L−γ
p (Ω+) ⩽ 2n+|γ| ∥u∥L−γ

p (Ω+), 1⩽p<∞.
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ðàçìåðîâ àíòåííîé ðåøåòêè, ìîæíî ñ÷èòàòü ïëîñêîé âîëíîé

E(k⃗, r⃗, t) = Aei(−ω·t+φ)ei·⃗k·r⃗,

ãäå k⃗ - âîëíîâîé âåêòîð, r⃗ - ðàäèóñ-âåêòîð òî÷êè ïðîñòðàíñòâà, t -
âðåìÿ. Êðîìå òîãî, E çàâèñèò îò àìïëèòóäû A, êðóãîâîé ÷àñòîòû ω,
íà÷àëüíîé ôàçû φ0, íî ýòè ïàðàìåòðû ïðåäïîëàãàþòñÿ îäèíàêîâûìè
äëÿ âñåõ äàò÷èêîâ ðåøåòêè.

Âîëíîâîé âåêòîð k⃗ îïðåäåëÿåòñÿ ÷àñòîòîé ðåãèñòðèðóåìîãî ñèã-
íàëà λ, óãëîì âîçâûøåíèÿ β è àçèìóòîì θ

k⃗ =
2 · π
λ

(cosβ cos θ, cosβ sin θ, sinβ).

Ïåäïîëàãàåòñÿ, ÷òî êîëüöåâàÿ ôàçèðîâàííàÿ àíòåííàÿ ðåøåòêà ðà-
äèóñà R ðàñïîëîæåíà ãîðèçîíòàëüíî, à íà÷àëî êîîðäèíàò íàõîäèòñÿ
â öåíòðå êðóãà.

Â ñëó÷àå ïðèõîäà ñèãíàëà íà äàò÷èê î äâóõ èñòî÷íèêîâ ââåäåì
íèæíèé èíäåêñ:

Em(k⃗, r⃗, t) = Am ·ei(−ω·t+φm) ·eiρ·cos βm cos(θm−γn), ρ =
2 · π
λ

·R,m = 1, 2.

Íà äàò÷èêàõ ðåãèñòðèðóþòñÿ êîìïëåêñíîçíà÷íûå çíà÷åíèÿ Un, îïðå-
äåëÿåìûå ôîðìóëàìè:

Un = E1(k⃗, r⃗, t) + E2(k⃗, r⃗, t),

ãäå n - ÷èñëî äàò÷èêîâ.
Ïðîáëåìà îáíàðóæåíèÿ ñèãíàëîâ çàêëþ÷àåòñÿ â âîçìîæíîñòè ñó-

ùåñòâîâàíèÿ òàêèõ A3, φ3, β3 è θ3, ÷òî:

Uk = E1(k⃗, r⃗, t) + E2(k⃗, r⃗, t) = E3(k⃗, r⃗, t), (1)

äëÿ âñåõ k = 1, 2, ..., n.
Òîãäà äëÿ êâàäðàòîâ ìîäóëåé Uk ñïðàâåäëèâû ðàâåíñòâà:

|U1|2 = |U2|2 = ... = |Un|2 = A2
3 (2)

Ïðè óñëîâèè, ÷òî ρ < π
2 , à θ1 è θ2 íå êðàòíû π.

Â ðàáîòå ðàññìàòðèâàåòñÿ n = 4 è n = 5. Ïðè n = 4 ñèãíàëû
ðàçäåëèòü íåâîçìîæíî â ñëó÷àå ñèíôàçíîñòè âîëí. Â ñëó÷àå, êîãäà
n = 5 ðàâåíñòâà (2) íå âûïîëíÿþòñÿ ïðè íàëîæåííûõ óñëîâèÿõ, ýòî
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îçíà÷àåò, ÷òî ïî çíà÷åíèÿì ìîäóëåé àìïëèòóäû ìîæíî îáíàðóæèòü
äâà èñòî÷íèêà.
Ñèñòåìà óðàâíåíèé (1) â îáùåì ñëó÷àå íå ðàçðåøàåòñÿ äëÿ n = 4.
Åñëè n = 5, ïîëó÷àåòñÿ ñèñòåìà èç äåñÿòè óðàâíåíèé (ïÿòü íà âå-
ùåñòâåííóþ ÷àñòü U è ïÿòü íà ìíèìóþ) ñ âîñåìüþ íåèçâåñòíûìè
(A1, φ1, β1, θ1 è A2, φ2, β2, θ2), â ýòîì ñëó÷àå ìîæíî îïðåäåëèòü
îäèí èëè äâà èñòî÷íèêà ñèãíàëà. Âîïðîñ îá ýôôåêòèâíûõ ìåòîäàõ
ðåøåíèÿ ñèñòåìû îòêðûò.

Â ðàáîòå äëÿ n = 4 ðàçáèðàëñÿ òîëüêî ñëó÷àé ñèíôàçíûõ
ñèãíàëîâ, ïðèìåð ðåøåíèÿ çàäà÷è â ñëó÷àå íå ñèíôàçíûõ ñèãíàëîâ
îïèñàí â ñòàòüå [1].
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Ìíîãîñëîéíûé ïåðñåïòðîí (MLP) ÿâëÿåòñÿ îäíîé èç ïåðâûõ ìî-
äåëåé íåéðîííûõ ñåòåé. Íà åãî âõîä ïîñòóïàåò âõîäíàÿ ñåòêà êîîðäè-
íàò, à íà âûõîäå � òåíçîð çíà÷åíèé, êàæäûé èç êîòîðûõ ñîîòâåòñòâó-
åò îïðåäåë¼ííîé êîîðäèíàòå. Àêòèâíîå ïðèìåíåíèå MLP íà÷àëîñü
íåäàâíî, â ÷àñòíîñòè äëÿ àíàëèçà äèíàìè÷åñêèõ ñöåí [1]. Ãëîáàëüíî,
äàííàÿ ìîäåëü ñîñòîèò èç äâóõ MLP. Îäèí âûïîëíÿåò ôóíêöèþ ãå-
íåðàòîðà èçîáðàæåíèé Ï, à âòîðîé � ôóíêöèþ ãåíåðàòîðà ñåòêè G̈.
Òàêàÿ ñõåìà ïîçâîëÿåò ïîëó÷èòü ïîëå ñìåùåíèÿ ñ äâóõ ïîñëåäîâà-
òåëüíûõ êàäðîâ áåç ïðåäâàðèòåëüíîãî îáó÷åíèÿ. Â íåäàâíåé ðàáîòå
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àâòîðà òåêóùåãî èññëåäîâàíèÿ áûëî ïðîäåìîíñòðèðîâàíî, ÷òî äàí-
íàÿ ñõåìà ìîäåëè ñ îïòèìàëüíî ïîäîáðàííûìè ïàðàìåòðàìè èìååò
õîðîøèå ïåðñïåêòèâû [2]. Íà îñíîâàíèè åå ðåçóëüòàòîâ áûëà ïðåäëî-
æåíà ñõåìà äëÿ îáó÷åíèÿ ãåíåðàòîðà èçîáðàæåíèé, ñìûñë êîòîðîé
çàêëþ÷àåòñÿ â ñëåäóþùåì:

Ïóñòü I(m) � èçîáðàæåíèå, êîòîðîå íåîáõîäèìî ñãåíåðèðîâàòü,
òîãäà Ĩ = {I(m)

1 , . . . , I
(m)
n } � íàáîð ÷àñòåé èçîáðàæåíèÿ I(m). Ãåíåðà-

òîð èçîáðàæåíèé Ï ñòðåìèòñÿ ïîëó÷èòü I(m), òîãäà êàê àíàëîãè÷íûå
ìîäåëè Υ = {Ï0, Ï1, . . . , Ïn} ñòðåìÿòñÿ âûâåñòè ñîîòâåòñòâóþùåå èì
çíà÷åíèå â íàáîðå Ĩ. Íà îñíîâàíèè ïðåäûäóùåãî èññëåäîâàíèÿ [2],
ìîäåëè Υ â ñîâîêóïíîñòè äîëæíû îáó÷àòüñÿ ëó÷øå è áûñòðåå, îäíà-
êî ê êàæäîìó èç íèõ íà âõîä ïîñòóïàþò ñåòêè xy ñî çíà÷åíèÿìè îò -1
äî 1. Äëÿ äàëüíåéøåãî îïðåäåëåíèÿ ïîëÿ ñìåùåíèÿ íåîáõîäèìî, ÷òî-
áû íà âõîäå è âûõîäå ó ãåíåðàòîðà ñåòîê G̈ ïîñòóïàëî åäèíñòâåííîå
ïîëå xy ñî çíà÷åíèÿìè îò -1 äî 1. Òàêèì îáðàçîì, áûëî ïðåäëîæåíî
îáó÷àòü ãåíåðàòîð Ï ¾ïîñòåïåííî¿ ñ ïîìîùüþ íàáîðà Υ. Äðóãèìè
ñëîâàìè, Υ âûäàåò çíà÷åíèÿ � Ĩ ′ = {I ′(m)

0 , I
′(m)
1 , . . . , I

′(m)
n }, ñîâîêóï-

íîñòü êîòîðûõ ñòðåìèòñÿ ê ýòàëîíó I(m) (1).

min
∥∥∥Ĩ ′ − I(m)

∥∥∥ (1)

Ïóñòü I'� âûõîä ãåíåðàòîðà Ï è îí ñðàâíèâàåòñÿ ñ Ĩ ′. Äëÿ òîãî ÷òîáû
ñêîðîñòè îáó÷åíèÿ ìîäåëåé Ï è Ĩ áûëè ïðèìåðíî îäèíàêîâûìè, I'
òàêæå ñðàâíèâàåòñÿ ñ ýòàëîíîì I(m) (2).

min
∥∥∥I ′ − Ĩ ′

∥∥∥+min
∥∥∥I ′ − I(m)

∥∥∥ (2)

Ìîäåëü íà îñíîâå MLP ñ ïðèìåíåíèåì äàííîé ñõåìû îáó÷åíèÿ ãåíå-
ðàòîðà èçîáðàæåíèé íàçîâ¼ì DisplacementMLP+. Îíà òåñòèðîâàëàñü
íà âûáîðêå èç 485 ïàð êàäðîâ. Ïî ðåçóëüòàòàì âû÷èñëåíèé ïðåä-
ëîæåííûé ïîäõîä óëó÷øàåò êà÷åòñâî ïîëó÷àåìûõ ïîëåé ñìåùåíèÿ
íà 16%. Â òàáëèöå 1 ïðèâåäåíû ÷èñëåííûå çíà÷åíèÿ ñðåäíåêâàäðà-
òè÷íîé îøèáêè MSE è åå ìàêñèìàëüíîå çíà÷åíèå â ïðîñòðàíñòâå
(MaxSpace MSE) äëÿ DisplacementMLP+ è åäèíñòâåííîé íà ñåãî-
äíÿøíèé äåíü íåêîíòðîëèðóåìîé íåéðîííîé ñåòüþ äëÿ ïîëó÷åíèÿ
ïîëåé ñìåùåíèÿ � DICNet [3]. Êàê âèäíî èç òàáëèöû, ïðåäëîæåí-
íàÿ ìîäåëü ðàáîòàåò íà óðîâíå ñ DICNet ïî ñðåäíèì çíà÷åíèÿì MSE
è ëó÷øå ïðè îáðàáîòêå ëîêàëüíûõ îáëàñòåé, êàê ïîêàçûâàåò ìàêñè-
ìàëüíàÿ MSE â ïðîñòðàíñòâå. Òàêèì îáðàçîì, ïðåäëîæåííûé ïîäõîä
äëÿ àíàëèçà äèíàìè÷åñêèõ ñöåí èìååò ïåðñïåêòèâó äëÿ äàëüíåéøåãî
ðàçâèòèÿ.
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Òàáëèöà 2: Ñðåäíåêâàäðàòè÷íîå îòêëîíåíèå äëÿ ðàçíûõ ìîäåëåé
íåéðîííûõ ñåòåé

Ìåòîä MSE MaxSpace MSE

DisplacementMLP+ 0.051 ± 0.020 0.561 ± 0.213

DICNet 0.050 ± 0.019 1.257 ± 11.616
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Ðàññìîòðèì ñëåäóþùèå ôóíêöèè ñ ëîãàðèôìè÷åñêîé îñîáåííî-
ñòüþ

hνβ(x) =
(
ln(ν)

a

x

)−β
, x ∈ (0, 1], hνβ(0) = 0,

Çäåñü ν ∈ N îçíà÷àåò ïîðÿäîê ëîãàðèôìà, ò. å. ln(1)(·) = ln(·),
ln(ν)(·) = ln

(
ln(ν−1)(·)

)
, ν ⩾ 2. ×èñëî β > 0, à a > 1 � äîñòàòî÷íî

áîëüøîå, ÷òîáû ôóíêöèÿ ln(ν)
a
x áûëà ïîëîæèòåëüíàÿ ïðè x ∈ (0, 1].

À.À. Ïåêàðñêèì [1, 2] íàéäåíà ñëàáàÿ àñèìïòîòèêà íàèëó÷øèõ ðà-
öèîíàëüíûõ ïðèáëèæåíèé ôóíêöèé hnβ , à èìåííî ïîêàçàíî

1 Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Íàöèîíàëüíîé àêàäåìèè íàóê Áåëàðóñè
â ðàìêàõ ÃÏÍÈ ¾Êîíâåðãåíöèÿ � 2025¿ (ïðîåêò � 20211888).
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Rn (h1β ; [0, 1]) ≍
1

n1+β
, n ⩾ 1,

Rn (hνβ ; [0, 1]) ≍
1

n
(
ln(ν−1) n

)β , ν ⩾ 2, n ⩾ n(ν).

Äëÿ f ∈ C[0, 1] áóäåì ðàññìàòðèâàòü

f+(x) = f(|x|); f−(x) = f(|x|)signx

ñîîòâåòñòâåííî ÷åòíîå è íå÷åòíîå ïðîäîëæåíèå f íà îòðåçîê [−1, 1].
Äëÿ íå÷åòíîãî ïðîäîëæåíèÿ äîïîëíèòåëüíî ïðåäïîëàãàåì, ÷òî
f(0) = 0.

Äëÿ íàèëó÷øèõ ðàöèîíàëüíûõ ïðèáëèæåíèé ÷åòíîãî è íå÷åòíîãî
ïðîäîëæåíèé ôóíêöèè hnβ ñïðàâåäëèâû òåîðåìû 1 è 2 ñîîòâåòñòâåí-
íî.

Òåîðåìà 1 [3]. Äëÿ íàèëó÷øèõ ðàöèîíàëüíûõ ïðèáëèæåíèé h+nβ
ñïðàâåäëèâû ñîîòíîøåíèÿ

Rn

(
h+1β ; [−1, 1]

)
≍ 1

n1+β
, n ⩾ 1,

Rn

(
h+νβ ; [−1, 1]

)
≍ 1

n
(
ln(ν−1) n

)β , ν ⩾ 2, n ⩾ n(ν).

Òåîðåìà 2 [3]. Äëÿ íàèëó÷øèõ ðàöèîíàëüíûõ ïðèáëèæåíèé h−nβ
âûïîëíÿþòñÿ ýêâèâàëåíòíîñòè

Rn

(
h−1β ; [−1, 1]

)
≍ 1

nβ
, n ⩾ 1,

Rn

(
h−νβ ; [−1, 1]

)
≍ 1(

ln(ν−1) n
)β , ν ⩾ 2, n ⩾ n(ν).

Àñèìïòîòèêó íàèëó÷øèõ ðàöèîíàëüíûõ ïðèáëèæåíèé ÷åòíîãî è
íå÷åòíîãî ïðîäîëæåíèé äðóãèõ ôóíêöèé ìîæíî íàéòè â [4, 5]. Â ðà-
áîòå [6] èçó÷àëèñü íàèëó÷øèå ðàâíîìåðíûå ïîëèíîìèàëüíûå ïðè-
áëèæåíèÿ ÷åòíîãî è íå÷åòíîãî ïðîäîëæåíèÿ ôóíêöèè íà [−1, 1].
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íûìè ïîëèíîìèàëüíûìè ïðèáëèæåíèÿìè ôóíêöèé è èõ ÷åòíûìè
è íå÷åòíûìè ïðîäîëæåíèÿìè / Ò.Ñ. Ìàðäâèëêî // Èòîãè íàóêè
è òåõí. Ñîâðåì. ìàò. è åå ïðèë. Òåìàò. îáç. � 2023. � Ò. 229. �
Ñ. 47�52.

ÏÐÈÁËÈÆÅÍÈß ÏÎ×ÒÈ ÂÑÞÄÓ ÔÓÍÊÖÈÉ
ÈÇ LP (T) ×ÀÑÒÈ×ÍÛÌÈ ÑÓÌÌÀÌÈ ÐßÄÀ ÔÓÐÜÅ

Ä.È. Ìàñþòèí (Åêàòåðèíáóðã, ÈÌÌ ÓðÎ ÐÀÍ)
newselin@mail.ru

Ïóñòü T := [−π, π) è ôóíêöèÿ f ∈ L(T). Ñîïîñòàâèì ôóíêöèè f
åå òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå

a0
2

+

∞∑
k=1

(ak cos kx+ bk sin kx), (1)

ãäå êîýôôèöèåíòû ak è bk îïðåäåëÿþòñÿ ñòàíäàðòíûì îáðàçîì. ×å-
ðåç Sn(f, x) îáîçíà÷èì çíà÷åíèå n-é ÷àñòè÷íîé ñóììû ðÿäà (1) â
òî÷êå x.

Â 1974 ãîäó Ê.È. Îñêîëêîâ [1] ïîëó÷èë ñëåäóþùóþ îöåíêó:

|f(x)− Sn(f, x)| ⩽ C(x)En(f) ln ln

(
8E0(f)

En(f)

)
,

© Ìàñþòèí Ä.È., 2025

241



ãäå En(f) � íàèëó÷øåå ïðèáëèæåíèå ôóíêöèè f òðèãîíîìåòðè÷å-
ñêèìè ïîëèíîìàìè ñòåïåíè íå âûøå n â ïðîñòðàíñòâå íåïðåðûâíûõ
ôóíêöèé è C(x) � íåîòðèöàòåëüíàÿ ïî÷òè âñþäó êîíå÷íàÿ ôóíêöèÿ.

Â íàñòîÿùåé ðàáîòå ïîëó÷åí àíàëîã ýòîé îöåíêè äëÿ ôóíêöèé
èç êëàññîâ Lp(T). ×åðåç En(f)p áóäåì îáîçíà÷àòü íàèëó÷øåå ïðè-
áëèæåíèå ôóíêöèè f òðèãîíîìåòðè÷åñêèìè ïîëèíîìàìè ñòåïåíè íå
âûøå n â ïðîñòðàíñòâå Lp(T).

Òåîðåìà 1. Ïóñòü 1 < p < +∞, f ∈ Lp(T) è íåóáûâàþùàÿ ôóíê-

öèÿ φ : [0;+∞) → [0; +∞) òàêàÿ, ÷òî
+∞∑
k=1

1
kφ(k) < +∞. Òîãäà

|f(x)− Sn(f, x)| ⩽ C(x)En(f)pφ
1/p

(
E0(f)p
En(f)p

)
,

ãäå C(x) � íåîòðèöàòåëüíàÿ ïî÷òè âñþäó êîíå÷íàÿ ôóíêöèÿ. Áîëåå
òîãî ñóùåñòâóåò êîíñòàíòà A > 0 òàêàÿ, ÷òî äëÿ âñåõ y > 0

m{x ∈ (T) : C(x) > y} ⩽
A

yp
.

Åñëè En(f)p óáûâàþò íå î÷åíü áûñòðî, òî èìååò ìåñòî ñëåäóþùàÿ
îöåíêà ñíèçó.

Òåîðåìà 2. Ïóñòü {εn}∞n=0 � ïîñëåäîâàòåëüíîñòü ïîëîæè-
òåëüíûõ ÷èñåë, ìîíîòîííî ñòðåìÿùèõñÿ ê íóëþ, ïðè÷åì äëÿ íåêî-
òîðîãî ïîëîæèòåëüíîãî q ïîñëåäîâàòåëüíîñòü {nqεn}∞n=0 íåóáûâà-
þùàÿ. Íåóáûâàþùàÿ ôóíêöèÿ φ, θ : [0;+∞) → [0; +∞) òàêàÿ, ÷òî

+∞∑
k=1

1

kφ(k)
= +∞.

Òîãäà ïðè ëþáûõ çíà÷åíèÿõ 1 < p < +∞ è ε > 0 ñóùåñòâóåò ôóíê-
öèÿ f ∈ Lp(T), óäîâëåòâîðÿþùàÿ òðåáîâàíèÿì

En(f)p ⩽ εn, n = 0, 1, . . .

è äëÿ ïî÷òè âñåõ x

lim
n→+∞

|f(x)− Sn(f, x)|
εnφ1/p−ε (ε0/εn)

= +∞.

Ëèòåðàòóðà
1. Îñêîëêîâ Ê.È. Îöåíêà ñêîðîñòè ïðèáëèæåíèÿ íåïðåðûâíîé

ôóíêöèè è åå ñîïðÿæåííîé ñóììàìè Ôóðüå íà ìíîæåñòâå ïîëíîé
ìåðû / Ê.È. Îñêîëêîâ // Èçâ. ÀÍ ÑÑÑÐ, ñåðèÿ ìàòåì. � 1974. �
Ò. 38, � 6. � Ñ. 1393�1407.
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ÍÎÂÛÉ ÎÏÅÐÀÒÎÐ ÓÌÍÎÆÅÍÈß ÐÅØÅÒ×ÀÒÛÕ
ÔÓÍÊÖÈÉ È ÅÃÎ ÑÂÎÉÑÒÂÀ

À.Ì. Ìèíèòàåâà (Ìîñêâà, ÌÃÒÓ èì. Í.Ý. Áàóìàíà)
minitaeva@bmstu.ru

Ïîñòàíîâêà çàäà÷è. Íîâûé îïåðàòîð óìíîæåíèÿ f [n]
τ
× g[n]

(òàó-ïðîèçâåäåíèå ðåøåò÷àòûõ ôóíêöèé) äîëæåí ñîîòâåòñòâîâàòü
ñëåäóþùèì òðåáîâàíèÿì:

1) Ïðÿìàÿ ðàçíîñòü òàó-ïðîèçâåäåíèÿ ðåøåò÷àòûõ ôóíêöèé
äîëæíà èìåòü ñõîæèé ñ ïðîèçâîäíîé ïðîèçâåäåíèÿ íåïðåðûâíûõ

ôóíêöèé âèä ∆(f [n]
τ
× g[n]) = ∆f [n]

τ
× g[n] + ∆g[n]

τ
× f [n];

2) Ïðè ñòðåìëåíèè ïåðèîäà ïîâòîðåíèÿ ê íóëþ òàó-ïðîèçâåäåíèå
äîëæíî ñòðåìèòüñÿ ê îáû÷íîìó ïðîèçâåäåíèþ íåïðåðûâíûõ

ôóíêöèé: lim
T→0

f [n]
τ
× g[n]=|t=nT f(t)g(t), ãäå f(t)=|t=nT lim

T→0
f [n] è

g(t)=|t=nT lim
T→0

g[n];

3) Òàó-óìíîæåíèå äîëæíî îáëàäàòü ïåðåìåñòèòåëüíûì, ñî÷åòà-
òåëüíûì è ðàñïðåäåëèòåëüíûì îòíîñèòåëüíî ñëîæåíèÿ ñâîéñòâàìè;

4) Äîëæåí ñóùåñòâîâàòü åäèíñòâåííûé òàêîé îïåðàíä òàó-
óìíîæåíèÿ, êàê ¾åäèíèöà¿, òàó-ïðîèçâåäåíèå êîòîðîãî ñ ëþáîé ðå-
øåò÷àòîé ôóíêöèåé äàåò ñàìó ýòó ôóíêöèþ;

5) Äîëæåí ñóùåñòâîâàòü åäèíñòâåííûé òàêîé îïåðàíä òàó-
óìíîæåíèÿ, êàê ¾íîëü¿, òàó-ïðîèçâåäåíèå êîòîðîãî ñ ëþáîé ðåøåò-
÷àòîé ôóíêöèåé äàåò ñàì ýòîò ¾íîëü¿.

Äëÿ íàõîæäåíèÿ ôîðìóëû, óäîâëåòâîðÿþùåé òðåáîâàíèÿì, ðàç-
ëîæèì ïðîèçâåäåíèå íåïðåðûâíûõ ôóíêöèé â ðÿä Ìàêëîðåíà.

Ôîðìóëà òàó-ïðîèçâåäåíèÿ. τ [k] = f [n]
τ
× g[n] =

=
k∑
j=0

Cjk

j∑
i=0

Cij∆
if [0]∆j−ig[0] =

∑
i,j

(−1)
k−i−j

Ci,jk f [i]g[j],

ãäå Ci,jk = k!
i!j!(k−i−j)! .

Òåîðåìà 1. Äëÿ äâóõ ðåøåò÷àòûõ ôóíêöèé ïåðâàÿ ïðÿ-
ìàÿ ðàçíîñòü èõ òàó-ïðîèçâåäåíèÿ ïðåäñòàâëÿåòñÿ ñóììîé òàó-
ïðîèçâåäåíèÿ âòîðîé ôóíêöèè è ïåðâîé ïðÿìîé ðàçíîñòè ïåðâîé
ôóíêöèè ñ òàó-ïðîèçâåäåíèåì ïåðâîé ôóíêöèè è ïåðâîé ïðÿìîé ðàç-
íîñòè âòîðîé ôóíêöèè.

Òåîðåìà 2. Ïðè ñòðåìëåíèè ïåðèîäà ïîâòîðåíèÿ ðåøåò÷àòûõ
ôóíêöèé ê íóëþ èõ òàó-ïðîèçâåäåíèå ñòðåìèòñÿ ê îáû÷íîìó ïðî-

èçâåäåíèþ íåïðåðûâíûõ ôóíêöèé lim
T→0

f [n]
τ
× g[n]=|t=nT f(t)g(t).
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Òåîðåìà 3. Òàó-óìíîæåíèå êîììóòàòèâíî.
Òåîðåìà 4. Òàó-óìíîæåíèå àññîöèàòèâíî.
Òåîðåìà 5. Òàó-óìíîæåíèå îáëàäàåò ðàñïðåäåëèòåëüíûì îò-

íîñèòåëüíî ñëîæåíèÿ ñâîéñòâîì.
Òåîðåìà 6. f [n]

τ
× g[n] = f [n] òîãäà è òîëüêî òîãäà, êîãäà g[n] =

1[n], (1[n] = 1,∀n ∈ N0).

Òåîðåìà 7. f [n]
τ
× g[n] = 0[n] òîãäà è òîëüêî òîãäà, êîãäà g[n] =

0[n], (0[n] = 0,∀n ∈ N0).

Ëèòåðàòóðà
1. Ìèíèòàåâà À.Ì. Ìíîãîìîäåëüíûé ïîäõîä ê ïðîãíîçèðîâà-

íèþ íåëèíåéíûõ íåñòàöèîíàðíûõ ïðîöåññîâ â çàäà÷àõ îïòèìàëüíîãî
óïðàâëåíèÿ / À.Ì. Ìèíèòàåâà // Àêòóàëüíûå ïðîáëåìû ïðèêëàäíîé
ìàòåìàòèêè, èíôîðìàòèêè è ìåõàíèêè: ñáîðíèê òðóäîâ Ìåæäóíà-
ðîäíîé íàó÷íîé êîíôåðåíöèè, Âîðîíåæ, 12�14 äåêàáðÿ 2022 ãîäà /
Âîðîíåæñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò. � Âîðîíåæ : Íàó÷íî-
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2. Ìèíèòàåâà À.Ì. Íîâûé îïåðàòîð òåíçîðíîãî ïðîèçâåäå-
íèÿ è àíàëèç íåëèíåéíûõ ñèñòåì ñ ïîëèíîìèàëüíûìè ôóíêöèÿ-
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òåõíîëîãè÷åñêèé âåñòíèê. � 2024. � Ò. 41, � 3. � Ñ. 3�14.

3. Ìèíèòàåâà À.Ì. Îáçîð ïîäõîäîâ ê íåñìåùåííîé îöåíêå êîýô-
ôèöèåíòîâ àâòîðåãðåññèè / À.Ì. Ìèíèòàåâà // XIV Âñåðîññèéñêîå
ñîâåùàíèå ïî ïðîáëåìàì óïðàâëåíèÿ ÂÑÏÓ-2024 : Ñáîðíèê òðóäîâ
XIV Âñåðîññèéñêîãî ñîâåùàíèÿ ïî ïðîáëåìàì óïðàâëåíèÿ ÂÑÏÓ-
2024, Ìîñêâà, 17�20 èþíÿ 2024 ãîäà / Èíñòèòóò ïðîáëåì óïðàâëåíèÿ
èì. Â.À. Òðàïåçíèêîâà ÐÀÍ. � Ìîñêâà : Èíñòèòóò ïðîáëåì óïðàâ-
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ðîâàíèÿ íåëèíåéíûõ íåñòàöèîíàðíûõ ïðîöåññîâ / À.À. Øàéõóòäè-
íîâ // Èíôîðìàöèîííî-òåõíîëîãè÷åñêèé âåñòíèê. � 2024. � Ò. 40,
� 2. � Ñ. 66�76.

5. Øàéõóòäèíîâ À.À. Ðàñøèðåííûå êîìïëåêñíûå ìàòðèöû ìåò-
ðè÷åñêîãî òåíçîðà è ïðîñòðàíñòâî Ìèíêîâñêîãî äëÿ ñèñòåì ëþáîé
ïðèðîäû / À.À. Øàéõóòäèíîâ // Èíôîðìàöèîííî-òåõíîëîãè÷åñêèé
âåñòíèê. � 2024. � Ò. 42, � 4.
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Î ÇÀÄÀ×ÀÕ ÒÈÏÀ ÄÀÐÁÓ
ÄËß ÃÈÏÅÐÁÎËÈ×ÅÑÊÈÕ ÓÐÀÂÍÅÍÈÉ

À.Í. Ìèðîíîâ (Ñàìàðà, ÑàìÃÒÓ)
miro73@mail.ru

Ðàññìîòðèì óðàâíåíèå Áèàíêè îáùåãî âèäà

L(u) ≡ ∂nu(x)

∂x1 . . . ∂xn
+

∑
|α|⩽n−1,

αs⩽1, s=1,n

aα(x)
∂|α|u(x)

∂xα1
1 . . . ∂xαn

n
= f(x), (1)

ãäå x = (x1, x2, . . . , xn), α = (α1, . . . , αn) � ìóëüòèèíäåêñ, |α| = α1 +
· · ·+αn � äëèíà ìóëüòèèíäåêñà, u (x) � èñêîìàÿ ôóíêöèÿ, aα, f �
çàäàííûå ôóíêöèè.

Ïóñòü D � îáëàñòü, îãðàíè÷åííàÿ ïëîñêîñòÿìè Xi: xi = 0, S:
xn = x1, i = 2, n− 1, è ïëîñêîñòÿìè xj = x0j > 0, j = 1, n. Ñ÷èòàåì,
÷òî êîýôôèöèåíòû óðàâíåíèÿ (1) óäîâëåòâîðÿþò óñëîâèÿì ãëàäêî-
ñòè aα ∈ Cα(D), f ∈ C â çàìûêàíèè ðàññìàòðèâàåìîé îáëàñòè D.
Êëàññ C(q1,q2,...,qn)(D) îçíà÷àåò ñóùåñòâîâàíèå è íåïðåðûâíîñòü âñåõ
ïðîèçâîäíûõ ∂l1+l2+···+ln/∂xl11 ∂x

l2
2 . . . ∂x

ln
n , li = 0, qi, i = 1, n, íà ìíî-

æåñòâå D.
Çàäà÷à Äàðáó. Â îáëàñòè D íàéòè ðåãóëÿðíîå ðåøåíèå óðàâ-

íåíèÿ (1), óäîâëåòâîðÿþùåå ãðàíè÷íûì óñëîâèÿì

u|Xi
= φi(x1, . . . , xi−1, xi+1, . . . , xn), i = 1, n− 1,

u|S = ψ(x1, . . . , xn−1), φi ∈ C(1,1,...,1)(Xi), ψ ∈ C(1,1,...,1)(S).
(2)

Ïðè ýòîì äîëæíû âûïîëíÿòüñÿ óñëîâèÿ ñîãëàñîâàíèÿ φi|xj=0 =
φj |xi=0 = ïî âñåì i, j = 1, n− 1; φi|xn=x1 = ψ|xi=0, i = 2, n− 1;
φ1|xn=0 = ψ|x1=0.

Äëÿ óðàâíåíèÿ (1) ïðåäëîæåí ìåòîä Ðèìàíà � Àäàìàðà, ïîçâî-
ëÿþùèé ïîñòðîèòü ðåøåíèå çàäà÷è Äàðáó (1)�(2) â ÿâíîì âèäå (â
òåðìèíàõ ôóíêöèè Ðèìàíà � Àäàìàðà). Îòìåòèì, ÷òî ÷àñòíûå ñëó-
÷àè óðàâíåíèÿ (1) áûëè ðàññìîòðåíû â ðàáîòàõ [1], [2].

Ïîëó÷åííûå äëÿ óðàâíåíèÿ (1) ðåçóëüòàòû äîïóñêàþò ðàñïðî-
ñòðàíåíèå íà ãèïåðáîëè÷åñêèå óðàâíåíèÿ ñ êðàòíûìè õàðàêòåðèñòè-
êàìè. Ðàññìîòðèì óðàâíåíèå

uxxy + a20(x, y)uxx + a11(x, y)uxy + a10(x, y)ux+
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+a01(x, y)uy + a00(x, y)u = f(x, y), (3)

êîòîðîå ðàññìàòðèâàëîñü, â ÷àñòíîñòè, â [3, ñ. 132�138], [4, ñ. 124�
126].

Ïóñòü G îáëàñòü, îãðàíè÷åííàÿ ïðÿìûìè x = 0, y = y0 > 0, y =
x, òî åñòü G = OB1B2, O(0, 0), B1(0, y0), B2(y0, y0), êîýôôèöèåíòû
óðàâíåíèÿ (3) óäîâëåòâîðÿþò óñëîâèÿì ãëàäêîñòè aij ∈ C(i,j)(G).

Çàäà÷à Äàðáó. Â îáëàñòè G íàéòè ðåãóëÿðíîå ðåøåíèå óðàâ-
íåíèÿ (3), óäîâëåòâîðÿþùåå óñëîâèÿì

u|x=0 = φ(y), ux|x=0 = φ1(y), u|x=y = ψ(x),
φ ∈ C1([0, y0]), φ1 ∈ C1([0, y0]), ψ ∈ C2([0, y0]),

φ(0) = ψ(0), φ′(0) + φ1(0) = ψ′(0).
(4)

Äîêàçàíû ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è (3)�
(4), ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ, îáåñïå÷èâàþùèå ïîñòðîåíèå ðå-
øåíèÿ çàäà÷è â ÿâíîì âèäå.

Ëèòåðàòóðà
1. Ìèðîíîâ À.Í. Çàäà÷à Äàðáó äëÿ óðàâíåíèÿ Áèàíêè òðåòüå-
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Òåîðèÿ ãèïåðáîëè÷åñêèõ óðàâíåíèé ÿâëÿåòñÿ íåîòúåìëåìîé ÷à-
ñòüþ ëþáîãî êóðñà óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè. Â ðàìêàõ
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ýòîãî êóðñà òðàäèöèîííî óïîìèíàåòñÿ ìåòîä Ðèìàíà äëÿ ãèïåðáî-
ëè÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ äâóìÿ íåçàâèñèìûìè ïåðå-
ìåííûìè [1, ñ. 245�258], [2, ñ. 169�174], [3, ñ. 193�200]. Âìåñòå ñ òåì,
òðàäèöèîííî îñíîâíîå âíèìàíèå óäåëÿåòñÿ äðóãèì ìåòîäàì ïîñòðî-
åíèÿ ðåøåíèé íà÷àëüíî-êðàåâûõ çàäà÷.

Îòìåòèì, ÷òî ìåòîä Ðèìàíà ïîçâîëÿåò ïîñòðîèòü ðåøåíèÿ çàäà÷
Ãóðñà è Êîøè äëÿ óðàâíåíèé ñ ìëàäøèìè ÷ëåíàìè, â òîì ÷èñëå
ñ ïåðåìåííûìè êîýôôèöèåíòàìè. Â ÷àñòíîñòè, èçâåñòåí ÿâíûé âèä
ôóíêöèè Ðèìàíà äëÿ òåëåãðàôíîãî óðàâíåíèÿ è óðàâíåíèÿ Ýéëåðà
� Ïóàññîíà. Â ñâîþ î÷åðåäü ýòî ïîçâîëÿåò ïåðåéòè ê äàëüíåéøåìó
èçó÷åíèþ çàäà÷ äëÿ âûðîæäàþùèõñÿ óðàâíåíèé, ìåòîäà Ðèìàíà �
Àäàìàðà äëÿ çàäà÷è Äàðáó. Îòìåòèì òàêæå âîçìîæíîñòü ïðèìåíå-
íèÿ ìîäèôèêàöèè ìåòîäà Ðèìàíà ê ýëëèïòè÷åñêèì óðàâíåíèÿì âòî-
ðîãî ïîðÿäêà, çàïèñàííûì â êîìïëåêñíûõ íåçàâèñèìûõ ïåðåìåííûõ
[4, ñ. 62�70]. Òàêèì îáðàçîì, èçó÷åíèå ìåòîäà Ðèìàíà ñóùåñòâåííî
ðàñøèðÿåò ìàòåìàòè÷åñêóþ ýðóäèöèþ îáó÷àþùèõñÿ è íàáîð ìåòî-
äîâ, êîòîðûìè îíè âëàäåþò.

Â êíèãå [5] èçëàãàþòñÿ íåêîòîðûå îáîáùåíèÿ êëàññè÷åñêîãî ìåòî-
äà Ðèìàíà íà ïñåâäîïàðàáîëè÷åñêèå óðàâíåíèÿ è óðàâíåíèÿ Áèàíêè.

Ðàçðàáîòàí êóðñ ¾Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè¿ äëÿ ìà-
ãèñòðàòóðû ïî íàïðàâëåíèþ ¾Ìàòåìàòè÷åñêîå îáðàçîâàíèå¿, âêëþ-
÷àþùèé â ñåáÿ ðàçäåëû, ïîñâÿùåííûå ìåòîäàì Ðèìàíà è Ðèìàíà �
Àäàìàðà. Â ýòèõ ðàçäåëàõ ðàññìîòðåíû çàäà÷è Ãóðñà, Êîøè, Äàðáó
äëÿ ãèïåðáîëè÷åñêèõ è ïñåâäîïàðàáîëè÷åñêèõ óðàâíåíèé. Ïðè ýòîì
ôóíêöèÿ Ðèìàíà äëÿ êàæäîãî èç ðàññìîòðåííûõ óðàâíåíèé îïðå-
äåëÿåòñÿ êàê ðåøåíèå ñîîòâåòñòâóþùåãî èíòåãðàëüíîãî óðàâíåíèÿ
Âîëüòåððà âòîðîãî ðîäà.
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Î ÍÅÏÐÅÐÛÂÍÛÕ ÐÅØÅÍÈßÕ ÂÎËÍÎÂÎÃÎ
ÓÐÀÂÍÅÍÈß ÍÀ ÃÅÎÌÅÒÐÈ×ÅÑÊÎÌ ÃÐÀÔÅ

ÏÐÈ ÎÁÙÅÃÎ ÂÈÄÀ ÓÑËÎÂÈßÕ ÒÐÀÍÑÌÈÑÑÈÈ
À.Â. Ìîðîçîâ (Âîðîíåæ, ÂÃÓ)

dreemer42@yandex.ru

Ðàññìîòðèì ñâÿçíûé îðèåíòèðîâàííûé ãåîìåòðè÷åñêèé ãðàô Γ
èç Rn, n ∈ N, ïîíèìàåìûé â ñîîòâåòñòâèè ñ ìîíîãðàôèåé [2]. Ïóñòü
J (Γ) � ìíîæåñòâî âíóòðåííèõ âåðøèí Γ, òîãäà R(Γ) = Γ \ J (Γ)
� îáúåäèíåíèå ðåáåð Γ. Áóäåì ïîëàãàòü, ÷òî ìíîæåñòâî ãðàíè÷íûõ
âåðøèí ∂Γ ïóñòî. Íà ãðàôå Γ ðàññìàòðèâàåòñÿ íà÷àëüíàÿ çàäà÷à äëÿ
âîëíîâîãî óðàâíåíèÿ

uxx(x, t) = utt(x, t), x ∈ R(Γ), t > 0, (1)

ïðè íà÷àëüíûõ óñëîâèÿõ

u(x, 0) = φ(x), ut(x, 0) = ψ(x), x ∈ Γ (2)

è óñëîâèè òðàíñìèññèè îáùåãî âèäà

utt(a, t) = ga(t, u(a, t), ut(a, t), (u
+
h (a, t))h∈D(a)), a ∈ J (Γ), t > 0, (3)

ãäå u : Γ× [0,+∞) −→ R � èñêîìàÿ ôóíêöèÿ, D(a) = {h ∈ Rn| |h| =
1 è (a+εh) ∈ Γ äëÿ äîñòàòî÷íî ìàëûõ ε > 0}, u+h (a, t) îïðåäåëÿþòñÿ
êàê lim

ε→0+
ε−1[u(a+εh, t)−u(a, t)], φ è ψ çàäàíû, à ga äëÿ âñåõ a ∈ J (Γ)

íåïðåðûâíà.
Ìåòîäîì ðàñïðîñòðàíåíèÿ ãðàíè÷íûõ ðåæèìîâ (ñì. [1]) äîêàçû-

âàåòñÿ ñëåäóþùàÿ òåîðåìà:
Òåîðåìà 1. Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è (1)-
(3) ýêâèâàëåíòíû ñóùåñòâîâàíèþ è åäèíñòâåííîñòè ðåøåíèÿ íà-
÷àëüíîé çàäà÷è:

µ′′
a(t) = ga

(
t, µa(t), µ

′
a(t),

(
Aa,hµ

′)
h∈D(a)

(t)
)
, a ∈ J (Γ), t > 0, (4)

µa(0) = φ(a), µ′
a(0) = ψ(a), (5)

ãäå µ′ = (µ′
c)c∈J (Γ),

Aa,hµ
′ = φ′

a,h + ψa,h + 2
(
Glµ′

b

)
−
(
S+
l ◦ Gl

)
(µ′
a)−

(
S−
l ◦ Gl

)
(µ′
a),
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l = |b − a|, b = b(a, h) � âåðøèíà Γ, ñìåæíàÿ ñ a è òàêàÿ, ÷òî
b = a + lh, φa,h � íå÷åòíîå 2l-ïåðèîäè÷åñêîå ïðîäîëæåíèå íà R
ôóíêöèè φ(a+ th), t ∈ (0, l) (àíàëîãè÷íî äëÿ ψa,h), îïåðàòîð ãðàíè÷-
íîãî ðåæèìà çàäàåòñÿ âûðàæåíèåì

(
Glξ
)
(y) =


[(y−l)/2l]∑
p=0

ξ(y − (2p+ 1)l), y ⩾ 0,

−
(
Glξ
)
(−y), y < 0,

à îïåðàòîðû ñäâèãà îïðåäåëåíû êàê
(
S+
l η
)
(t) = η(t + l),

(
S−
l η
)
(t) =

η(t− l). Ïðè ýòîì µa(t) = u(a, t).
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Â ðàáîòàõ [2] è [3] èçó÷àëèñü âçàèìîîòíîøåíèÿ ðàçëè÷íûõ âåê-
òîðíîçíà÷íûõ îáîáùåíèé èíòåãðàëà Ðèìàíà â åñòåñòâåííîì äëÿ òà-
êèõ îáîáùåíèé êëàññå èçìåðèìûõ ïî Ðèìàíó ôóíêöèé. Â ìîíîãðà-
ôèè [1] ââåäåíû íåñêîëüêî òèïîâ ðàâíîìåðíûõ óñëîâèé ìàëîñòè äëÿ
ðèìàíîâûõ ñóìì, â òåðìèíàõ êîòîðûõ îõàðàêòåðèçîâàíû èíòåãðèðó-
åìûå ïî Õåíñòîêó è Ìàê-Øåéíó íà îòðåçêå äåéñòâèòåëüíîçíà÷íûå
ôóíêöèè. Â íàñòîÿùåé çàìåòêå, ïîëó÷åíû îáîáùåíèÿ íåêîòîðûõ èç
ýòèõ ðåçóëüòàòîâ â êëàññå èçìåðèìûõ ïî Ðèìàíó âåêòîðíîçíà÷íûõ
ôóíêöèé. Êðîìå òîãî, óñòàíîâëåíà íåïðîòèâîðå÷èâîñòü èíòåãðàëà
Ìàê-Øåéíà è A-èíòåãðàëà Ðèìàíà.

Ïóñòü X �äåéñòâèòåëüíîå áàíàõîâî ïðîñòðàíñòâî è [a, b] åñòü
ôèêñèðîâàííûé íåâûðîæäåííûé îòðåçîê äåéñòâèòåëüíîé îñè. Äëÿ
ôóíêöèè f : [a, b] → X è n ∈ N îáîçíà÷èì En(f) = {t ∈ [a, b] :
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∥f(t)∥ > n} è [f ]n = f · χ[a,b]\En(f). Îñòàëüíûå èñïîëüçóåìûå çäåñü
îáîçíà÷åíèÿ è îïðåäåëåíèÿ ìîæíî íàéòè â [3].

Îïðåäåëåíèå 1. Ôóíêöèÿ f : [a, b] → X èìååò ãëîáàëüíî ìàëûå
ðèìàíîâû ñóììû (ÃÌÐÑ) íà [a, b], åñëè äëÿ âñÿêîãî ε > 0 íàéäåòñÿ
N ∈ N òàêîå, ÷òî äëÿ âñÿêîãî n ⩾ N íàéäåòñÿ èçìåðèìûé ìàñøòàá
δ íà [a, b] ñ óñëîâèåì ∥∥∥∥ ∑

k:tk∈En(f)

f(tk)µ(Ik)

∥∥∥∥ < ε

âñÿêèé ðàç, êîãäà {(Ik, tk)}Kk=1 åñòü ðàçáèåíèå Õåíñòîêà îòðåçêà [a, b]
ñîãëàñîâàííîå ñ δ.

Îïðåäåëåíèå 2. Ôóíêöèÿ f : [a, b] → X èìååò ãëîáàëüíî àáñî-
ëþòíî ìàëûå ðèìàíîâû ñóììû (ÃÀÌÐÑ) íà [a, b], åñëè â îïðåäåëå-
íèè 1 ðàçáèåíèÿ Õåíñòîêà çàìåíÿþòñÿ íà ðàçáèåíèÿ Ìàê-Øåéíà.

Îïðåäåëåíèå 3. Ïóñòü ôóíêöèÿ f : [a, b] → X èçìåðèìà ïî Ðè-
ìàíó íà [a, b] è ìíîæåñòâî En(f) èçìåðèìî äëÿ êàæäîãî n ∈ N êðîìå,
âîçìîæíî, êîíå÷íîãî ìíîæåñòâà T ⊂ N. Ôóíêöèÿ f íàçûâàåòñÿ Q-

èíòåãðèðóåìîé íà [a, b], ê Q-èíòåãðàëó w ∈ X, åñëè (M)
b∫
a

[f ]n → w

ïðè n→ ∞.
Òåîðåìà 1. Ïóñòü ôóíêöèÿ f : [a, b] → X èçìåðèìà ïî Ðèìàíó

íà [a, b] è ìíîæåñòâî En(f) èçìåðèìî äëÿ êàæäîãî n ∈ N êðîìå,
âîçìîæíî, êîíå÷íîãî ìíîæåñòâà T ⊂ N.

(i) Ôóíêöèÿ f èìååò ÃÌÐÑ íà [a, b] òîãäà è òîëüêî òîãäà, êîãäà
f êàêH- òàê è Q-èíòåãðèðóåìà íà [a, b] è îáà èíòåãðàëà ñîâïàäàþò.

(ii) Ôóíêöèÿ f èìååò ÃÀÌÐÑ íà [a, b] òîãäà è òîëüêî òîãäà,
êîãäà f M-èíòåãðèðóåìà íà [a, b].

Òåîðåìà 2. Ôóíêöèÿ f : [a, b] → X M-èíòåãðèðóåìà íà [a, b], ê
èíòåãðàëó w ∈ X, òîãäà è òîëüêî òîãäà, êîãäà äëÿ âñÿêîãî ε > 0
íàéäåòñÿ δ > 0, îòêðûòîå ìíîæåñòâî G ⊂ R ñ óñëîâèåì µ(G) < ε
è èçìåðèìûé ìàñøòàá γ íà [a, b] ñ óñëîâèåì (t− γ(t), t+ γ(t)) ⊂ G,
åñëè t ∈ G, òàêèå, ÷òî∥∥∥∥ ∑

k:Ik ̸⊂G

f(tk)µ(Ik)− w

∥∥∥∥ < ε

âñÿêèé ðàç, êîãäà {(Ik, tk)}Kk=1 åñòü ðàçáèåíèå Ìàê-Øåéíà îòðåçêà
[a, b] ñîãëàñîâàííîå ñ ïîñòîÿííûì ìàñøòàáîì δ ñ óñëîâèåì tk ̸∈ G,
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åñëè Ik ̸⊂ G, äëÿ êàæäîãî k è∥∥∥∥ ∑
k:Ik⊂G

f(tk)µ(Ik)

∥∥∥∥ < ε

âñÿêèé ðàç, êîãäà {(Ik, tk)}Kk=1 åñòü ðàçáèåíèå Ìàê-Øåéíà îòðåçêà
[a, b] ñîãëàñîâàííîå ñ γ.

Òåîðåìà 3. Åñëè ôóíêöèÿ f : [a, b] → X èíòåãðèðóåìà ïî Ìàê-
Øåéíó è A-èíòåãðèðóåìà ïî Ðèìàíó íà [a, b], òî îáà èíòåãðàëà
ñîâïàäàþò.

Ëèòåðàòóðà
1. Lee Peng-Yee Lanzhou lectures on Henstock integration / Lee

Peng-Yee� Teaneck : World Sci. Pub. Co., 1989.� 192 p.
5. Caponetti D. On the integration of Riemann-measurable vector-

valued functions / D. Caponetti, V. Marra�a, K. Naralenkov // Mona-
tshefte Math. � 2017. � Vol. 182, No. 3. � Pp. 513�536.

3. Naralenkov K.M. The A-integral for Riemann-measurable vector-
valued functions. / K.M. Naralenkov // European J. of Math. � 2024. �
Vol. 10, 35.

ÎÁ ÎÄÍÎÌ ÑÏÅÊÒÐÀËÜÍÎÌ ÑÂÎÉÑÒÂÅ
ÑÎÁÑÒÂÅÍÍÛÕ ÇÍÀ×ÅÍÈÉ ÑÏÅÊÒÐÀËÜÍÎÉ

ÇÀÄÀ×È Ñ ÏÐÎÈÇÂÎÄÍÛÌÈ ÏÎ ÌÅÐÅ
Å.Å. Íåêðûëîâ, Ï.Â. Ñàä÷èêîâ, Ñ.À. Øàáðîâ

(Âîðîíåæ, ÂÃÓ)
pochta@mail.ru

Ðàññìîòðèì ñïåêòðàëüíóþ çàäà÷ó{
Lu ≡ −(pu′x)

′
σ + qu = λmu;

u(0) = u(l) = 0,
(1)

ñ ïðîèçâîäíûìè ïî ìåðå. Â ðàáîòàõ [1,2] äîêàçàíî, ÷òî ñïåêòîð çà-
äà÷è (1) îáëàäàåò îñöèëëÿöèîííûì ñâîéñòâîì, ò.å. ñîñòîèò èç ñîá-
ñòâåííûõ çíà÷åíèé, åäèíñòâåííàÿ òî÷êà ñãóùåíèÿ � ýòî +∞; íóëè
ñîáñòâåííûõ ôóíêöèé ïåðåìåæàþòñÿ.

Îäíàêî, îñòàëèñü íå äîêàçàíû àíàëîãè íåêîòîðûõ êëàññè÷åñêèõ
ôàêòîâ.

© Íåêðûëîâ Å.Å., Ñàä÷èêîâ Ï.Â., Øàáðîâ Ñ.À., 2025
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Ðåøåíèå çàäà÷è (1) ìû èùåì â êëàññå àáñîëþòíî íåïðåðûâíûõ
íà [0, l] ôóíêöèé, ïåðâàÿ ïðîèçâîäíàÿ êîòîðûõ σ�àáñîëþòíî íåïðå-
ðûâíà íà [0, l].

Ñàìî óðàâíåíèå ìû ñ÷èòàåì çàäàííûì íà ñïåöèàëüíîì ðàñøèðå-
íèè [0, l]σ îòðåçêà [0, l], êîòîðîå ñòðîèòñÿ ñëåäóþùèì îáðàçîì. Ïóñòü
S(σ) � ìíîæåñòâî òî÷åê ðàçðûâà ñòðîãî âîçðàñòàþùåé íà [0, l] ôóíê-
öèè σ(x). Íà [0, l] çàäàäèì ìåòðèêó ρ(x, y) = |σ(x)−σ(y)|. Î÷åâèäíî,
÷òî åñëè S(σ) íåïóñòî, òî ìåòðè÷åñêîå ïðîñòðàíñòâî ([0, l]; ρ) íåïîë-
íî.

Ñòàíäàðòíîå ïîïîëíåíèå è äàåò íàì [0, l]σ, â êîòîðîì êàæäàÿ
òî÷êà ξ ∈ S(σ) çàìåíåíà íà òðîéêó óïîðÿäî÷åííûõ ýëåìåíòîâ
{ξ − 0; ξ; ξ + 0}. Ñàìî óðàâíåíèå â òî÷êàõ ξ ∈ S(σ) ìû ïîíèìàåì êàê
ðàâåíñòâî

−△(pu′x)(ξ) + q(ξ)u(ξ) = λm(ξ)u(ξ),

ãäå △ψ(x) = △ψ(x+ 0)−△ψ(x− 0) ïîëíûé ñêà÷îê ôóíêöèè △ψ(x)
â òî÷êå x.

Ìû ïðåäïîëàãàåì âûïîëíåííûìè ñëåäóþùèå óñëîâèÿ
1) p(x) � σ�àáñîëþòíî íåïðåðûâíà íà [0, l];
2) inf

[0,l]
p > 0;

3) q(x) è m(x) � σ -ñóììèðóåìûå íà [0, l]σ ôóíêöèè
4) m(x) > 0 äëÿ âñåõ x ∈ [0, l]σ.
Ïóñòü φ(x, λ) è ψ(x, λ) � ðåøåíèÿ óðàâíåíèÿ Lu = λmu, óäî-

âëåòâîðÿþùèå íà÷àëüíûì óñëîâèÿì u(0) = 0, u′x(0) = 1 è u(l) = 0,
u′x(l) = −1 ñîîòâåòñòâåííî. Åñëè λk � îäíî èç ñîáñòâåííûõ çíà÷åíèé
çàäà÷è (1), òî ñóùåñòâóåò βk ̸= 0, òàêîå, ÷òî φ(x, λ) ≡ βkψ(x, λ), è
ñïðàâåäëèâî ðàâåíñòâî

αkβk =
d

dλ
△

∣∣∣∣∣
λ=λn

,

ãäå αk =

l∫
0

φ2(x, λk)M
′
σ(x)dσ(x) è △(λ) � îïðåäåëèòåëü Âðîíñêîãî

ñèñòåìû {φ(x, λ), ψ(x, λ)}.
Ëèòåðàòóðà

1. Ïîêîðíûé Þ.Â. Îñöèëëÿöèîííàÿ òåîðèÿ Øòóðìà-Ëèóâèëëÿ
äëÿ èìïóëüñíûõ çàäà÷ / Þ.Â. Ïîêîðíûé, Ì.Á. Çâåðåâà, Ñ.À. Øà-
áðîâ // Óñïåõè ìàòåìàòè÷åñêèõ íàóê. � 2008. � Ò. 63, � 1. � Ñ. 111�154.
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2. Îñöèëëÿöèîííûé ìåòîä Øòóðìà â ñïåêòðàëüíûõ çàäà÷àõ /
Þ.Â. Ïîêîðíûé, Æ.È. Áàõòèíà, Ì.Á. Çâåðåâà, Ñ.À. Øàáðîâ. � Ì. :
ÔÈÇÌÀÒËÈÒ, 2009. � 192 ñ.

ÎÁ ÀÑÈÌÏÎÒÈÊÅ ÐÅØÅÍÈß ÇÀÄÀ×È ÊÎØÈ
ÄËß ÎÄÍÎÉ ÑÈÍÃÓËßÐÍÎ ÂÎÇÌÓÙÅÍÍÎÉ

ÑÈÑÒÅÌÛ ÃÈÏÅÐÁÎËÈ×ÅÑÊÈÕ ÓÐÀÂÍÅÍÈÉ1

À.Â. Íåñòåðîâ (Ìîñêâà, ÐÝÓ èì. Ã.Â. Ïëåõàíîâà)
andrenesterov@yandex.ru

Ñòðîÿòñÿ ïåðâûå ÷ëåíû ôîðìàëüíîãî àñèìïòîòè÷åñêîãî ðàçëî-
æåíèÿ (ÀÐ) ðåøåíèÿ çàäà÷è Êîøè äëÿ ñèíãóëÿðíî âîçìóùåííîé ñè-
ñòåìû ãèïåðáîëè÷åñêèõ óðàâíåíèé â êðèòè÷åñêîì ñëó÷àå [1]{

ε3(utt − k1uxx) = −au+ bv + ε2f(u, v),
ε3(vtt − k2vxx) = au− bv − ε2f(u, v),

(1)

ñ íà÷àëüíûìè óñëîâèÿìè ñïåöèàëüíîãî âèäà{
u(x, 0) = u0(x/ϵ), ut(x, 0) = 0,
v(x, 0) = a/bu0(x/ϵ), vt(x, 0) = 0,

(2)

çäåñü 0 < ε << 1, a > 0, b > 0, a, b = const,ôóíêöèÿ f(u, v) äî-
ñòàòî÷íî ãëàäêàÿ, f(0, 0) = 0. Íà÷àëüíûå óñëîâèÿ èìåþò âèä óçêîé
¾øàïî÷êè¿

∣∣u0(z)∣∣ ⩽ Ce−σz
2

,C, σ > 0.
Ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì ðàáîòû [2]. Ïîñòðîåííîå ÀÐ èìå-

åò âèä(
u(x, t, ϵ)
v(x, t, ϵ)

)
=

2∑
i=0

ϵi
(
SIi u(ς1, t) + SIIi u(ς2, t)
SIi v(ς1, t) + SIIi v(ς2, t

)
+ R3 (3)

Çäåñü ς1,2 =
x± kt

ϵ
, k âûðàæàåòñÿ ÷åðåç k1, k2, a, b. Ãëàâíûå ñëà-

ãàåìûå â ÀÐ (3) SJi u(ςj , t), S
J
i v(ςj , t), J = I, II, j = 1, 2 èìåþò âèä

SJ0 v(ςj , t) = a/bSJ0 u(ςj , t), J = I, II, j = 1, 2, ãäå SJ0 u(ςj , t), J = I, II, j =
1, 2 åñòü ðåøåíèå îáîáùåííîãî óðàâíåíèÿ Êîðòåâåãà - äå Âðèñà

−SJ0 ut +KSJ0 ςςς − (h(SJ0 u)))ς = 0, J = I, II, ς = ςj , j = 1, 2 (4)

ñ áûñòðî óáûâàþùèìè íà÷àëüíûìè óñëîâèÿìè.

1 Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà íàóêè è âûñ-
øåãî îáðàçîâàíèÿ ÐÔ ( ïðîåêò � FSSW-2023-0004.)
© Íåñòåðîâ À.Â., 2025
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Çäåñü K,h(z) îïðåäåëÿþòñÿ ÷åðåç äàííûå ñèñòåìû (1). Îöåíêà
îñòàòî÷íîãî ÷ëåíà â ÀÐ (3) äàíà ÷åðåç íåâÿçêó. Ïðè îöåíêå îñòàòî÷-
íîãî ÷ëåíà ïî íåâÿçêå äëÿ îöåíêè ðåøåíèé óðàâíåíèÿ (4) èñïîëüçî-
âàëèñü ðåçóëüòàòû ðàáîòû [3].

Ëèòåðàòóðà
1. Âàñèëüåâà À.Á. Ñèíãóëÿðíî âîçìóùåííûå óðàâíåíèÿ â êðèòè-

÷åñêèõ ñëó÷àÿõ / À.Á. Âàñèëüåâà , Â.Ô. Áóòóçîâ � Ì. : Èçä-âî ÌÃÓ,
1978, �262 ñ.

2. Nesterov A. Asymptotics of the solution of the Cauchy problem
for a singularly perturbed system of hyperbolic equations.
arXiv:2211.17242, 2022; https://doi.org/10.48550/arXiv.2211.17242

3. Íàóìêèí Ï.È. Àñèìïòîòèêà ðåøåíèÿ óðàâíåíèÿ Óèçåìà ïðè
áîëüøèõ âðåìåíàõ/ Íàóìêèí Ï.È., Øèøìàðåâ È.À. //Ìàòåìàòè÷å-
ñêîå ìîäåëèðîâàíèå.-1990.Ò.2. �3. Ñ.72

ÔÐÅÉÌÛ È ÈÍÚÅÊÒÈÂÍÎÑÒÜ ÑËÎÅÂ ÔÓÍÊÖÈÈ
ÀÊÒÈÂÀÖÈÈ1

Ñ.ß. Íîâèêîâ (Ñàìàðà, ÑÍÈÓ)
nvks@ssau.ru

Â òåîðèè íåéðîííûõ ñåòåé øèðîêî èñïîëüçóåòñÿ (íåëèíåéíàÿ)
ôóíêöèÿ àêòèâàöèè (Recti�ed Linear Unit), êîòîðàÿ îïðåäåëÿåòñÿ ðà-
âåíñòâîì ReLU(s) = max(0, s), s ∈ R.

Ïóñòü m ⩾ n è Φ = {φi}mi=1 � íàáîð âåêòîðîâ â Rn. Îïåðàòîð
Cx := {⟨x, φi⟩}mi=1 íàçûâàåòñÿ îïåðàòîðîì àíàëèçà. Åñëè (m × n)-
ìàòðèöà îïåðàòîðà C èìååò ïîëíûé ðàíã, òî Φ íàçûâàåòñÿ ôðåéìîì
äëÿ ïðîñòðàíñòâà Rn. Äðóãèìè ñëîâàìè,Φ ÿâëÿåòñÿ ïîëíîé ñèñòåìîé
â Rn, ò.å. spanΦ = Rn.

Â ðåøåíèè ôàçîâîé ïðîáëåìû àêòèâíî èñïîëüçóåòñÿ íåëèíåéíûé
îïåðàòîð

A : Rn/{±1} → Rm; x 7→ {|⟨x, φi⟩|}mi=1

Äîêàçàíî, ÷òî A èíúåêòèâåí òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþ-
áîãî ðàçáèåíèÿ Φ íà äâà ïîäìíîæåñòâà ïî êðàéíåé ìåðå îäíî èç íèõ
îêàçûâàåòñÿ ïîëíûì â Rn [1]

Â ðàáîòå [2] ôðåéìû íàøëè ïðèìåíåíèå â èññëåäîâàíèè èíúåê-
òèâíîñòè ò. í. ReLU-ñëîÿ (ReLU-layer), êîòîðûé îïðåäåëÿåòñÿ êàê

Lα : Rn/{±1} → Rm; x 7→ {ReLU(⟨x, φi⟩ − αi)}mi=1

1 Ðàáîòà âûïîëíåíà â ðàìêàõ ðåàëèçàöèè ïðîãðàììû ðàçâèòèÿ Íàó÷íî-
îáðàçîâàòåëüíîãî ìàòåìàòè÷åñêîãî öåíòðà Ïðèâîëæñêîãî ôåäåðàëüíîãî îêðóãà,
ñîãëàøåíèå � 075-02-2024-1456.
© Íîâèêîâ Ñ.ß., 2025
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äëÿ âåêòîðà α ∈ Rm.
Äëÿ x ∈ Rn è α ∈ Rm îïðåäåëÿåòñÿ ìíîæåñòâî èíäåêñîâ

Iαx := {1 ⩽ i ⩽ m : ⟨x, φi⟩ ⩾ αi},

à äëÿ ôèêñèðîâàííîãî i : 1 ⩽ i ⩽ m, îïðåäåëÿåòñÿ ìíîæåñòâî âåêòî-
ðîâ

Ωαi := {x ∈ Rn : ⟨x, φi⟩ ⩾ αi}.

Ôðåéì Φ íàçûâàåòñÿ α-âûïðÿìëÿþùèì íà ìíîæåñòâå K ⊆ Rn äëÿ
âåêòîðà α ∈ Rm, åñëè äëÿ âñåõ x ∈ K ïîäìíîæåñòâî ΦIαx := {φi}i∈Iαx
ïîëíî â Rn.

Â [2] äîêàçàíû äâå òåîðåìû, êîòîðûå îòêðûâàþò íîâûå âîçìîæ-
íîñòè ïðèìåíåíèÿ ôðåéìîâ â òåîðèè íåéðîííûõ ñåòåé.

Òåîðåìà 1. Ïóñòü Φ = {φi}mi=1 ⊂ Rn, α ∈ Rm; ∅ ̸= K � îòêðû-
òîå èëè ñòðîãî âûïóêëîå ïîäìíîæåñòâî â Rn. Åñëè Lα èíúåêòèâåí
íà K, òî Φ �α-âûïðÿìëÿþùèé ôðåéì íà K.

Òåîðåìà 2. Ïóñòü Φ = {φi}mi=1 ⊂ Rn, α ∈ Rm; ∅ ̸= K ⊆ Rn.
Åñëè Φ � α-âûïðÿìëÿþùèé ôðåéì íà K, òî Lβ èíúåêòèâåí íà K
äëÿ âñåõ β < α (ò.å. βi < αi, i = 1, . . . ,m). Êðîìå òîãî, åñëè K
îòêðûòî èëè âûïóêëî, òî Lα èíúåêòèâåí íà K.

Îäíî èç ñëåäñòâèé ïðèâåäåííûõ òåîðåì óñòàíàâëèâàåò ñâÿçü ìåæ-
äó α-âûïðÿìëÿþùèìè ôðåéìàìè è èõ ñïàðêàìè. Íàïîìíèì, ÷òî
ñïàðêîì s(Φ) ôðåéìà Φ íàçûâàåòñÿ ìèíèìàëüíîå ÷èñëî åãî ëèíåéíî
çàâèñèìûõ ýëåìåíòîâ. Â ÷àñòíîñòè, ôðåéì Φ = {φi}mi=1 ⊂ Rn èìååò
ïîëíûé ñïàðê, åñëè êàæäîå åãî ïîäìíîæåñòâî èç n ýëåìåíòîâ ëèíåé-
íî íåçàâèñèìî, òî åñòü s(Φ) = n+ 1.

Ñëåäñòâèå. Ïóñòü K � âûïóêëîå èëè îòêðûòîå ïîäìíîæå-
ñòâî Rn. Åñëè ôðåéì Φ èìååò ïîëíûé ñïàðê s(Φ) = n + 1, òî
Φ ÿâëÿåòñÿ α-âûïðÿìëÿþùèì íà K òîãäà è òîëüêî òîãäà, êîãäà
|Iαx | ⩾ n äëÿ âñåõ x ∈ K. .

Ëèòåðàòóðà
1. Balan R. On signal reconstruction without phase / R. Balan,

P. Casazza, D. Edidin// Applied and Computational Harmonic Analysis. �
2006. � V. 20, I. 3�PP. 345-356.

2. Haider D. Injectivity of ReLU-layers: Perspectives from Frame
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ÎÖÅÍÊÀ ÏÐÈÁËÈÆÅÍÍÎÃÎ ÐÅØÅÍÈß
ËÈÍÅÉÍÎÃÎ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ ÓÐÀÂÍÅÍÈß

Ñ ÍÎÐÌÀËÜÍÛÌ ÎÏÅÐÀÒÎÐÍÛÌ
ÊÎÝÔÔÈÖÈÅÍÒÎÌ

Ì.Í. Îðåøèíà (Ëèïåöê, ËÃÒÓ)
m_oreshina@mail.ru

Â ãèëüáåðòîâîì ïðîñòðàíñòâå H ðàññìîòðèì çàäà÷ó Êîøè äëÿ
ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ

ż(t) = Nz(t) + bv(t), z(0) = a.

Çäåñü îïåðàòîð N : D(N) ⊂ H → H ÿâëÿåòñÿ íîðìàëüíûì è ìî-
æåò áûòü íåîãðàíè÷åííûì, v : [0,+∞) → R � çàäàííàÿ (ñêàëÿðíàÿ)
íåïðåðûâíàÿ ôóíêöèÿ, a, b ∈ H � çàäàííûå âåêòîðû.

Ìîæíî ïîêàçàòü [1], ÷òî òî÷íîå ðåøåíèå z ðàññìàòðèâàåìîé çà-
äà÷è Êîøè ìîæíî ïðåäñòàâèòü â âèäå

z(t) = eNta+ θt(N)b,

ãäå θt(ξ) =
∫ t
0
eξ(t−τ)v(τ) dτ.

Äëÿ ïîñòðîåíèÿ ïðèáëèæåííîãî ðåøåíèÿ z̃ áóäåì èñïîëüçîâàòü
ñëåäóþùóþ èäåþ [1]. Çàôèêñèðóåì t > 0 è ïðèáëèçèì íà ñïåêòðå
σ(N) îïåðàòîðà N ñêàëÿðíûå ôóíêöèè ξ 7→ eξt è ξ 7→ θt(ξ) íåêîòî-
ðûìè ðàöèîíàëüíûìè ôóíêöèÿìè r1t (ξ) è r

2
t (ξ) ñîîòâåòñòâåííî. Â êà-

÷åñòâå ïðèáëèæåííîãî ðåøåíèÿ âîçüìåì ôóíêöèþ

z̃(t) = r1t (N)a+ r2t (N)b.

Òåîðåìà. Ïóñòü äëÿ t > 0 èçâåñòíû ñêàëÿðíûå îöåíêè

|r1t (ξ)− eξt| ⩽ ε1(t), ξ ∈ σ(N),

|r2t (ξ)− θt(ξ)| ⩽ ε2(t), ξ ∈ σ(N).

Òîãäà äëÿ ïðèáëèæåííîãî ðåøåíèÿ z̃ ñïðàâåäëèâà îöåíêà

∥z̃(t)− z(t)∥ ⩽ ε1(t)∥a∥+ ε2(t)∥b∥.

Ëèòåðàòóðà
1. Îðåøèíà Ì.Í. Ïðèáëèæåííîå ðåøåíèå ëèíåéíîãî äèôôåðåí-
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Î ÒÐÀÅÊÒÎÐÈßÕ ÍÅÃËÀÄÊÈÕ ÂÅÊÒÎÐÍÛÕ ÏÎËÅÉ
Â.Ï. Îðëîâ, Â.Ã. Çâÿãèí (Âîðîíåæ, ÂÃÓ)

orlov_vp@mail.ru zvg_vsu@mail.ru

Ïóñòü âåêòîð-ôóíêöèÿ u(t, x) ∈ W = {u : u ∈ L2(0, T ;W
1
2 (Ω)

N ),
div u = 0, (t, x) ∈ QT = [0, T ] × Ω, ÿâëÿåòñÿ ïîëåì ñêîðîñòåé äâè-
æóùåéñÿ æèäêîñòè, çàïîëíÿþùåé îãðàíè÷åííóþ îáëàñòü Ω ∈ RN ,
N = 2, 3, ñ ãëàäêîé ãðàíèöåé Γ. Òðàåêòîðèÿ äâèæåíèÿ ÷àñòèöû æèä-
êîñòè, çàíèìàþùåé â ìîìåíò âðåìåíè t ∈ [0, T ] ïîëîæåíèå x ∈ Ω,
îïèñûâàåòñÿ âåêòîð-ôóíêöèåé z(τ ; t, x) ïåðåìåííîé τ ∈ [0, T ], êîòî-
ðàÿ ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Êîøè

z(τ ; t, x) = x+

∫ τ

t

u(τ, z(τ ; t, x)) ds, τ ∈ [0, T ], (t, x) ∈ QT .

Ðåøåíèå z(τ ; t, x) çàäà÷è Êîøè ïîíèìàåòñÿ êàê ðåãóëÿðíûé ëàãðàí-
æåâ ïîòîê (ÐËÏ), ïîðîæäåííûé u (ñì. [1]). Åñëè u(t, x) ãëàäêàÿ, òî
ÐËÏ, ïîðîæäåííûé åþ, ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì z(τ ; t, x)
çàäà÷è Êîøè.

Ïóñòü íà ãðàíèöå Γ âûïîëíÿåòñÿ óñëîâèþ u|Γ(t, x) = α(x), ãäå
α ∈ H1/2(Γ) çàäàííàÿ íà Γ ôóíêöèÿ.

Ïðåäïîëàãàåòñÿ, ÷òî îáëàñòü Ω ÿâëÿåòñÿ ìíîãîñâÿçíîé è ïîëó-
÷àåòñÿ óäàëåíèåì èç îãðàíè÷åííîé îäíîñâÿçíîé îáëàñòè Ω1 ∈ RN ,
N = 2, 3, ñ ãðàíèöåé Γ1 ∈ C2, ïîïàðíî íåïåðåñåêàþùèõñÿ îäíî-
ñâÿçíûõ îáëàñòåé Ωi, i = 2, ...,K, ñ ãðàíèöàìè ∂Ωi = Γi ∈ C2,
ïðè ýòîì Γi, i = 1, ...,K ïîïàðíî íå ïåðåñåêàþòñÿ. Òàêèì îáðàçîì
Ω = Ω1 \ (∪Ki=2Ωi).

Ôóíêöèÿ τu(t, x) îïðåäåëÿåòñÿ ñîîòíîøåíèåì τu(t, x) = inf{τ :
z(s; t, x)) ∈ Ω, s ∈ (τ, t]}, t ∈ [0, T ], x ∈ Ω. Ìíîæåñòâî γ(t, x) = {y : y =
z(s; t, x), τu(t, x) ⩽ s ⩽ t} îïðåäåëÿåò òðàåêòîðèþ äâèæåíèÿ äàí-
íîé ÷àñòèöû. Åñëè τu(t, x) = 0, òî äâèæåíèå ÷àñòèöû ïî òðàåêòîðèè
γ(t, x) íà÷èíàåòñÿ ñ íóëåâîãî ìîìåíòà âðåìåíè è ëèáî z(0; t, x) ∈ Ω,
ëèáî Γ.

Åñëè τu(t, x) > 0, òî â ýòîò ìîìåíò âðåìåíè ÷àñòèöà çàíèìàåò
ïîëîæåíèå z(τu(t, x); t, x) ∈ Γ, è τu(t, x) îçíà÷àåò ìîìåíò âõîæäåíèÿ
÷àñòèöû æèäêîñòè â Ω ÷åðåç Γ.

Ïóñòü Γ+(α) = {x : α(x) · n(x) > 0, x ∈ Γ}, Γ−(α) = {x : α(x) ·
n(x) < 0, x ∈ Γ}, Γ∗(α) = {x : α(x) · n(x) = 0, x ∈ Γ}.

Îáîçíà÷èì ÷åðåç A ñîâîêóïíîñòü ãëàäêèõ ôóíêöèé α ∈ H
1/2
2 (Γ),

òàêèõ, ÷òî ìíîæåñòâî Γ∗(α) = {x : α(x) ·n(x) = 0, x ∈ Γ} ëèáî ïóñòî,
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ëèáî ñîñòîèò èç êîíå÷íîãî ÷èñëà ãëàäêèõ êðèâûõ íà Γ â ñëó÷àåN = 3
è êîíå÷íîãî ÷èñëà òî÷åê íà Γ â ñëó÷àå N = 2.

Òåîðåìà 1. Äëÿ ïðîèçâîëüíîé ôóíêöèè α ∈ H1/2(Γ) ñóùåñòâó-
åò ïîñëåäîâàòåëüíîñòü αn ∈ A, n = 1, 2, ..... òàêàÿ, ÷òî
limn→+∞ ∥α− αn∥H1/2(Γ) = 0.

Ïóñòü u ∈ W è u|Γ(t, x) = α(x), αn ∈ A, α ∈ H1/2(Γ), ïðè÷åì
limn→+∞ ∥α− αn∥H1/2(Γ) = 0.

Òåîðåìà 2. Ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü ãëàäêèõ un ∈ W ,
n = 1, 2, ..... òàêèõ, ÷òî un|Γ = αn è âûïîëíÿåòñÿ ñîîòíîøåíèå
limn→+∞ ∥u− un∥L2(0,T ;W 1

2 (Ω)N ) = 0.
Ïóñòü zn(τ ; t, x) ðåøåíèå çàäà÷è Êîøè ïðè u = un, à

τn(t, x) = inf{τ : zn(s; t, x)) ∈ Ω, s ∈ (τ, t]}, t ∈ [0, T ], x ∈ Ω.
Ðàññìîòðèì ìíîæåñòâî

Qn∗ ={(t, x)∈QT :x = zn(τ ; t∗, x∗),τ∗∈ [0, T ], x∗∈ Γ∗(α
n), T ⩾ t ⩾ τ∗}.

Ïóñòü Qn+ = QT \Qn∗ .

Òåîðåìà 3.Ôóíêöèÿ τn(t, x) íåïðåðûâíà íà Q+(n), è m(Qn+) =
m(QT ).

Ñ ïîìîùüþ Òåîðåì 1�3 óñòàíàâëèâàåòñÿ îñíîâíîé ðåçóëüòàò (ñì.
[2], [3]):

Òåîðåìà 4. Ôóíêöèÿ τu(t, x) ÿâëÿåòñÿ ïðåäåëîì ïîñëåäîâàòåëü-
íîñòè τn(t, x) ïðè n→ +∞ ïðè ï.â. (t, x) ∈ QT .
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ÏÎ ÍÅÑÊÎËÜÊÈÌ ÑËÎÂÀÐßÌ

À.Ñ. Îðëîâà
(Ìîñêâà, ÌÃÓ èì. Ì.Â. Ëîìîíîñîâà, ÌÃÒÓ èì. Í.Ý. Áàóìàíà)

Anastasia-Orlova1@yandex.ru

Îïðåäåëèì îáîáùåíèÿ ñëàáîãî æàäíîãî àëãîðèòìà [1] è ñëàáîãî
îðòîãîíàëüíîãî æàäíîãî àëãîðèòìà [1] ïî íåñêîëüêèì ñëîâàðÿì àíà-
ëîãè÷íî îáîáùåíèþ ÷èñòî æàäíîãî àëãîðèòìà äëÿ ñëó÷àÿ íåñêîëü-
êèõ ñëîâàðåé [2].

Çàôèêñèðóåì íàòóðàëüíîå ÷èñëî K. Íîðìèðîâàííûå ìíîæåñòâà
D1, . . . , DK â ãèëüáåðòîâîì ïðîñòðàíñòâå H áóäåì íàçûâàòü ñëîâà-
ðÿìè, åñëè ëèíåéíàÿ îáîëî÷êà D = ∪i∈1,KDi ïëîòíà â H.

Ââåä¼ì ñïåöèàëüíóþ ïîñëåäîâàòåëüíîñòü i(n) ∈ 1,K òàêóþ,
÷òî êàæäîå k ∈ 1,K âñòðå÷àåòñÿ â ïîñëåäîâàòåëüíîñòè i(n) áåñ-
êîíå÷íîå ÷èñëî ðàç. Òàêæå îïðåäåëèì ïîñëåäîâàòåëüíîñòü íîìåðîâ
j(n) = #{m ⩽ n : i(m) = i(n)}, çàâèñÿùóþ îò i(n).

Äëÿ K ñëîâàðåé âûáåðåì K îñëàáëÿþùèõ ïîñëåäîâàòåëüíîñòåé
{tn,k} ⊂ [0, 1), k ∈ 1,K è îïðåäåëèì îáîáùåíèÿ ñëàáîãî æàäíîãî àë-
ãîðèòìà è ñëàáîãî îðòîãîíàëüíîãî æàäíîãî àëãîðèòìà ïî ñëîâàðÿì
D1, . . . , DK ñ îñëàáëÿþùèìè ïîñëåäîâàòåëüíîñòÿìè {tn,k}, k ∈ 1,K
ñî ñïåöèàëüíîé ïîñëåäîâàòåëüíîñòüþ i(n) ñëåäóþùèì îáðàçîì.

Îáîáùåíèå ñëàáîãî æàäíîãî àëãîðèòìà. Äëÿ x ∈ H îïðå-
äåëèì èíäóêòèâíî ïîñëåäîâàòåëüíîñòü îñòàòêîâ {rn}∞n=0, ïîñëåäîâà-
òåëüíîñòü êîýôôèöèåíòîâ {cn}∞n=1 è ïîñëåäîâàòåëüíîñòü ýëåìåíòîâ
ñëîâàðÿ {en}∞n=1 ⊂ D:
Øàã 0. r0 = x.
Øàã n ∈ N. en ∈ Di(n) : |(rn−1, en)| ⩾ tj(n),i(n) sup

d∈Di(n)

|(rn−1, d)|,

cn = (rn−1, en), rn = rn−1 − cnen.
Ðàçëîæåíèåì âåêòîðà x íàçûâàåòñÿ ðÿä

∑
n∈N

cnen.

Îáîáùåíèå ñëàáîãî îðòîãîíàëüíîãî æàäíîãî àëãîðèòìà.
Äëÿ x ∈ H îïðåäåëèì èíäóêòèâíî ïîñëåäîâàòåëüíîñòü îñòàòêîâ
{rn}∞n=0, ïîñëåäîâàòåëüíîñòü ïðèáëèæåíèé {Gn}∞n=0, ïîñëåäîâàòåëü-
íîñòü ýëåìåíòîâ ñëîâàðÿ {en}∞n=1 ⊂ D è ïîñëåäîâàòåëüíîñòü ìíî-
æåñòâ ïðîåêòèðîâàíèÿ {En}:
Øàã 0. r0 = x, G0 = 0.
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Øàã n ∈ N. en ∈ Di(n) : |(rn−1, en)| ⩾ tj(n),i(n) sup
d∈Di(n)

|(rn−1, d)|,

Gn = ProjEn
, ãäå En = span{e1, . . . , en}, rn = x−Gn.

Äëÿ íîâûõ àëãîðèòìîâ èìåþò ìåñòî ïîëîæèòåëüíûå ðåçóëüòàòû
î ñõîäèìîñòè.

Åñëè äëÿ ïîñëåäîâàòåëüíîñòè i(n) ñóùåñòâóåò ÷èñëî I, òàêîå ÷òî
ëþáîå ÷èñëî k ∈ 1,K âñòðå÷àåòñÿ â íàáîðå {i(n), i(n+1), . . . , i(n+I)}
ïðè ëþáîì n ∈ N, òî áóäåì íàçûâàòü ïîñëåäîâàòåëüíîñòü i(n) ïî÷òè
ïåðèîäè÷åñêîé.

Òåîðåìà 1. Äëÿ ëþáûõ ñëîâàðåé D1, . . . , DK , ïî÷òè ïåðèîäè÷å-
ñêîé ïîñëåäîâàòåëüíîñòè i(n), îñëàáëÿþùèõ ïîñëåäîâàòåëüíîñòåé
{tn,k} ̸∈ ℓ2, k ∈ 1,K è âåêòîðà x ∈ H ñëàáûé æàäíûé àëãîðèòì
ñõîäèòñÿ ê ïðèáëèæàåìîìó âåêòîðó x.

Çàìå÷àíèå. Äàæå â ñëó÷àå íå ïî÷òè ïåðèîäè÷åñêîé ïîñëåäîâà-
òåëüíîñòè i(n) óñëîâèå

∑ tn,k

n = ∞ äëÿ êàæäîãî k ∈ 1,K, ãàðàíòèðó-
åò ñõîäèìîñòü ÷èñòî æàäíîãî àëãîðèòìà ê ïðèáëèæàåìîìó âåêòîðó
x, åñëè ÷èñòî æàäíûé àëãîðèòì ñõîäèòñÿ.

Òåîðåìà 2. Äëÿ ëþáûõ ñëîâàðåé D1, . . . , DK , ïîñëåäîâàòåëüíî-
ñòè i(n), îñëàáëÿþùèõ ïîñëåäîâàòåëüíîñòåé {tn,k} ̸∈ ℓ2, k ∈ 1,K è
âåêòîðà x ∈ H ñëàáûé îðòîãîíàëüíûé æàäíûé àëãîðèòì ñõîäèòñÿ
ê ïðèáëèæàåìîìó âåêòîðó x.

Çàìå÷àíèå. Ìíîæåñòâà ïðîåêòèðîâàíèÿ En ìîæíî îïðåäåëèòü
êàê span {ek : i(k) = i(n)}nk=1 èëè span

{
ek : ek ∈ Di(n)

}n
k=1

. Â ýòîì
ñëó÷àå ïîëó÷èì äðóãèå àëãîðèòìû, íî òåîðåìà 2 îñòàíåòñÿ âåðíîé.

Çàìå÷àíèå. Âìåñòî K îñëàáëÿþùèõ ïîñëåäîâàòåëüíîñòåé ìîæ-
íî ââîäèòü îäíó, è èñïîëüçîâàòü íà n-ì øàãå tn âìåñòî tj(n),i(n). Òîãäà
äëÿ îòäåë¼ííûõ îò 0 ïîñëåäîâàòåëüíîñòåé {tn} ñïðàâåäëèâû àíàëî-
ãè òåîðåì 1 è 2. Îäíàêî, åñëè ïîñëåäîâàòåëüíîñòü i(n) íå çàäàíà, òî
äëÿ ïîñëåäîâàòåëüíîñòè {tn}, íå îòäåë¼ííîé îò 0, íåëüçÿ ãàðàíòè-
ðîâàòü ñõîäèìîñòü àëãîðèòìîâ. Åñëè ïîñëåäîâàòåëüíîñòü i(n) ïðåä-
âàðèòåëüíî çàôèêñèðîâàíà, òî ìîæíî ïîëó÷èòü ïîëîæèòåëüíûå ðå-
çóëüòàòû è äëÿ îñëàáëÿþùèõ ïîñëåäîâàòåëüíîñòåé, íå îòäåë¼ííûõ
îò 0, çàäàâ äëÿ {tn} äîïîëíèòåëüíûå óñëîâèÿ.
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Â îáëàñòè Π = (0,+∞)× Rn ðàññìàòðèâàåòñÿ ñèñòåìà

ut + a(x) · ∇xu+∇p = 0, divxu = 0, (1)

â êîòîðîé íåèçâåñòíûé âåêòîð

u = (u1(t, x), . . . , un(t, x)) ∈ C([0,+∞), X0).

Ñîëåíîèäàëüíîå ïîëå êîýôôèöèåíòîâ

a = (a1(x), . . . , an(x)) ∈ Lq(Rn,Rn), 2 ⩽ q ⩽ ∞,

çàäàíî. Çäåñü X0 ⊂ L2(Rn,Rn) îáîçíà÷àåò çàìêíóòîå ïîäïðîñòðàí-
ñòâî ñîëåíîèäàëüíûõ âåêòîðíûõ ïîëåé. Ðàññìîòðèì çàäà÷ó Êîøè
äëÿ ñèñòåìû (1) ñ íà÷àëüíûì óñëîâèåì

u(0, x) = u0(x) ∈ X0. (2)

Ââèäó ñîëåíîèäàëüíîñòè a(x) ñèñòåìà (1) ïåðåïèñûâàåòñÿ â äèâåð-
ãåíòíîé ôîðìå

ut + divx(au) +∇p = 0,

÷òî ïîçâîëÿåò ââåñòè ïîíÿòèå îáîáùåííîãî ðåøåíèÿ (î.ð.).
Îïðåäåëåíèå 1. Âåêòîð u = u(t, x) ∈ L2

loc([0,+∞), X0) íàçûâà-
åòñÿ î.ð. çàäà÷è (1), (2), åñëè äëÿ ëþáîé ïðîáíîé âåêòîð-ôóíêöèè
f = f(t, x) ∈ C1

0 (Π̄,Rn), ãäå Π̄ = [0,+∞)× Rn, òàêîé ÷òî divxf = 0∫
Π

[u · ft + u · (a · ∇x)f ]dtdx+

∫
Rn

u0(x) · f(0, x)dx = 0.

Âûáîð êëàññà ñîëåíîèäàëüíûõ ïðîáíûõ âåêòîðîâ ïîçâîëèë èñ-
êëþ÷èòü äàâëåíèå p = p(t, x) èç íàøåé ñèñòåìû. Ðàññìîòðèì íåîãðà-
íè÷åííûé ëèíåéíûé îïåðàòîð A0 íà ïðîñòðàíñòâå X0, çàäàííûé íà

1 Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíîáðíàóêè ÐÔ (ãîñçàäà-
íèå, ïðîåêò ¾Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ïðèðîäíûõ ïðîöåññîâ¿)
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ïðîñòðàíñòâå D(A0) = C1
0 (Rn,Rn) ∩X0 ðàâåíñòâîì

(A0u, v) = (a · ∇xu, v) =

∫
Rn

n∑
i,j=1

ai(x)(uj)xi(x)vj(x)dx ∀v ∈ X0.

Çäåñü (u, v) =
∫
Rn

∑n
j=1 uj(x)vj(x)dx � ñêàëÿðíîå óìíîæåíèå íà

X0. Íåòðóäíî ïðîâåðèòü, ÷òî îïåðàòîð A0 êîñîñèììåòðè÷åí íà X0,
(A0u, v) = −(u,A0v) ∀u, v ∈ D(A0), è çíà÷èò äîïóñêàåò çàìûêà-
íèå, êîòîðîå ìû îáîçíà÷èì A. Ñóùåñòâóåò ìàêñèìàëüíîå êîñîñèì-
ìåòðè÷íîå ðàñøèðåíèå Ã îïåðàòîðà A. Ïóñòü d± � èíäåêñû äå-
ôåêòà îïåðàòîðà Ã, òî åñòü ãèëüáåðòîâû êîðàçìåðíîñòè çàìêíóòûõ
ïîäïðîñòðàíñòâ Im(E ± Ã) â X0. Òàê êàê Ã ìàêñèìàëåí, ïî êðàé-
íåé ìåðå îäèí èç èíäåêñîâ äåôåêòà íóëåâîé. Åñëè d+ = 0, òî îïå-
ðàòîð B = −Ã m-äèññèïàòèâåí è (ñì. [1,Ãëàâà 3]) ïîðîæäàåò C0-
ïîëóãðóïïó Tt = etB ñæàòèé â X0, ïðè÷åì îïåðàòîðû Tt ÿâëÿþòñÿ
èçîìåòðè÷åñêèìè âëîæåíèÿìè, ∥Ttu∥X0 = ∥u∥X0 . Åñëè æå d− = 0,
îïåðàòîð Ã ÿâëÿåòñÿ m-äèññèïàòèâíûì. Èçâåñòíî (ñì. [1, Ïðåäëîæå-
íèå 3.11]), ÷òî ñîïðÿæ¼ííûé îïåðàòîð B = (Ã)∗ ⊃ −Ã òàêæå ÿâëÿåò-
ñÿ m-äèññèïàòèâíûì îïåðàòîðîì è ïîðîæäàåò ïîëóãðóïïó ñæàòèé.
Ìû óñòàíîâèëè ñëåäóþùèé ðåçóëüòàò:

Òåîðåìà 1. Ñóùåñòâóåò m-äèññèïàòèâíîå ðàñøèðåíèå B îïå-
ðàòîðà −A. Ñîîòâåòñòâóþùàÿ ñæèìàþùàÿ ïîëóãðóïïà Tt = etB

ïîðîæäàåò î.ð. u(t, x) = Tt(u0)(x) ∈ C([0,+∞), X0) çàäà÷è (1), (2).
Åäèíñòâåííîñòü ñæèìàþùåé ïîëóãðóïïû î.ð. ýêâèâàëåíòíà ìàê-

ñèìàëüíîñòè îïåðàòîðà A. Òî÷íåå, ñïðàâåäëèâà ñëåäóþùàÿ
Òåîðåìà 2. Ñæèìàþùàÿ ïîëóãðóïïà Tt î.ð. åäèíñòâåííà òîãäà

è òîëüêî òîãäà, êîãäà êîñîñèììåòðè÷íûé îïåðàòîð A ìàêñèìàëåí.
Ïðè ýòîì, óíèòàðíîñòü ïîëóãðóïïû Tt ýêâèâàëåíòà êîñîñîïðÿæåí-
íîñòè îïåðàòîðà A, A∗ = −A. Â ýòîì ñëó÷àå, Tt = e−tA, t ∈ R �
ãðóïïà óíèòàðíûõ îïåðàòîðîâ.

Ëèòåðàòóðà
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ÎÁ ÀÏÎÑÒÅÐÈÎÐÍÛÕ ÎÖÅÍÊÀÕ Â ÇÀÄÀ×ÀÕ
Ñ ÌÎÍÎÒÎÍÍÛÌÈ ÎÏÅÐÀÒÎÐÀÌÈ
Ñ.Å. Ïàñòóõîâà (Ìîñêâà, ÌÈÐÝÀ � ÐÒÓ)

pas-se@yandex.ru

ÏóñòüK � âûïóêëîå çàìêíóòîå ìíîæåñòâî â ðåôëåêñèâíîì áàíà-
õîâîì ïðîñòðàíñòâå X, X∗ � äâîéñòâåííîå ïðîñòðàíñòâî. Ðàññìîò-
ðèì çàäà÷ó íà îòûñêàíèå òàêîãî ýëåìåíòà u ∈ K, ÷òî

⟨Au− h,w − u⟩ ⩾ 0 äëÿ ëþáîãî w ∈ K. (1)

Çäåñü A : X → X∗ � îãðàíè÷åííûé êîýðöèòèâíûé ñåìèíåïðåðûâ-
íûé ñòðîãî ìîíîòîííûé îïåðàòîð; h ∈ X∗ � ïðîèçâîëüíûé ôèêñè-
ðîâàííûé ýëåìåíò. Çàäà÷à (1) èìååò åäèíñòâåííîå ðåøåíèå u ∈ K,
ñì., íàïðèìåð, [1]. Åñëè îïåðàòîð A íå ïîòåíöèàëåí, (1) íå ÿâëÿåò-
ñÿ çàäà÷åé âàðèàöèîííîãî èñ÷èñëåíèÿ. Çàìåòèì òàêæå, ÷òî â ñëó÷àå
K = X ðåøåíèå u çàäà÷è (1) óäîâëåòâîðÿåò ðàâåíñòâó

⟨Au− h,w⟩ = 0 äëÿ ëþáîãî w ∈ X. (2)

Ðåøåíèå u çàäà÷è (1) èëè (2) íàõîäèòñÿ ÿâíî â ðåäêèõ ÷àñòíûõ
ñëó÷àÿõ. Âîçíèêàåò âîïðîñ: ìîæíî ëè äëÿ ïðîèçâîëüíîé ôóíêöèè
v ∈ K, âûñòóïàþùåé êàê ïðèáëèæåíèå ê u, îöåíèòü êàêóþ-ëèáî ìå-
ðó îòêëîíåíèÿ å¼ îò u ëèøü â òåðìèíàõ v è äàííûõ ñàìîé çàäà÷è?
Îöåíêè òàêîãî ðîäà íàçûâàþò àïîñòåðèîðíûìè; èõ íàõîæäåíèþ è
èññëåäîâàíèþ ïîñâÿùåíà âåñüìà îáøèðíàÿ ê íàñòîÿùåìó âðåìåíè
ëèòåðàòóðà (ñì., íàïðèìåð, [2�5] è óêàçàííóþ òàì áèáëèîãðàôèþ).
Ïîäîáíîãî ñîðòà îöåíêè âîñòðåáîâàíû â ÷èñëåííûõ ðàñ÷¼òàõ.

Â êà÷åñòâå ìåðû îòêëîíåíèÿ v îò u âîçüì¼ì íîðìó ∥u−v∥X . Òîãäà
àïîñòåðèîðíîé îöåíêîé ñ÷èòàåì ëþáîé ôóíêöèîíàë M : X → R,
òàêîé ÷òî ∥u−v∥ ⩽M(v), v∈X.Æåëàòåëüíî èìåòü çäåñü ìàæîðàíòó,
óäîâëåòâîðÿþùóþ óñëîâèÿì

M(v) = 0 ⇐⇒ v = u; M(v) → 0 ïðè v → u ñèëüíî â X.

Íàëè÷èå òàêîé ìàæîðàíòû ÿâíîãî âèäà ïîçâîëÿåò îöåíèâàòü êà÷å-
ñòâî àïïðîêñèìàöèè ðåøåíèÿ, ïîëó÷åííîé ýêñïåðèìåíòàëüíî.

Ïðåäëîæåí îáùèé ìåòîä ïîëó÷åíèÿ àïîñòåðèîðíûõ îöåíîê ôóí-
êöèîíàëüíîãî òèïà. Åãî ýôôåêòèâíîñòü ïðîâåðåíà íà ìíîãèõ êîí-
êðåòíûõ ïðèìåðàõ ñ êëàññè÷åñêèìè ëèíåéíûìè è íåëèíåéíûìè îïå-
ðàòîðàìè. Â îòëè÷èe îò îïèðàþùèõñÿ íà òåîðèþ äâîéñòâåííîñòè ìå-
òîäîâ, øèðîêî èñïîëüçóåìûõ â ëèòåðàòóðå, íàø ìåòîä íå ñâÿçàí ñ
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âàðèàöèîííîé ïîñòàíîâêîé çàäà÷è è îñíîâàí ëèøü íà ñòðîãîé ìîíî-
òîííîñòè îïåðàòîðà. Òàê íàçûâàåìûé ìåòîä èíòåãðàëüíûõ òîæäåñòâ,
ðàññìîòðåííûé â [2], ÿâëÿåòñÿ åãî ÷àñòíûì ñëó÷àåì.

Óêàæåì ïðèìåðû çàäà÷, â êîòîðûõ ïðèìåíèì íàø ïîäõîä. Ïðåæ-
äå âñåãî, ýòî óðàâíåíèå äëÿ p-ëàïëàñèàíà ∆pu=div(|∇u|p−2∇u) (ãäå
p>1) ñ ãðàíè÷íûìè óñëîâèÿìè Äèðèõëå èëè Íåéìàíà, à òàêæå çà-
äà÷à ñ ¾òîëñòûì¿ ïðåïÿòñòâèåì äëÿ p-ëàïëàñèàíà. Îïåðàòîð çàäà÷è
ìîæíî óñëîæíèòü, ïåðåõîäÿ ê∆p(·) � ëàïëàñèàíó ïåðåìåííîãî ïîðÿä-
êà íåëèíåéíîñòè p(·) (êàê â [5]) è äàëåå (êàê â [6]) ê àíèçîòðîïíîìó
p(·)-ëàïëàñèàíó âèäà div (|∇u|p(·)−2A∇u), ãäå ìàòðèöà A = A(·) ÿâ-
ëÿåòñÿ èçìåðèìîé, ñèììåòðè÷íîé è ïîä÷èí¼ííîé óñëîâèþ òèïà Êîð-
äåñà. Äëÿ ïîñëåäíåãî îïåðàòîðà óñëîâèå òèïà Êîðäåñà îáåñïå÷èâàåò
åãî ñòðîãóþ ìîíîòîííîñòü; ýòî íå ïîòåíöèàëüíûé îïåðàòîð, äëÿ íåãî
íå ïðèìåíèì âàðèàöèîííûé ïîäõîä ïîëó÷åíèÿ àïîñòåðèîðíûõ îöå-
íîê, èñïîëüçóþùèé òåîðèþ äâîéñòâåííîñòè.

Ïðåäëîæåííûé íàìè ìåòîä çôôåêòèâíî ðàáîòàåò è â àíàëîãè÷-
íûõ ýâîëþöèîííûõ çàäà÷àõ ïàðàáîëè÷åñêîãî òèïà.

Îïèñàííàÿ òåìàòèêà ðàçðàáàòûâàåòñÿ ñîâìåñòíî ñ Â.Å. Áîáêîâûì
èç Èíñòèòóòà ìàòåìàòèêè ñ âû÷èñëèòåëüíûì öåíòðîì Óôèìñêîãî
ôåäåðàëüíîãî èññëåäîâàòåëüñêîãî öåíòðè ÐÀÍ (ã. Óôà, ÐÔ).
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ÏÎÑÒÐÎÅÍÈÅ È ÈÑÑËÅÄÎÂÀÍÈÅ ÌÎÄÅËÈ
ÎÖÅÍÊÈ ÍÀÄÅÆÍÎÑÒÈ ÊÂÀÍÒÎÂÎÉ

ÂÛ×ÈÑËÈÒÅËÜÍÎÉ ÑÈÑÒÅÌÛ
Þ.È. Ïàñòóõîâà, À.À. Êðþ÷êîâ

(Ìîñêâà, ÖÝÌÈ ÐÀÍ; Ìîñêâà, ÐÒÓ ÌÈÐÝÀ)
kryuchkov_a@mirea.ru

Â óñëîâèÿõ íàêëàäûâàåìûõ îãðàíè÷åíèé íà èñïîëüçîâàíèå âû-
÷èñëèòåëüíîãî ïîòåíöèàëà îáëà÷íîãî êâàíòîâîãî îáîðóäîâàíèÿ, àâ-
òîðàì âèäèòñÿ íåîáõîäèìûì îïðåäåëåíèå âîçìîæíûõ ïîäõîäîâ ïðåä-
âàðèòåëüíîé îöåíêè íàäåæíîñòè êâàíòîâîé âû÷èñëèòåëüíîé ñèñòå-
ìû (ÊÂÓ) áåç íåîáõîäèìîñòè åå ïðÿìîãî èñïîëüçîâàíèÿ. Äëÿ èññëå-
äîâàíèÿ êâàíòîâûõ ñèñòåì áóäåò ðàññìîòðåíà ñõåìà ãåíåðàöèè ñëó-
÷àéíûõ ïîñëåäîâàòåëüíîñòåé (ÑÏ) íà ÊÂÓ [1].

Ôóíäàìåíòàëüíîé åäèíèöåé ïðîèçâîëüíîãî êâàíòîâîãî ïðîöåññî-
ðà ÿâëÿåòñÿ êóáèò, ïðåäñòàâëÿþùèé ñîáîé åäèíè÷íûé âåêòîð |y⟩ â
äâóìåðíîì êîìïëåêñíîì âåêòîðíîì ïðîñòðàíñòâå, áàçèñ êîòîðîãî çà-
äàåòñÿ îðòîãîíàëüíûìè âåêòîðàìè:

|e1⟩ =
(
1
0

)
, |e2⟩ =

(
0
1

)
, (1)

ôîðìèðóÿ îáùåå ïðåäñòàâëåíèå îäèíî÷íîãî êâàíòîâîãî ñîñòîÿíèÿ:

|y⟩ = c1|e1⟩+ c2|e2⟩ (2)

ãäå c1, c2 � ïðîèçâîëüíûå êîìïëåêñíûå ÷èñëà, àìïëèòóäû âåðîÿòíî-
ñòåé êâàíòîâîãî ñîñòîÿíèÿ òàêèå, ÷òî:

|c1|2 + |c1|2 = 1 (3)

Íåñëîæíî ïîêàçàòü, ÷òî êàæäûé êóáèò ìîæåò âûñòóïàòü â êà-
÷åñòâå ñàìîñòîÿòåëüíîãî èñòî÷íèêà ãåíåðàòîðà ñëó÷àéíûõ ÷èñåë
(ÃÑ×). Â òî æå âðåìÿ ïðîèçâîëüíûé êóáèò èìååò ñîáñòâåííûé íà-
áîð ïàðàìåòðîâ, íàïðÿìóþ âëèÿþùèõ íà êà÷åñòâî ðåçóëüòèðóþùåé
äâîè÷íîé ïîñëåäîâàòåëüíîñòè (òàáë. 1).
Òàáëèöà 1. Çíà÷èìûå ïàðàìåòðû ÊÂÓ ¾brisbane¿ (20.12.24) [3].

� êóáèòà T1 T2 E1 E2

1 286.05 61.527 0.0289 0.0002038
... ... ... ... ...
127 261.15 179.896 0.0083 0.0002315
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Ïàðàìåòðû T1 è T2 îòðàæàþò âðåìÿ äåêîãåðåíöèè êâàíòîâîãî
ñîñòîÿíèÿ, èçìåðÿþòñÿ â ìêñ. E1 � ¾Readout error¿, îòíîñèòñÿ ê
èçìåðèòåëüíîìó àïïàðàòó êâàíòîâîé ñèñòåìû, ïðåäñòàâëÿåò ñîáîé
âåðîÿòíîñòü íåêîððåêòíîãî èçìåðåíèÿ êóáèòà. Ïàðàìåòð E2 �¾(sx)
error¿, âåðîÿòíîñòü, ÷òî âåíòèëü ¾sx¿ áóäåò âûïîëíåí ñ îøèáêîé,
ïðîÿâëÿåòñÿ íà ñòàäèè ïðèìåíåíèÿ è âûïîëíåíèÿ êâàíòîâîé ñõåìû.

Ïðè ïðîãíîçèðîâàíèè ðåçóëüòàòîâ ÃÑ× íàáîðó âûáðàííûõ ïàðà-
ìåòðîâ êóáèòà ñòàâèòñÿ â ñîîòâåòñòâèå ÷èñëîâîå çíà÷åíèå p̂, îòðàæà-
þùåå îòíîñèòåëüíîå êîëè÷åñòâî óñïåøíî ïðîéäåííûõ òåñòîâ NIST
STS [2]. Çíà÷èìîñòü òåñòîâ îïðåäåëÿåòñÿ ýêñïåðòíûìè îöåíêàìè ñ
ïîñëåäóþùèì ïåðåâîäîì èõ â âåñîâûå êîýôôèöèåíòû. Ïî ðåçóëüòà-
òàì àíàëèçà áîëüøèõ ñòàòèñòè÷åñêèõ äàííûõ � ôîðìèðóåòñÿ ìà-
òåìàòè÷åñêàÿ ìîäåëü ìíîæåñòâåííîé ëèíåéíîé ðåãðåññèè ïðåäñêà-
çàíèÿ êà÷åñòâà âûõîäíîé ÑÏ ñ îäèíî÷íîãî êóáèòà â çàâèñèìîñòè îò
òåõíè÷åñêèõ ïàðàìåòðîâ êâàíòîâîãî ñîñòîÿíèÿ.

Â ðàìêàõ ïðåäâàðèòåëüíûõ ýêñïåðèìåíòîâ âûáðàíû äâà êóáèòà
(�24 è �111), ãåíåðèðóþùèå íàèõóäøóþ è íàèëó÷øóþ ñ òî÷êè çðå-
íèÿ ñòàòèñòè÷åñêèõ ñâîéñòâ äâîè÷íóþ ïîñëåäîâàòåëüíîñòü, äëÿ êî-
òîðûõ âû÷èñëåííûå êâàäðàò-êîýôôèöèåíòû ìíîæåñòâåííîé êîððå-
ëÿöèè ïðîäåìîíñòðèðîâàëè äîñòàòî÷íî âûñîêèå çíà÷åíèÿ 0,82535 è
0,42497 ñîîòâåòñòâåííî. Ïðè ýòîì ÷àñòíûå êîýôôèöèåíòû äåòåðìè-
íàöèè óêàçûâàþò íà áîëüøóþ ñòåïåíü âëèÿíèÿ ïåðåìåííûõ T1 è E1

â ïåðâîì ñëó÷àå è T2 è E2 âî âòîðîì ñëó÷àå íà êà÷åñòâî ñëó÷àéíîé
ïîñëåäîâàòåëüíîñòè, ïîëó÷åííîé ñ îäèíî÷íîãî êóáèòà.

Â ðàìêàõ èññëåäîâàíèÿ ïðåäñòàâëÿåòñÿ âîçìîæíûì íàõîæäåíèå
çíà÷åíèé ïàðàìåòðîâ, ïðè êîòîðûõ ÊÂÓ ãåíåðèðóåò ÑÏ, ñòàòèñòè-
÷åñêèå ñâîéñòâà êîòîðûõ íàõîäÿòñÿ â äîïóñòèìîì äèàïàçîíå.

Ëèòåðàòóðà
1. Êðþ÷êîâ À.À. Ìîäåëè îöåíêè íàäåæíîñòè êâàíòîâûõ âû÷èñ-

ëèòåëüíûõ óñòðîéñòâ / À.À. Êðþ÷êîâ // Ôóíäàìåíòàëüíûå, ïîèñêî-
âûå, ïðèêëàäíûå èññëåäîâàíèÿ è èííîâàöèîííûå ïðîåêòû : ñáîðíèê
òðóäîâ III Íàöèîíàëüíîé íàó÷íî-ïðàêòè÷åñêîé êîíôåðåíöèè. � Ì. :
� 2024. � Ñ. 140�144.

2. SP 800-22. NIST STS / NIST STS // [Ýëåêòðîííûé ðåñóðñ]. �
URL: https://csrc.nist.gov/pubs/sp/800/22/r1/upd1/�nal (äàòà îáðà-
ùåíèÿ 30.12.24).

3. Ïëàòôîðìà îáëà÷íûõ êâàíòîâûõ âû÷èñëåíèé / IBM Quantum
Platform // [Ýëåêòðîííûé ðåñóðñ]. �URL: https://quantum.ibm.com/
(äàòà îáðàùåíèÿ 30.12.24).
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ÊÂÀÇÈÊËÀÑÑÈ×ÅÑÊÀß ÀÑÈÌÏÒÎÒÈÊÀ ÑÏÅÊÒÐÀ
ÒÐÅÕÌÅÐÍÎÃÎ ÎÏÅÐÀÒÎÐÀ ÒÈÏÀ ÕÀÐÒÐÈ ÂÁËÈÇÈ
ÂÅÐÕÍÈÕ ÃÐÀÍÈÖ ÑÏÅÊÒÐÀËÜÍÛÕ ÊËÀÑÒÅÐÎÂ1

À.Â. Ïåðåñêîêîâ (Ìîñêâà, ÍÈÓ ÌÝÈ, ÍÈÓ ÂØÝ)
pereskokov62@mail.ru

Ðàññìîòðèì çàäà÷ó íà ñîáñòâåííûå çíà÷åíèÿ äëÿ íåëèíåéíîãî
îïåðàòîðà òèïà Õàðòðè â ïðîñòðàíñòâå L2(R3)

(−∆q −
1

| q |
+ ε

∫
R3

1− µe−κε3/4|q−q′|

| q − q′ |
| ψ(q′) |2 dq′)ψ = λψ, (1)

∥ψ∥L2(R3) = 1, (2)

ãäå ∆q � îïåðàòîð Ëàïëàñà, ε > 0 � ìàëûé ïàðàìåòð, κ > 0, µ �
ïàðàìåòðû, à ïîòåíöèàë ñàìîäåéñòâèÿ ÿâëÿåòñÿ ðàçíîñòüþ êóëîíîâ-
ñêîãî è ýêðàíèðîâàííîãî êóëîíîâñêîãî ïîòåíöèàëîâ. Ïîäîáíûå ïî-
òåíöèàëû ( íàïðèìåð, äâîéíîé ïîòåíöèàë Þêàâû ) âîçíèêàþò ïðè
îïèñàíèè ðåàëüíûõ âçàèìîäåéñòâèé.

Õîðîøî èçâåñòíî, ÷òî ïðè ε = 0 ñîáñòâåííûå çíà÷åíèÿ λ = λn(ε)
çàäà÷è (1), (2) èìåþò âèä

λn(0) = − 1

4n2
, n = 1, 2, . . . , (3)

ãäå n � ãëàâíîå êâàíòîâîå ÷èñëî. Ïóñòü òåïåðü ε íå ðàâíî íóëþ. Ðàñ-
ñìîòðèì ñëó÷àé, êîãäà ÷èñëî n âåëèêî. Äëÿ îïðåäåëåííîñòè áóäåì
ñ÷èòàòü, ÷òî λ èìååò ïîðÿäîê ε. Òîãäà n èìååò ïîðÿäîê ε−1/2.

Ïóñòü p = n− | m | −1, ãäå m � ìàãíèòíîå êâàíòîâîå ÷èñëî. Â
äàííîé ðàáîòå äëÿ êàæäîãî p = 0, 1, 2, . . . íàéäåíû àñèìïòîòè÷åñêèå
ñîáñòâåííûå çíà÷åíèÿ

λ
(p)
n,i(ε) = − 1

4n2
+ ε

(
lnn

4πn2
+
E

(p)
1,i

n2

)
+O

(
ε lnn

n5/2

)
, n→ ∞, (4)

ãäå i = 0, . . . , Ip, êîòîðûå ðàñïîëîæåíû âáëèçè âåðõíèõ ãðàíèö ñïåê-
òðàëüíûõ êëàñòåðîâ. Â ÷àñòíîñòè, ïðè p = 0 ñóùåñòâóåò îäíî ÷èñëî

E
(0)
1,0 =

1

4π

(
5 ln 2 + γ − µf0

(
b20
2

))
,

1 Ðåçóëüòàòû ïîëó÷åíû â ðàìêàõ âûïîëíåíèÿ ãîñóäàðñòâåííîãî çàäàíèÿ Ìè-
íîáðíàóêè Ðîññèè (ïðîåêò FSWF-2023-0012)
© Ïåðåñêîêîâ À.Â., 2025
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ãäå γ ≈ 0.57 � ïîñòîÿííàÿ Ýéëåðà, b0 = 2κ n3/2ε3/4, f0(x) =
exEi(−x). Çäåñü

Ei(x) =

∫ x

−∞

et

t
dt

îáîçíà÷àåò èíòåãðàëüíóþ ïîêàçàòåëüíóþ ôóíêöèþ.
Ïðè p = 1 ñóùåñòâóþò äâà ÷èñëà

E
(1)
1,0 =

1

4π

(
5 ln 2 + γ − 5

8
−

−µ
[

1√
2b0

(
3f2

(
b20
2

)
− f1

(
b20
2

))
− 3

4
f0

(
b20
2

)])
,

E
(1)
1,1 =

1

4π

(
5 ln 2 + γ − 3

4
− µ

[√
2

b0
f2

(
b20
2

)
− 1

2
f0

(
b20
2

)])
,

ãäå f1(x) = ex/2W−3/2,0(x), f2(x) = ex/2W−5/2,0(x). Çäåñü Wκ,µ(z) �
âûðîæäåííàÿ ãèïåðãåîìåòðè÷åñêàÿ ôóíêöèÿ Óèòòåêåðà. Îíà ñâÿçà-
íà ñ âûðîæäåííîé ãèïåðãåîìåòðè÷åñêîé ôóíêöèåé Ψ(a, b; z) ñîîòíî-
øåíèåì Wκ,µ(z) = zµ+1/2e−z/2Ψ(µ− κ + 1/2, 2µ+ 1; z).

Ñîîòâåòñòâóþùèå (4) àñèìïòîòè÷åñêèå ñîáñòâåííûå ôóíêöèè ëî-
êàëèçîâàíû âáëèçè îêðóæíîñòè â ïðîñòðàíñòâå R3, íà êîòîðîé ïî-
òåíöèàë ñàìîäåéñòâèÿ â (1) èìååò ëîãàðèôìè÷åñêóþ îñîáåííîñòü [1].
Ïîýòîìó âòîðîé ÷ëåí â ôîðìóëå (4) ñîäåðæèò lnn. Òàê êàê îí èìå-
åò ïîðÿäîê (ε lnn)/n2, à âíóòðè êëàñòåðà ñîîòâåòñòâóþùàÿ ïîïðàâ-
êà ïðèíèìàåò çíà÷åíèÿ ïîðÿäêà ε/n2, òî ÷èñëà λ(p)n,i(ε) ðàñïîëîæåíû
âáëèçè âåðõíèõ ãðàíèö ñïåêòðàëüíûõ êëàñòåðîâ. Ýòè êëàñòåðû îá-
ðàçóþòñÿ âîêðóã óðîâíåé ýíåðãèè (3) íåâîçìóùåííîãî îïåðàòîðà (
ïðè ε = 0).

Ëèòåðàòóðà
1. Pereskokov A.V. Asymptotics of the spectrum of a three-

dimensional Hartree type operator near upper boundaries of spectral
clusters / A.V. Pereskokov // J. Math. Sci. � 2024. � V. 281, � 4. �
P. 612�624.
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Î ÑÊÎÐÎÑÒÈ ÑÕÎÄÈÌÎÑÒÈ Rd-ÝÐÃÎÄÈ×ÅÑÊÈÕ
ÑÐÅÄÍÈÕ, ÏÎÑÒÐÎÅÍÍÛÕ ÏÎ ÂÛÏÓÊËÎÌÓ

ÌÍÎÆÅÑÒÂÓ Ñ ÃÐÀÍÈÖÅÉ ÏÎËÎÆÈÒÅËÜÍÎÉ
ÊÐÈÂÈÇÍÛ1

È.Â. Ïîäâèãèí
(Íîâîñèáèðñê, Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ)

ipodvigin@math.nsc.ru

ÏóñòüH� ãèëüáåðòîâî ïðîñòðàíñòâî, íà êîòîðîì äåéñòâóåò ãðóï-
ïà Rd óíèòàðíûìè ïðåîáðàçîâàíèÿìè Ut, t ∈ Rd. Ïóñòü K ⊂ Rd �
ìíîæåñòâî êîíå÷íîé ïîëîæèòåëüíîé ìåðû Ëåáåãà Ld. Ãîìîòåòèþ,
ïîðîæäåííóþ âåêòîðîì t ∈ Rd, îáîçíà÷èì êàê

x 7→ x⊙ t := (x1t1, x2t2, . . . , xdtd), x ∈ Rd.

Äëÿ t ∈ Rd ïîëîæèì Kt = K ⊙ t. Ñòàòèñòè÷åñêàÿ ýðãîäè÷åñêàÿ òåî-
ðåìà óòâåðæäàåò, ÷òî äëÿ ëþáîãî âåêòîðà h ∈ H

IK(t) :=

∥∥∥∥ 1

Ld(Kt)

∫
Kt

Ush dLd(s)− Ph

∥∥∥∥2
H

→ 0

ïðè t1, ..., td → ∞, ãäå P � îðòîãîíàëüíîå ïðîåêòèðîâàíèå íà ïîä-
ïðîñòðàíñòâî íåïîäâèæíûõ âåêòîðîâ ãðóïïû {Ut}t∈Rd .

Áëàãîäàðÿ èçâåñòíîé ôîðìóëå

IK(t) =

∫
Rd

∣∣∣∣ 1

Ld(K)
F[IK](x⊙ t)

∣∣∣∣2 dσh−Ph(x)
âèäíà çàâèñèìîñòü àñèìïòîòèêè èíòåãðàëà IK(t) îò ïðåîáðàçîâàíèÿ
Ôóðüå F[IK](x) =

∫
K e

i(y,x) dLd(y) èíäèêàòîðà IK, è ñïåêòðàëüíîé ìå-
ðû σh−Ph âåêòîðà h− Ph.

Â äîêëàäå ìû ðàññìàòðèâàåì ñëó÷àé, êîãäà ìíîæåñòâî K âû-
ïóêëî, êîìïàêòíî è èìååò äîñòàòî÷íî ãëàäêóþ ãðàíèöó ∂K ñî
âñþäó ïîëîæèòåëüíîé ïîëíîé (ãàóññîâîé) êðèâèçíîé. Àñèìïòîòè-
êà ïðè |x| :=

√
(x,x) → ∞ ïðåîáðàçîâàíèÿ Ôóðüå F[IK](x) òàêî-

ãî ìíîæåñòâà õîðîøî èçó÷åíà (ñì., íàïðèìåð, ìîíîãðàôèþ [1,
�2.3]). À èìåííî, ïóñòü ∂K ïðèíàäëåæèò êëàññó ãëàäêîñòè Ck ïðè

1 Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ ÈÌ ÑÎ ÐÀÍ (ïðîåêò
� FWNF-2022-0004).
© Ïîäâèãèí È.Â., 2025
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k > max
{
1, d−1

2

}
. Òîãäà ñïðàâåäëèâî àñèìïòîòè÷åñêîå ðàâåíñòâî, äî-

êàçàííîå Õåðöåì (ñì. áîëåå îáùèé ðåçóëüòàò â [1, òåîðåìà 2.29]):

F[IK](x) = D(x)|x|−
d+1
2 + o(|x|−

d+1
2 )

ïðè |x| → ∞, ãäå D(x) � îãðàíè÷åííàÿ ôóíêöèÿ, çàâèñÿùàÿ îò ïîë-
íîé êðèâèçíû.

Îñíîâíîé ðåçóëüòàò äîêëàäà çàêëþ÷àåòñÿ â ñëåäóþùåì ñïåê-
òðàëüíîì êðèòåðèè îäíîðîäíîé ñêîðîñòè ñõîäèìîñòè â ñòàòèñòè÷å-
ñêîé ýðãîäè÷åñêîé òåîðåìå. Ïîëîæèì

E(t) = {x ∈ Rd : |x⊙ t| < 1} =
{
x ∈ Rd : x21t21 + · · ·+ x2dt

2
d < 1

}
.

Òåîðåìà.Ïóñòü φ � îäíîðîäíàÿ ôóíêöèÿ ñòåïåíè α > −(d+ 1),
òîãäà ïðè t1, ..., td → ∞ ñïðàâåäëèâà ýêâèâàëåíòíîñòü

IK(t) = O(φ(t)) ⇔ σh−Ph(E(t)) = O(φ(t)).

Ýòà òåîðåìà, ïðèìåíåííàÿ äëÿ åäèíè÷íîãî øàðà K, äîïîëíÿåò
íåäàâíèé êðèòåðèé èç [2], ãäå ðàññìàòðèâàëèñü øàðîâûå óñðåäíåíèÿ
ñ îäíèì ïàðàìåòðîì, ò.å. t1 = ... = td = R.Ìû òàêæå óïîìÿíåì ïîõî-
æèé ðåçóëüòàò [3,4] äëÿ ìíîæåñòâà K ñ íóëåâîé êðèâèçíîé ãðàíèöû
� äëÿ åäèíè÷íîãî êóáà.

Ëèòåðàòóðà
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÷óðîâñêèé, È.Â. Ïîäâèãèí, Â.Ý. Òîäèêîâ, A.Æ. Õàêèìáàåâ // Ñèá.
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4. Ïîäâèãèí È.Â. Êðèòåðèé ñòåïåííîé ñêîðîñòè ñõîäèìîñòè ýð-
ãîäè÷åñêèõ ñðåäíèõ äëÿ óíèòàðíûõ äåéñòâèé ãðóïï Zd è Rd /
È.Â. Ïîäâèãèí // Àëãåáðà è àíàëèç. � 2024. � Ò. 36, � 4. � Ñ. 148�
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ÑÐÀÂÍÅÍÈÅ ÏÅÐÂÛÕ ×ÀÑÒÎÒ ÊÎËÅÁÀÍÈÉ
ÌÅÌÁÐÀÍÛ È ÑÅÒÊÈ ÈÇ ÑÒÐÓÍ

À.À. Ïîçäíÿêîâ (Âîðîíåæ, ÂÃÓ)
andruwapozd@gmail.com

Ðàññìàòðèâàåòñÿ êëàññè÷åñêàÿ çàäà÷à î ñïåêòðå ÷àñòîò ñîáñòâåí-
íûõ êîëåáàíèé ìåìáðàíû:{

σ△ u+ λρu = 0, x ∈ Q0

u = 0, x ∈ δQ

ãäå σ − íàïðÿæåíèå ìåìáðàíû, ρ− ïëîòíîñòü ìåìáðàíû
È àíàëîãè÷íàÿ çàäà÷à :{

Th △G u+ λhρhu = 0, x ∈ G0

u = 0, x ∈ δG

ãäå Th − íàòÿæåíèå ñòðóí, ρh − ïëîòíîñòü ñòðóí
Î ÷àñòîòàõ êîëåáàíèé ñåòêè èç ñòðóí, çàïîëíÿþùåé êâàäðàò Q ñ

ÿ÷åéêîé h × h.
Íàòÿæåíèå è ïëîòíîñòü ñåòêè ñâÿçÿíà ñ àíàëîãè÷íûìè âåäè÷è-

íàìè äëÿ ìåìáðàíû ôîðìóëàìè:ρh =
ρh

2
Th = σh

Â ïðîøëûõ äîêëàäàõ áûëî ïîêàçàíî, ÷òî ïåðâûå ñîáñòâåííûå
çíà÷åíèÿ äàííûõ ñèñòåì ñâÿçàíû íåðàâåíñòâîì: λ1 ⩾ λh1 . Â äîêëàäå,
îñíîâûâàÿñü íà ïðèíöèïå Ðåëýÿ äîêàçàíî, ÷òî λh1 → λ1 ïðè h→ 0.

Ðàíåå ýòîò ðåçóëüòàò áûë ïîëó÷åí Î.Ì.Ïåíêèíûì è äðóãèìè íà
îñíîâå ïðÿìûõ âû÷èñëåíèé, îïèðàþùèõñÿ íà ïðàâèëüíóþ ôîðìó
ñåòêè. Íàø ìåòîä èìååò ïåðñïåêòèâû ïåðåíîñà íà íåñèììåòðè÷íûå
ñåòêè, ãäå ïðÿìûå âû÷èñëåíèÿ îêàçûâàþòñÿ çàòðóäíèòåëüíûìè.

Ëèòåðàòóðà
1. Êóðàíò Ð. Ìåòîäû ìàòåìàòè÷åñêîé ôèçèêè / Ð. Êóðàíò,

Ä. Ãèëüáåðò � Ìåòîäû ìàòåìàòè÷åñêîé ôèçèêè Ò.1 � 3-å èçä.
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ÎÁ ÎÏÒÈÌÀËÜÍÎÌ ÂÎÑÑÒÀÍÎÂËÅÍÈÈ
Â ÂÅÑÎÂÛÕ ÊËÀÑÑÀÕ ÐÅØÅÍÈÉ ÑÈÍÃÓËßÐÍÎÃÎ

ÓÐÀÂÍÅÍÈß ÒÅÏËÎÏÐÎÂÎÄÍÎÑÒÈ1

Ì.Â. Ïîëîâèíêèíà, È.Ï. Ïîëîâèíêèí
(Âîðîíåæ, ÂÃÓÈÒ; Âîðîíåæ, ÂÃÓ; Áåëãîðîä, ÁåëÃÓ)

polovinkina-marina@yandex.ru

Ðàññìîòðèì çàäà÷ó Êîøè
∂u/∂t = Bu, x ∈ R+, t > 0, u(x, 0) = u0(x), x ∈ R+,

ãäå B � îïåðàòîð Áåññåëÿ â R+, îïðåäåëÿåìûé ôîðìóëîé B u =
∂2u/∂x2+γ/x ∂u/∂x. Åäèíñòâåííîå ðåøåíèå ýòîé çàäà÷è âûðàæàåò-
ñÿ ñëåäóþùåé ôîðìóëîé, îáîáùàþùåé õîðîøî èçâåñòíóþ ôîðìóëó
Ïóàññîíà [1,2]:

u(x, t) = Ptu0 ≡ 1
2txν

∫
R+

ην+1 u0(η) Iν
(
ηx
2t

)
exp

(
−η2+x2

4t

)
dη .

ãäå Iν(·) � ìîäèôèöèðîâàííàÿ ôóíêöèÿ Áåññåëÿ ïåðâîãî ðîäà ïî-
ðÿäêà ν, Γ(·) � ãàììà�ôóíêöèÿ Ýéëåðà.

Ïóñòü ôóíêöèè yj(·) ∈ Lγ2(R) èçâåñòíû â ìîìåíòû 0 ⩽ t1 < · · · <
tp è ∥u(·, tj)− yj(·)∥Lγ

2 (R+) ⩽ δj , j = 1, . . . , p, ãäå δj > 0, j = 1, . . . , p.
Òðåáóåòñÿ, êàæäîìó òàêîìó íàáîðó ôóíêöèé ïîñòàâèòü â ñîîòâåò-
ñòâèå ôóíêöèþ èç Lγ2(R+), êîòîðàÿ â íåêîòîðîì ñìûñëå íàèëó÷øèì
îáðàçîì àïïðîêñèìèðîâàëà áû èñòèííîå ðàñïðåäåëåíèå òåìïåðàòó-
ðû â R+ â ôèêñèðîâàííûé ìîìåíò âðåìåíè τ . Ëþáîå îòîáðàæåíèå
m : Lγ2(R+)× · · · × Lγ2(R+) −→ Lγ2(R+), ñëåäóÿ [3], ìû íàçûâàåì ìå-
òîäîì âîññòàíîâëåíèÿ (òåìïåðàòóðû â R+ â ìîìåíò τ ñîãëàñíî ýòîé
èíôîðìàöèè). Çíà÷åíèå e(τ, δ,m) = sup

U
∥u(·, τ) −m(yj(·))(·)∥Lγ

2 (R+),

ãäå y(·) = (y1(·), . . . , yp(·)), δ = (δ1(·), . . . , δp(·)), U = {(u0(·), y(·)) ∈
Lγ2(R+) : ∥u(·, tj)−yj(·)∥Lγ

2 (R+) ⩽ δj , j = 1, . . . , p}, íàçûâàåòñÿ îøèá-
êîé ýòîãî ìåòîäà. Çíà÷åíèå

E(τ, δ) = inf
m:(Lγ

2 (R))p−→Lγ
2 (R+)

e(τ, δ,m)

íàçûâàåòñÿ îøèáêîé îïòèìàëüíîãî âîññòàíîâëåíèÿ. Ìåòîä m̂, äëÿ
êîòîðîãî E(τ, δ) = e(τ, δ, m̂), íàçûâàåòñÿ îïòèìàëüíûì ìåòîäîì âîñ-
ñòàíîâëåíèÿ.

Íà äâóìåðíîé ïëîñêîñòè (t, y) ïîñòðîèì ìíîæåñòâî

M = co {(tj , ln (1/δj)) j = 1, . . . , p}+ {(t, 0) : t ⩾ 0} ,

1 Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò � 10-01-
00000).
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ãäå c oA îçíà÷àåò âûïóêëóþ îáîëî÷êó ìíîæåñòâà A. Ââå-
äåì ôóíêöèþ θ(t) íà ëó÷å [0,+∞) ñ ïîìîùüþ ôîðìóëû
θ(t) = max{y : (t, y) ∈M},ïðåäïîëàãàÿ, ÷òî θ(t) = −∞, åñëè (t, y) /∈
M ïðè âñåõ y. Íà ëó÷å [t1,+∞) ãðàôèê ôóíêöèè θ(t) � íàïðàâ-
ëåííàÿ ââåðõ âûïóêëàÿ ââåðõ (âîãíóòàÿ) ëîìàíàÿ ëèíèÿ. Ïóñòü
t1 = ts1 < ts2 < · · · < tsϱ ñóòü òî÷êè åå èçëîìîâ.

Òåîðåìà [4]. Äëÿ ëþáîãî τ > 0 E(τ, δ) = e−θ(τ).
1. Åñëè 0 ⩽ τ < t1, òî θ(τ) = −∞.
2. Åñëè τ = tsj , j = 1, . . . , ϱ òî ìåòîä m̂, îïðåäåëåííûé ôîðìóëîé

m̂(y(·))(·) = ysj (·), ÿâëÿåòñÿ îïòèìàëüíûì.
3. Åñëè ϱ ⩾ 2, τ ∈ (tsj , tsj+1

), òî ìåòîä m̂, îïðåäåëåííûé ôîðìó-
ëîé m̂(y(·))(·) = (Ψsj ∗ ysj )γ(·) + (Ψsj+1

∗ ysj+1
)γ(·),ãäå Ψsj (·), Ψsj+1

(·)
� ôóíêöèè, îáðàçû Ôóðüå�Áåññåëÿ êîòîðûõ èìåþò âèä

FγΨsj (ξ) =
(tsj+1

− τ)δ2sj+1
e−|ξ|2(τ−tsj )

(tsj+1
− τ)δ2sj+1

+ (τ − tsj )δ
2
sje

−2|ξ|2(tsj+1
−tsj )

,

FγΨsj+1
(ξ) =

(τ − tsj )δ
2
sje

−|ξ|2(τ+tsj+1
−2tsj )

(tsj+1 − τ)δ2sj+1
+ (τ − tsj )δ

2
sje

−2|ξ|2(tsj+1
−tsj )

,

ÿâëÿåòñÿ îïòèìàëüíûì.
4. Åñëè τ > tsϱ , òî ìåòîä m̂, îïðåäåëåííûé ôîðìóëîé

m̂(y(·))(·) = Pτ−tsϱ ysϱ(·), ÿâëÿåòñÿ îïòèìàëüíûì.
Ëèòåðàòóðà

1. Æèòîìèðñêèé ß. È. Çàäà÷à Êîøè äëÿ ñèñòåì ëèíåéíûõ óðàâ-
íåíèé â ÷àñòíûõ ïðîèçâîäíûõ ñ äèôôåðåíöèàëüíûìè îïåðàòîðà-
ìè òèïà Áåññåëÿ / ß. È. Æèòîìèðñêèé // Ìàòåì. ñá. � 1955. �
T. 36(78), � 2. �C. 299�310.

2. Muravnik A.B. Functional Di�erential Parabolic Equations:
Integral Transformations and Qualitative Properties of Solutions of the
Cauchy Problem / A.B. Muravnik // J. Math. Sci. � 2016. � 216. �
C. 345�496. � https://doi.org/10.1007/s10958-016-2904-0 .

3. Ìàãàðèë�Èëüÿåâ Ã. Ã.Îïòèìàëüíîå âîññòàíîâëåíèå ðåøå-
íèÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ïî íåòî÷íûì èçìåðåíèÿì /
Ã. Ã. Ìàãàðèë�Èëüÿåâ, Ê.Þ. Îñèïåíêî // Ìàòåì. ñá. � 2009. �
T. 200, � 5. � C. 37-�54. https://doi.org/10.4213/sm7301 .

4. Polovinkina, M.V., Polovinkin, I.P. Recovery of the solution of the
singular heat equation from measurement data. Bol. Soc. Mat. Mex. 29,
41 (2023). https://doi.org/10.1007/s40590-023-00513-3

273



ÐÅØÅÍÈÅ ÍÀ×ÀËÜÍÎ ÊÐÀÅÂÎÉ ÇÀÄÀ×È
ÄËß ÓÐÀÂÍÅÍÈß ÊÎËÅÁÀÍÈÉ ÒÅÐÌÎÓÏÐÓÃÈÕ

ÏËÀÑÒÈÍ.
Ñ.Â. Ïîëîìèí (Ìîñêâà, ÐÃÓ èì. À.Í. Êîñûãèíà)
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Â ñîâðåìåííûõ èññëåäîâàíèÿõ âîïðîñû, êàñàþùèåñÿ äèíàìèêè
òåðìîóïðóãèõ ïëàñòèí, ïðèîáðåòàþò îñîáóþ àêòóàëüíîñòü. Òåðìî-
óïðóãèå ïëàñòèíû èñïîëüçóþòñÿ â ðÿäå èíæåíåðíûõ ïðèëîæåíèé,
îò àâèàöèè äî ñòðîèòåëüíîé ìåõàíèêè, ÷òî äåëàåò íåîáõîäèìûì òùà-
òåëüíîå èçó÷åíèå èõ êîëåáàòåëüíûõ ñâîéñòâ.

Â ðàáîòå ðàññìàòðèâàåòñÿ íà÷àëüíî êðàåâàÿ çàäà÷è äëÿ óðàâíå-
íèÿ êîëåáàíèé òåðìîóïðóãèõ ïëàñòèí. Îñíîâíûì óðàâíåíèåì ðàáîòû
ÿâëÿåòñÿ óðàâíåíèå èç ðàáîòû [1], âîçíèêàþùåå â òåîðèè êîëåáàíèé
òåðìîóïðóãèõ ïëàñòèí:

∂3

∂t3
(∆u− βu) + k

∂2

∂t2
·∆(∆u− αu) + γ

∂

∂t
∆2u− k∆3u = F (x, t)

ñ íà÷àëüíûìè óñëîâèÿìè:

∂ju

∂tj

∣∣∣∣
t=0

= uj(x), j = 0, . . . , 2;x ∈ Ω;

êðàåâûìè óñëîâèÿìè Äèðèõëå:

u|∂Ω = 0;

èëè óñëîâèÿìè Íåéìàíà:

∂u

∂n

∣∣∣∣
∂Ω

= 0

Äàííîå âîëíîâîå óðàâíåíèå îïðåäåëÿåò àìïëèòóäó ïîïåðå÷íûõ
êîëåáàíèé òåðìîóïðóãèõ ïëàñòèí. Çäåñü u(x, t)− ôóíêöèÿ, êîòîðàÿ
ïîêàçûâàåò íà ñêîëüêî îò òî÷êè ðàâíîâåñèÿ, îòêëîíÿåòñÿ ïîëîòíî â
òî÷êå x â ìîìåíò âðåìåíè t.

Äëÿ ïîèñêà òî÷íûõ ðåøåíèé óðàâíåíèÿ ôóíêöèÿ u(x, t) ïðåäñòàâ-
ëÿåòñÿ â âèäå u(x, t) = T (t) sinλx, ãäå ñîìíîæèòåëü, êîòîðûé çàâèñèò
îò x, îïðåäåëÿåòñÿ ñ ïîìîùüþ ìåòîäà Ãàë¼ðêèíà. Äëÿ îïðåäåëåíèÿ
ôóíêöèè T (t) âîçíèêàåò ñåìåéñòâî çàäà÷ Êîøè äëÿ ëèíåéíîãî îáûê-
íîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ òðåòüåãî ïîðÿäêà.
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Òàêæå â ðàáîòå óñòàíîâëåíî ýíåðãåòè÷åñêî òîæäåñòâî, êîòîðîå
ìîæíî èíòåðïðåòèðîâàòü, êàê çàêîí ñîõðàíåíèÿ ýíåðãèè äëÿ äàííîé
ìåõàíè÷åñêîé ñèñòåìû.

Âûðàáîòàííûå ìåòîäû è ïîäõîäû ìîãóò íàéòè ïðèìåíåíèå â ðàñ-
÷åòàõ è ðàçðàáîòêàõ íîâûõ èíæåíåðíûõ ïðîåêòîâ, ãäå êðèòè÷íî ó÷è-
òûâàòü âçàèìîäåéñòâèå ìåõàíèêè è òåðìîäèíàìèêè.
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Îáîçíà÷èì C2π ìíîæåñòâî âñåõ 2π−ïåðèîäè÷åñêèõ è íåïðåðûâ-
íûõ íà R ôóíêöèé. Äàâíî èçâåñòíî [1, ãë.8], ÷òî åñëè ôóíêöèÿ
f ∈ C2π è å¼ ìîäóëü íåïðåðûâíîñòè óäîâëåòâîðÿåò óñëîâèþ∫ π

0

ω(f ;h)

h
dh < +∞,

òî 1) ðÿä Ôóðüå f(x) = a0/2 +
∑∞
n=1(an cos (nx) + bn sin (nx))

ñõîäèòñÿ ê f(x) ðàâíîìåðíî íà R, 2) ñîïðÿæ¼ííûé ðÿä∑∞
n=1(an sin (nx)− bn cos (nx)) ñõîäèòñÿ ðàâíîìåðíî íà R ê ôóíêöèè

f(x) =
1

2π

∫ π

0

ctg

(
t

2

)
[f(x− t)− f(x+ t)]dt ∈ C2π,

êîòîðàÿ íàçûâàåòñÿ ôóíêöèåé, ñîïðÿæ¼ííîé ê f .
È.È. Ïðèâàëîâ [2] äîêàçàë, ÷òî åñëè α ∈ (0, 1) è ω(f ;h) ⩽ Mhα,

M > 0, h ∈ (0, π], òî ω(f ;h) ⩽ C(α)Mhα, ãäå C(α) - íåêîòîðàÿ ïî-
ëîæèòåëüíàÿ íà (0, 1) ôóíêöèÿ. À.Á. Àëåêñàíäðîâ [3] íàø¼ë îïòè-
ìàëüíîå çíà÷åíèå C(α) = π−1B(α/2, (1−α)/2), ãäå B� áåòà-ôóíêöèÿ
Ýéëåðà.

Ìû ðåøèëè àíàëîãè÷íóþ çàäà÷ó äëÿ êëàññà ôóíêöèé, óäîâëåòâî-
ðÿþùåé óñëîâèþ Ëèïøèöà ïîðÿäêà 1, à èìåííî íàøëè

Ω1(h) = sup{ω(f ;h)
∣∣f ∈ C2π, ω(f ; t) ⩽ t ∀t ∈ [0, π]}.
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Òåîðåìà. Ω1(h) ÿâëÿåòñÿ ìîäóëåì íåïðåðûâíîñòè ôóíêöèè ñî-
ïðÿæ¼ííîé ê 2π−ïåðèîäè÷åñêîìó ïðîäîëæåíèþ ôóíêöèè f(x) = |x|,
−π ⩽ x ⩽ π, òî åñòü Ω1(h) = ω(f ;h) ïðè h ∈ [0, π], ãäå

f(x) = −
∞∑
n=1

4 sin (2n− 1)x

π(2n− 1)2

. Êðîìå òîãî, ñïðàâåäëèâî òîæäåñòâî

Ω1(h) =
2h

π
ln

(
4e

h

)
− 4

π

∫ h/2

0

(
h

2
− t

)(
1

sin t
− 1

t

)
dt.

.
Ñëåäñòâèå. Â óñëîâèÿõ òåîðåìû âåðíî äâîéíîå íåðàâåíñòâî

2− π

6

(
h

π

)3

< Ω1(h)−
2h

π
ln

(
4e

h

)
< − h3

72π
.

Â ÷àñòíîñòè, èìååì

−0, 191

(
h

π

)3

< Ω1(h)−
2h

π
ln

(
4e

h

)
< −0, 137

(
h

π

)3

.
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Ïóñòü äàíû äâå áîðåëåâñêèå âåðîÿòíîñòíûå ìåðû µ è ν íà âïîëíå
ðåãóëÿðíûõ òîïîëîãè÷åñêèõ ïðîñòðàíñòâàõ X è Y ñîîòâåòñòâåííî, à
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òàêæå áîðåëåâñêàÿ íåîòðèöàòåëüíàÿ ôóíêöèÿ h íà X × Y (íàçûâà-
åìàÿ ôóíêöèåé ñòîèìîñòè). Ðàññìîòðèì ìíîæåñòâî Π(µ, ν) âñåõ áî-
ðåëåâñêèõ âåðîÿòíîñòíûõ ìåð íà ïðîèçâåäåíèè X × Y ñ ïðîåêöèÿìè
µ è ν íà ñîìíîæèòåëè, ò.å. σ(A× Y ) = µ(A) è σ(X ×B) = ν(B) äëÿ
âñåõ áîðåëåâñêèõ ìíîæåñòâ A ⊂ X è B ⊂ Y . Ìåðû èç ìíîæåñòâà
Π(µ, ν) íàçûâàþòñÿ ïëàíàìè Êàíòîðîâè÷à èëè òðàíñïîðòíûìè ïëà-
íàìè, à ìåðû µ è ν íàçûâàþòñÿ ìàðãèíàëàìè. Çàäà÷à Êàíòîðîâè÷à
çàêëþ÷àåòñÿ â ìèíèìèçàöèè èíòåãðàëà

Jh(σ) =

∫
X×Y

h(x, y)σ(dx dy)

ïî ìíîæåñòâó Π(µ, ν). Ôóíêöèÿ ñòîèìîñòè h îáû÷íî ïðåäïîëàãàåò-
ñÿ íåïðåðûâíîé èëè ïîëóíåïðåðûâíîé ñíèçó, ÷òîáû ãàðàíòèðîâàòü
ñóùåñòâîâàíèå ìèíèìóìà. Ôóíêöèîíàë Jh ÿâëÿåòñÿ ëèíåéíûì ïî σ,
ïîýòîìó ìû èìååì äåëî ñ ìèíèìèçàöèåé ëèíåéíîãî ôóíêöèîíàëà íà
âûïóêëîì ìíîæåñòâå, êîòîðîå êîìïàêòíî â ñëàáîé òîïîëîãèè.

Â [1] áûëà ðàññìîòðåíà ìîäèôèêàöèÿ çàäà÷è Êàíòîðîâè÷à, â êî-
òîðîé äîïóñêàåòñÿ çàâèñèìîñòü ôóíêöèè ñòîèìîñòè h îò ïëàíà σ, òî
åñòü h � áîðåëåâñêàÿ ôóíêöèÿ íà X × Y ×P(X × Y ), ãäå P(X × Y )
� ïðîñòðàíñòâî âåðîÿòíîñòíûõ áîðåëåâñêèõ ìåð íà X × Y , êîòîðîå
ðàññìàòðèâàåòñÿ ñî ñëàáîé òîïîëîãèåé. Òàêèì îáðàçîì, òåïåðü ôóíê-
öèîíàë

Jh(σ) =

∫
X×Y

h(x, y, σ)σ(dx dy)

íå ÿâëÿåòñÿ ëèíåéíûì ïî σ. Ðàññìîòðèì ñëó÷àé, êîãäà ôóíêöèÿ ñòî-
èìîñòè h çàâèñèò îò óñëîâíûõ ìåð σx íà Y ìåðû σ îòíîñèòåëüíî
ìåðû µ. Ôóíêöèîíàë, ñâÿçàííûé ñ óñëîâíûìè ìåðàìè, ìîæåò èìåòü
âèä ∫

X

∫
Y

h(x, y, σx)σx(dy)µ(dx)

èëè áîëåå ïðîñòîé âèä ∫
X

h(x, σx)µ(dx).

Â ðàáîòå [1] áûëî äîêàçàíî, ÷òî åñëè X,Y � ïîëüñêèå ïðîñòðàí-
ñòâà, ôóíêöèÿ h : X×P(Y ) → R ïîëóíåïðåðûâíà ñíèçó íà X×P(Y )
è âûïóêëà ïî p, òî â íåëèíåéíîé çàäà÷å Êàíòîðîâè÷à ñ ôóíêöèåé
ñòîèìîñòè h ñóùåñòâóåò îïòèìàëüíûé ïëàí.
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Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ íåëèíåéíàÿ çàäà÷à Êàíòîðîâè-
÷à ñ ôóíêöèåé ñòîèìîñòè h(x, y, σx). Äîêàçûâàåòñÿ, ÷òî â ýòîé çàäà÷å
îïòèìàëüíîå ðåøåíèå ìîæåò íå ñóùåñòâîâàòü, åñëè h : X×P(Y ) → R
� îãðàíè÷åííàÿ íåïðåðûâíàÿ ôóíêöèÿ è ôóíêöèÿ p 7→ h(x, y, p) âû-
ïóêëà ïî p ïðè âñåõ x ∈ X, y ∈ Y .

Òàêæå äîêàçûâàåòñÿ íîâûé ðåçóëüòàò î ñóùåñòâîâàíèè ðåøåíèÿ
â íåëèíåéíîé çàäà÷å ñ óñëîâíûìè ìåðàìè äëÿ ôóíêöèé ñòîèìî-
ñòè h(x, σx), ïîçâîëÿþùèé îñëàáèòü óñëîâèå âûïóêëîñòè ôóíêöèè
h : X × P(Y ) → R ïî p.

Èçó÷àåòñÿ íåëèíåéíàÿ çàäà÷à Êàíòîðîâè÷à ñ ôóíêöèåé ñòîèìî-
ñòè h(x, g(σx)), ãäå g(p) =

∫
Y
F (y)p(dy) è F : Y → Rd � áîðåëåâñêàÿ

ôóíêöèÿ. Ìû ïîêàçûâàåì ñâÿçü íåëèíåéíîé çàäà÷è ñ ôóíêöèåé ñòî-
èìîñòè h(x, g(σx)) è íåêîòîðîé çàäà÷è Ìîíæà ñ âûïóêëûì äîìèíè-
ðîâàíèåì.
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íûõ ïðèáëèæåíèé ôóíêöèè |x| íà îòðåçêå [−1, 1] â ñðàâíåíèè ñ ïîëè-
íîìèàëüíûìè àïïðîêñèìàöèÿìè. Ðåçóëüòàò Ä. Íüþìåíà ïðèäàë íî-
âûé èìïóëüñ â èññëåäîâàíèÿõ íàèëó÷øèõ ðàâíîìåðíûõ ðàöèîíàëü-
íûõ ïðèáëèæåíèé ôóíêöèè |x| íà îòðåçêå [−1, 1], à ¾íüþìåíîâñêèå¿
ïàðàìåòðû ξk = e−k/

√
n, k = 0, 1, . . . , n, è èõ ìîäèôèêàöèè îêàçàëèñü

ïîëåçíûìè â ðàöèîíàëüíîé àïïðîêñèìàöèè ôóíêöèé ñî ñòåïåííîé
îñîáåííîñòüþ. Â ÷àñòíîñòè, îíè ìîãóò áûòü èñïîëüçîâàíû ïðè ðåøå-
íèè çàäà÷ àïïðîêñèìàöèè ðàöèîíàëüíûìè èíòåãðàëüíûìè îïåðàòî-
ðàìè, âîñõîäÿùèìè ñâîèìè êîðíÿìè ê êëàññè÷åñêèì ðÿäàì Ôóðüå.

Â 1979 ãîäó Å. À. Ðîâáà [2] ââåë ðàöèîíàëüíûé èíòåãðàëüíûé
îïåðàòîð, àññîöèèðîâàííûé ñ ñèñòåìîé ðàöèîíàëüíûõ ôóíêöèé ×å-
áûø¼âà � Ìàðêîâà [3] è ïðåäñòàâëÿþùèé ñîáîé åñòåñòâåííûì îáîá-
ùåíèåì ÷àñòè÷íûõ ñóìì ïîëèíîìèàëüíîãî ðÿäà Ôóðüå � ×åáûø¼âà.
Â [4] ýòîò ìåòîä áûë èñïîëüçîâàí äëÿ ðåøåíèÿ çàäà÷è ðàöèîíàëüíîé
àïïðîêñèìàöèè ôóíêöèè |x|s, s ∈ (0,+∞)\N, íà îòðåçêå [−1, 1]. Â
÷àñòíîñòè, äëÿ ðàâíîìåðíûõ ïðèáëèæåíèé

ε2n(|x|s) = |||x|s − s2n(|x|s, x)||C[−1, 1], n ∈ N,

áûëà íàéäåíà îöåíêà ñâåðõó

ε2n(|x|s) ⩽
2

π

∣∣∣sin πs
2

∣∣∣ 1∫
0

us−1

(1− u2)
s
2

(
1− u

1 + u

)r ∣∣∣∣∣
m∏
k=1

βk − u

βk + u

∣∣∣∣∣ du, (1)

ãäå βk ∈ (0, 1], k = 1, 2, . . . ,m, n = m+ r, n > r, r = [s/2] . Ïðè÷åì
îöåíêà òî÷íà â òîì ñìûñëå, ÷òî åñëè âñå βk, k = 1, 2, . . . ,m, èìåþò
òîëüêî ÷åòíóþ êðàòíîñòü, òî ðàâåíñòâî â íåé äîñòèãàåòñÿ ïðè x = 0.

Â äîêëàäå ðåøàåòñÿ çàäà÷à ïîëó÷åíèÿ îöåíîê ðàâíîìåðíûõ ðà-
öèîíàëüíûõ ïðèáëèæåíèé ôóíêöèè |x|s, s ∈ (0,+∞)\N, íà îòðåçêå
[−1, 1] ïóòåì èññëåäîâàíèÿ ïîâåäåíèÿ èíòåãðàëüíîãî ïðåäñòàâëåíèÿ
ìàæîðàíòû â ñîîòíîøåíèè (1) ïðè ðàçëè÷íûõ íàáîðàõ ïàðàìåòðîâ
βk, k = 1, 2, . . . ,m. Â ñëó÷àå èñïîëüçîâàíèÿ íåêîòîðûõ ìîäèôèêàöèé
¾íüþìåíîâñêèõ¿ ïàðàìåòðîâ óñòàíîâëåíà [5] ðàâíîìåðíàÿ îöåíêà

ε2n(|x|s) ⩽ c1(s)
√
ne−

π
2

√
sn, n→ ∞.

Îñíîâûâàÿñü íà ðåçóëüòàòàõ Í. Ñ. Âÿ÷åñëàâîâà [6] (ñì., òàêæå,
Å. Â. Êîâàëåâñêàÿ, À. À. Ïåêàðñêèé [7]), ïîëó÷åíà ðàâíîìåðíàÿ îöåí-
êà

ε2n(|x|s) ⩽ c2(s)
√
ne−π

√
sn, n→ ∞.
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Â ñîîòâåòñòâèè ñ [1] áóäåì èñïîëüçîâàòü ñëåäóþùèå îïðåäåëå-
íèÿ è îáîçíà÷åíèÿ. Áóäåì íàçûâàòü ôóíêöèþ φ : R → [0; +∞) N -
ôóíêöèåé, åñëè îíà ÷åòíàÿ, âûïóêëàÿ, ïîëîæèòåëüíàÿ ïðè íåíóëå-
âîì àðãóìåíòå, íåïðåðûâíî äèôôåðåíöèðóåìàÿ è

lim
x→0

φ(x)

x
= 0; lim

x→+∞

φ(x)

x
= +∞.

Êëàññ Îðëè÷à φ(L)2π ñîñòîèò èç âñåõ èçìåðèìûõ 2π-ïåðèîäè÷íûõ
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ôóíêöèé f , äëÿ êîòîðûõ∫ 2π

0

φ(f(x)) dx < +∞.

Ïðîñòðàíñòâîì Îðëè÷à íàçûâàåòñÿ íàèìåíüøåå ïî âêëþ÷åíèþ ëè-
íåéíîå ïðîñòðàíñòâî, ñîäåðæàùåå çàäàííûé êëàññ Îðëè÷à. Îäíî-
èìåííóþ íîðìó â ïðîñòðàíñòâå Îðëè÷à, ïîñòðîåííîãî ïî êëàññó
φ(L)2π, áóäåì îáîçíà÷àòü ∥·∥φ.

Ãîâîðÿò, ÷òî N -ôóíêöèÿ φ ïðèíàäëåæèò êëàññó ∆2, åñëè

∃c, x0 > 0 ∀x > x0 φ(2x) ⩽ cφ(x).

Ïóñòü Sn(f) � n-ÿ ÷àñòè÷íàÿ ñóììà ðÿäà Ôóðüå ôóíêöèè f ïî
òðèãîíîìåòðè÷åñêîé ñèñòåìå.

Òåîðåìà. Ïóñòü n ∈ N, 1 < a < b < +∞, φ è ψ � N -ôóíêöèè,
óäîâëåòâîðÿþùèå ñëåäóþùèì óñëîâèÿì:

φ−1(x)

ψ−1(x)
íå óáûâàåò ïðè x > 0;

ψ′(xy)

φ′(x)
ïðè ëþáîì y > 0 ñòðîãî âîçðàñòàåò íà (0,+∞);

φ èç êëàññà ∆2 è äîïîëíèòåëüíî óäîâëåòâîðÿåò óñëîâèÿì∫ u

ε

φ(t)t−a−1 dt = O(φ(u)u−a); (a)

∫ +∞

u

φ(t)t−b−1 dt = O(φ(u)u−b), (b)

ïðè u ⩾ ε > 0, ãäå ε äîñòàòî÷íî ìàëî. Òîãäà ñïðàâåäëèâà ñëåäóþùàÿ
ïîðÿäêîâî òî÷íàÿ îöåíêà

∥Sn(f)∥ψ ⩽ C1
φ−1(n)

ψ−1(C2n)
∥f∥φ, (1)

ãäå f ∈ φ(L)2π, à C1 è C2 íå çàâèñÿò îò n è f . Ïîðÿäêîâàÿ ïî n
òî÷íîñòü íåðàâåíñòâà (1) äîñòèãàåòñÿ íà ÿäðå Ôåéåðà ñòåïåíè n.

Çàìå÷àíèÿ. 1. Ìíîæèòåëü ïåðåä ∥f∥φ â íåðàâåíñòâå (1) ÿâëÿåò-
ñÿ îöåíêîé ñâåðõó íà êîíñòàíòû Ëåáåãà ∥Sn∥φ(L)2π→ψ(L)2π .
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2. Ïîðÿäêîâàÿ òî÷íîñòü íåðàâåíñòâà (1) ñîâïàäàåò ñ ïîðÿäêîâîé
òî÷íîñòüþ íåðàâåíñòâà ðàçíûõ ìåòðèê äëÿ òðèãîíîìåòðè÷åñêèõ ïî-
ëèíîìîâ â ïðîñòðàíñòâàõ Îðëè÷à [2, òåîðåìà 3].

3. Óñëîâèÿ (a) è (b) îáåñïå÷èâàþò ïðîìåæóòî÷íîå ïîëîæåíèå ïðî-
ñòðàíñòâà Îðëè÷à ìåæäó äâóìÿ ïðîñòðàíñòâàìè Ëåáåãà: Lb̄2π ⊂
φ(L)2π ⊂ La2π, ãäå 1 < a < b ⩽ b̄ < +∞.
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Ðàññìàòðèâàåòñÿ âîçìóùåííàÿ ñèñòåìà â ÷àñòíûõ ïðîèçâîäíûõ

ε
∂2x(t, s, ε)

∂t2
= B

∂x(t, s, ε)

∂s
+Du(t, s, ε) (1)

ñ óñëîâèÿìè

x(0, s, ε) = α0(s), x(T, s, ε) = β0(s), (2)

ãäå t ∈ [0, T ], s ∈ [0, S], ε ∈ (0, ε0); x(t, s, ε) ∈ Rn; u(t, s, ε) ∈ Rm; B, D
� ìàòðèöû ñîîòâåòñòâóþùèõ ðàçìåðîâ.

Óñòàíàâëèâàþòñÿ íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ïîëíîé
óïðàâëÿåìîñòè ñèñòåìû (1) ñ ïðèìåíåíèåì ìåòîäà êàñêàäíîé äåêîì-
ïîçèöèè ([1]−[6]), áàçèðóþùåìñÿ íà ñâîéñòâàõ ïðÿìîóãîëüíîé ìàòðè-
öû D : Rm → Rn, êîòîðîé ñîîòâåòñòâóþò ðàñùåïëåíèÿ ïðîñòðàíñòâ
â ïðÿìûå ñóììû ïîäïðîñòðàíñòâ:

Rm = CoimD+̇KerD, Rn = ImD+̇CokerD.

1 Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà �
24-21-20012, https://rscf.ru/project/24-21-20012/
© Ðàåöêàÿ Å.Â., 2025
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Íàðÿäó ñ âîçìóùåííûì óðàâíåíèåì (1) ðàññìàòðèâàåòñÿ ïðåäåëü-
íîå óðàâíåíèå (ε = 0):

0 = B
∂x(t, s)

∂s
+Du(t, s). (3)

Óðàâíåíèå (1) ÿâëÿåòñÿ ñèíãóëÿðíî âîçìóùåííûì, òàê êàê ôóíê-
öèÿ x(t, s) � ðåøåíèå ïðåäåëüíîãî óðàâíåíèÿ (3), ïðè ëþáîì u(t, s),
óäîâëåòâîðÿåò ëèøü íåêîòîðîé ÷àñòè óñëîâèé (2).

Âûÿâëÿþòñÿ êîìïîíåíòû ôóíêöèé α0(s), β0(s) â óñëîâèÿõ (2), êî-
òîðûì óäîâëåòâîðÿåò ôóíêöèÿ x(t, s).

Íà êîýôôèöèåíòû B, D íå íàêëàäûâàþòñÿ óñëîâèÿ ðåãóëÿðíî-
ñòè âûðîæäåíèÿ çàäà÷è (íàïðèìåð, óñëîâèé íà ñïåêòðû íåêîòîðûõ
ìàòðèö). Çäåñü òðåáóåòñÿ ëèøü ïîëíàÿ óïðàâëÿåìîñòü âîçìóùåííîé
ñèñòåìû.

Ðåøàåòñÿ ñëåäóþùàÿ çàäà÷à óïðàâëåíèÿ: äëÿ ëþáîãî ðåøåíèÿ
x(t, s) ïðåäåëüíîãî óðàâíåíèÿ (3), óäîâëåòâîðÿþùåãî ñîîòâåòñòâóþ-
ùåé ÷àñòè óñëîâèé (2), ñòðîèòñÿ óïðàâëÿþùàÿ ôóíêöèÿ u(t, s, ε), ïðè
ïîäñòàíîâêå êîòîðîé â óðàâíåíèå (1), åãî ðåøåíèå x(t, s, ε) óäîâëåòâî-
ðÿåò óñëîâèÿì (2) è îáëàäàåò ñâîéñòâîì:

x(t, s, ε) = x(t, s) + v(t, s, ε), (4)

ãäå v(t, s, ε) - ôóíêöèÿ ïîãðàíñëîÿ âáëèçè òî÷åê t = 0 è t = T . Ñâîé-
ñòâî (4) îçíà÷àåò:

1) x(t, s, ε) ðàâíîìåðíî ñòðåìèòüñÿ ê x(t, s) íà ëþáîì îòðåçêå
[t1, t2], 0 < t1 < t2 < T ;

2) x(t, s, ε) íå ñòðåìèòüñÿ ðàâíîìåðíî ê x(t, s) íà îòðåçêå [0, T ].
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ÌÎÄÅËÈÐÎÂÀÍÈÅ ÑÎÑÒÎßÍÈÉ ËÈÍÅÉÍÎÉ
ÄÈÍÀÌÈ×ÅÑÊÎÉ ÑÈÑÒÅÌÛ Ñ ÏÎÌÎÙÜÞ

ÏÎÊÀÇÀÒÅËÜÍÛÕ ÔÓÍÊÖÈÉ
Ê.À. Ðàåöêèé (Âîðîíåæ, ÂÃÓ)

kraetsky@mail.ru

Äëÿ äèíàìè÷åñêîé ñèñòåìû

ẋ(t) = Ax(t) +Bu(t), (1)

x = x(t) ∈ Rn, u = u(t) ∈ Rm, t ∈ [t0, tk], A : n × n, B : n × m,
ñòàâèòñÿ çàäà÷à ïîñòðîåíèÿ ìíîæåñòâà òðàåêòîðèé, ñîñòîÿíèé x(t),
ñîåäèíÿþùèõ òî÷êè x0 ïðè t = t0 è xk ïðè t = tk, òî åñòü

x(t0) = x0, (2)

x(tk) = xk. (3)

Èç ìíîæåñòâà òðàåêòîðèé x(t), óäîâëåòâîðÿþùèõ (1), (2), (3),
¾çàêàç÷èê¿ âûáèðàåò ¾ïîäõîäÿùóþ¿ òðàåêòîðèþ x̃(t), ïîñëå ÷åãî
ñëåäóåò íàéòè óïðàâëåíèå ũ(t), ïîä âîçäåéñòâèåì êîòîðîãî òðàåê-
òîðèåé ñèñòåìû(1), ïðè âûïîëíåíèè óñëîâèÿ (2), áóäåò èìåííî x̃(t).
Åñëè ¾çàêàç÷èê¿ íå óäîâëåòâîðåí ïðåäúÿâëåííûìè åìó òðàåêòîðèÿ-
ìè, òî ñëåäóåò ïîñòðîèòü äðóãîå ìíîæåñòâî òðàåêòîðèé, ÷òî óäîáíî
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äåëàòü ìåòîäîì íåîïðåäåëåííûõ êîýôôèöèåíòîâ, ðàçðàáîòàííûì â
([1]− [4]). Ïó÷îê òðàåêòîðèé èùåòñÿ â âèäå

x(t) =

r∑
i=1

ci · gi(t). (4)

Ñîîòâåòñòâåííî

u(t) =

r∑
i=1

di · gi(t). (5)

Â êà÷åñòâå gi(t) áåðóòñÿ ëèíåéíî íåçàâèñèìûå ñêàëÿðíûå ôóíê-
öèè, îò êîòîðûõ òðåáóåòñÿ, ÷òîáû íåêîòîðûé îïðåäåëèòåëü △ áûë
îòëè÷åí îò íóëÿ. Äëÿ íàõîæäåíèÿ âåêòîðíûõ êîýôôèöèåíòîâ ci, di,
âûðàæåíèÿ (4)�(5) ïîäñòàâëÿþòñÿ â (1). Ïðèðàâíèâàíèå â ïîëó÷åí-
íîì ñîîòíîøåíèè êîýôôèöèåíòîâ ïðè îäèíàêîâûõ ôóíêöèÿõ gi(t)
ïðèâîäèò ê ïîñòðîåíèþ ëèíåéíîé àëãåáðàè÷åñêîé ñèñòåìû.

Â íàñòîÿùåé ðàáîòå φi(t) = ait, a ̸= 1. Ýòè ôóíêöèè èìåþò ïðå-
èìóùåñòâà ïåðåä φi(t) = ti, φi(t) = eit. Àëãåáðàè÷åñêàÿ ñèñòåìà â
ýòîì ñëó÷àå ïðèíèìàåò âèä

(A− (ln a) · I)ci +Bdi = 0, i = 1, 2, ..., r. (6)

Èçâåñòåí êðèòåðèé Õàóòóñà:
ñèñòåìà (1) ÿâëÿåòñÿ ïîëíîñòüþ óïðàâëÿåìîé â òîì è òîëüêî òîì

ñëó÷àå, êîãäà

rank(A− λ · I B) = n, , ∀λ ∈ C.

Ñëåäîâàòåëüíî, ñèñòåìà (6) ïðè êàæäîì i èìååò ðåøåíèå ci, di.
Ðàñùåïëÿåì êàæäîå óðàâíåíèå (6) íà äâà óðàâíåíèÿ:
- îäíî äëÿ íàõîæäåíèÿ ci;
- âòîðîå äëÿ îïðåäåëåíèÿ di.
Êîýôôèöèåíòû ci íàõîäèì ìåòîäîì êàñêàäíîé äåêîìïîçèöèè. Íà

ïîñëåäíåì øàãå äåêîìïîçèöèè âûÿâëÿþòñÿ ïðîèçâîëüíûå ýëåìåíòû
Qp−1Qp−2...Q0ci, ãäå Qj � ïðîåêòîðû íà íåêîòîðûå ïîäïðîñòðàí-
ñòâà. Ýòè ïðîèçâîëüíûå ýëåìåíòû çàòåì îïðåäåëÿþòñÿ èç óñëîâèé
(2), (3), ïðè △ ≠ 0.

Íååäèíñòâåííîñòü òðàåêòîðèé x(t) ñëåäóåò èõ íàëè÷èÿ ÿäåð ó
íåêîòîðûõ îïåðàòîðîâ, âîçíèêàþùèõ ïðè äåêîìïîçèöèè ñèñòåì, à
òàêæå çà ñ÷åò èçìåíåíèÿ ïàðàìåòðà a.
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ÄÈÍÀÌÈ×ÅÑÊÈÅ ÑÂÎÉÑÒÂÀ ÍÅÊÎÒÎÐÛÕ
ÎÏÅÐÀÒÎÐÎÂ1

À.È. Ðàõèìîâà (Óôà, Èíñòèòóò ìàòåìàòèêè ñ âû÷èñëèòåëüíûì
öåíòðîì ÓÔÈÖ ÐÀÍ)
alsu1405@mail.ru

Ðàññìîòðèì íåêîòîðûå äèíàìè÷åñêèå ñâîéñòâà îïåðàòîðîâ â âå-
ñîâîì ïðîñòðàíñòâå öåëûõ ôóíêöèé Fφ, ãäå φ� ñåìåéñòâî âûïóêëûõ
â Cn ôóíêöèé. Îíî îïðåäåëåíî êàê ïðîåêòèâíûé ïðåäåë êîìïàêòíîé
ïîñëåäîâàòåëüíîñòè áàíàõîâûõ ïðîñòðàíñòâ Fm

Fφ =

∞⋂
m=1

Fm,

ïîýòîìó ÿâëÿåòñÿ ïðîñòðàíñòâîì Ôðåøå�Øâàðöà.
Òåîðåìà 1. Â ïðîñòðàíñòâå Fφ îïåðàòîð ÷àñòíîãî äèôôåðåí-

öèðîâàíèÿ

T =
∂

∂zj
, j ∈ (1;n),

ãèïåðöèêëè÷åñêèé è åãî îáðàç ëåæèò â Fφ.
1
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Òåîðåìà 2. Ïóñòü â ïðîñòðàíñòâå Fφ çàäàí íåêîòîðûé ïîëè-
íîì ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

Φ(z) =
∑

α∈Zn
+: |α|⩽m

cαz
α, z ∈ Cn,

îòëè÷íûé îò êîíñòàíòû, òîãäà îïåðàòîð

T =
∑

α∈Zn
+: |α|⩽m

cαD
α
z f

ãèïåðöèêëè÷åñêèé â Fφ.
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Î ÌÍÎÃÎÌÅÐÍÎÌ ÀÍÀËÎÃÅ ÎÒÍÎØÅÍÈß ∆f
∆x

Â.È. Ðîäèîíîâ (Èæåâñê, ÓäÃÓ)
rodionov@uni.udm.ru

×åðåç O(Rn) îáîçíà÷èì ñîâîêóïíîñòü âñåõ íåïóñòûõ îòêðûòûõ
ìíîæåñòâ, îïðåäåëåííûõ â ïðîñòðàíñòâå Rn. Äîïóñêàåòñÿ, ÷òî ìíî-
æåñòâî X ∈ O(Rn) íå îãðàíè÷åíî è/èëè èìååò ñ÷åòíîå ÷èñëî êîìïî-
íåíò ñâÿçíîñòè. ×åðåç O2

+(Rn) îáîçíà÷èì ñîâîêóïíîñòü âñåõ óïîðÿ-
äî÷åííûõ ïàð (X0, X) òàêèõ, ÷òî X0 ∈ O(Rn) è X0 ⊆ X ⊆ X0.

Ïóñòü (X0, X) ∈ O2
+(Rn). ×åðåç Xn+1

∗ îáîçíà÷èì ìíîæåñòâî, ñî-
ñòîÿùåå èç âñåõ óïîðÿäî÷åííûõ íàáîðîâ ⟨x0, x1, . . . , xn⟩, xi ∈ X, òà-
êèõ, ÷òî âåêòîðû ∆x1, . . . ,∆xn (ãäå ∆xi =̇xi − x0) îáðàçóþò îðòî-
ãîíàëüíûé ðåïåð ñ íà÷àëîì â òî÷êå x0, ïðè÷åì âûïóêëàÿ îáîëî÷êà
conv {x0, x1, . . . , xn} ñîäåðæèòñÿ â X.

Çàôèêñèðóåì ñèìïëåêñ ⟨x0, x1, . . . , xn⟩ ∈ Xn+1
∗ è ñîñòàâèì êâàä-

ðàòíóþ ìàòðèöó ∆x =̇ col (∆x1, . . . ,∆xn), ñîñòîÿùóþ èç ýëåìåíòîâ
∆xij =̇xji−x

j
0, ãäå ÷åðåç x

j
i îáîçíà÷åíà j-ÿ êîîðäèíàòà òî÷êè xi.Ïóñòü

∆x⊤ � ýòî òðàíñïîíèðîâàííàÿ ê ∆x ìàòðèöà. Òîãäà

(∆x)−1 = ∆x⊤ diag
(

1
∥∆x1∥2

, . . . , 1
∥∆xn∥2

)
.
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Ïðîèçâîëüíîé ôóíêöèè f : X → R ïîñòàâèì â ñîîòâåòñòâèå âåê-
òîðíîçíà÷íóþ ôóíêöèþ Γf : Xn+1

∗ → Rn òàêóþ, ÷òî

Γf ⟨x0, x1, . . . , xn⟩ =̇

 ∆x11 . . . ∆x1n
. . . . . . . . .

∆xn1 . . . ∆xnn

−1 ∆f1
. . .
∆fn

 ,

ãäå ∆fi
.
= f(xi) − f(x0). Åñëè ∆f

.
= col (∆f1, . . . ,∆fn), òî ôîðìóëà

ïðèíèìàåò êîìïàêòíûé âèä Γf = (∆x)−1∆f.

Ïðè n = 1 ïðèìåíèìà òðàäèöèîííàÿ çàïèñü Γf = ∆f
∆x .

Ïóñòü N
.
= {1, . . . , n}. Ñïðàâåäëèâî ðàâåíñòâî

∥Γf ⟨x0, x1, . . . , xn⟩∥2 =
∑
k∈N

( f(xk)−f(x0)
∥xk−x0∥

)2
, ⟨x0, x1, . . . , xn⟩ ∈ Xn+1

∗ .

Ïóñòü ⟨x0, x1, . . . , xn⟩ ∈Xn+1
∗ . Óðàâíåíèå ãèïåðïëîñêîñòè, ïðîõî-

äÿùåé ÷åðåç òî÷êè (xm, f(xm)) ∈ Rn × R, m ∈ {0} ∪N, èìååò âèä

z = f(x0) +
(
(∆x)−1∆f, x− x0

)
èëè z = f(x0) + (Γf , x− x0).

Ïðè n = 1 ïåðâàÿ ôîðìóëà ïðèíèìàåò êëàññè÷åñêèé âèä.
Òåîðåìà 1. Ïóñòü X ∈ O(Rn). Ôóíêöèÿ f : X → R íåïðåðûâíî

äèôôåðåíöèðóåìà òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáîãî x ∈ X
ñóùåñòâóåò êîíå÷íûé ïðåäåë

lim ∗ Γf ⟨x0, x1, . . . , xn⟩. (1)

Â ýòîì ñëó÷àå ñïðàâåäëèâî lim ∗ Γf ⟨x0, x1, . . . , xn⟩ = grad f(x).

Ñèìâîë ¾∗¿ â ôîðìóëå (1) îçíà÷àåò ñëåäóþùåå. Âåêòîð g(x) åñòü
ïðåäåë (1), åñëè äëÿ ëþáîãî ε > 0 ñóùåñòâóåò îêðåñòíîñòü Ux òî÷êè
x òàêàÿ, ÷òî ∥Γf ⟨x0, x1, . . . , xn⟩−g(x)∥ < ε äëÿ ëþáûõ x0, x1, . . . , xn∈
X ∩ Ux òàêèõ, ÷òî ⟨x0, x1, . . . , xn⟩ ∈ Xn+1

∗ .
Çàôèêñèðóåì ïàðó (X0, X) ∈ O2

+(Rn) è ÷åðåç C(X) îáîçíà÷èì
ëèíåéíîå ïðîñòðàíñòâî, ñîñòîÿùåå èç íåïðåðûâíûõ îãðàíè÷åííûõ
ôóíêöèé f : X → R. Ñîãëàñíî [1, ñ. 30] ïðîñòðàíñòâî C(X), íàäåëåí-
íîå íîðìîé ∥f∥C(X)

.
= sup

x∈X
|f(x)|, áàíàõîâî. ×åðåç G(X) îáîçíà÷èì

ëèíåéíîå ïðîñòðàíñòâî, ñîñòîÿùåå èç ôóíêöèé f ∈ C(X) òàêèõ, ÷òî

γ(f)
.
= sup

⟨x0,x1,...,xn⟩ ∈Xn+1
∗

∥Γf ⟨x0, x1, . . . , xn⟩∥ <∞.

Â ïðîñòðàíñòâå îïðåäåëåíà íîðìà ∥f∥G(X)
.
= ∥f∥C(X) + γ(f).
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Òåîðåìà 2. Ïóñòü (X0, X) ∈ O2
+(Rn). Ëèíåéíîå ïðîñòðàíñòâî

⟨G(X), ∥ · ∥G(X)⟩ áàíàõîâî.
×åðåç F(X) îáîçíà÷èì ëèíåéíîå ïðîñòðàíñòâî âñåõ òàêèõ ôóíê-

öèé f ∈ C(X), ÷òî λ(f)
.
= sup

x,y ∈X, x ̸=y

|f(x)−f(y)|
∥x−y∥ < ∞. Â ýòîì ïðîñò-

ðàíñòâå îïðåäåëåíà íîðìà ∥f∥F(X)
.
= ∥f∥C(X) + λ(f) è îíî âõîäèò â

ñåìåéñòâî áàíàõîâûõ ïðîñòðàíñòâ ôóíêöèé òèïà Ëèïøèöà�Ãåëüäåðà
(ïîäîáíûå ôóíêöèè èãðàþò âàæíóþ ðîëü ïðè ðåøåíèè çàäà÷ ìàòå-
ìàòè÷åñêîé ôèçèêè).

Òåîðåìà 3. Åñëè (X0, X) ∈ O2
+(Rn), òî F(X) ⊆ G(X). Åñëè,

êðîìå òîãî, X0 � âûïóêëîå ìíîæåñòâî, òî F(X) = G(X).

Èññëåäîâàí ðÿä àêòóàëüíûõ ïîäïðîñòðàíñòâ ïðîñòðàíñòâà G(X),
äîêàçàíî, ÷òî äâà èç íèõ áàíàõîâû, îäíî èç íèõ ïðè n = 1 è ïðè
îïðåäåëåííûõ óñëîâèÿõ ÿâëÿåòñÿ çàìûêàíèåì ïðîñòðàíñòâà êóñî÷-
íî-ëèíåéíûõ ôóíêöèé f : X → R.

Ëèòåðàòóðà
1. Õàòñîí Â. Ïðèëîæåíèÿ ôóíêöèîíàëüíîãî àíàëèçà è òåîðèÿ

îïåðàòîðîâ / Â. Õàòñîí, Äæ.Ñ. Ïèì. � Ì. : Ìèð, 1983. � 432 ñ.

ÓÏÐÀÂËÅÍÈÅ ÊÎËÅÁÀÍÈßÌÈ ÊÎÐÎÒÊÈÕ ÁÀËÎÊ1

À.Ì. Ðîìàíåíêîâ (Ìîñêâà, ÌÀÈ, ÔÈÖ ÈÓ ÐÀÍ)
romanaleks@gmail.com

Áóäåì ðàññìàòðèâàòü ìîäåëüíóþ çàäà÷ó î êîëåáàíèÿõ êîðîòêîé
áàëêè. Ïóñòü u(x, t)− îòêëîíåíèå îò ïîëîæåíèÿ ðàâíîâåñèÿ â òî÷êå
x, â ìîìåíò âðåìåíè t, ãäå x ∈ (0; l), l > 0; t ⩾ 0. Äàííàÿ ôóíêöèÿ
ÿâÿëåòñÿ ðåøåíèåì íà÷àëüíî êðàåâîé çàäà÷è:

ρA
∂2u

∂t2
− ρI

∂4u

∂t2∂x2
+ EI

∂4u

∂x4
− κ

(EI)2

GA

∂6u

∂x6
= 0, (1)

ñ îäíîðîäíûìè êðàåâûìè óñëîâèÿìè:

u|x=0 = u|x=l =
∂2u

∂x2

∣∣∣∣
x=0

=
∂2u

∂x2

∣∣∣∣
x=l

=
∂4u

∂x4

∣∣∣∣
x=0

=
∂4u

∂x4

∣∣∣∣
x=l

= 0,

(2)

1 Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ãðàíòà íà âûïîëíåíèå
êðóïíûõ íàó÷íûõ ïðîåêòîâ â ïðèîðèòåòíîì ïîðÿäêå íàïðàâëåíèÿ íàó÷íî-
òåõíè÷åñêîãî ðàçâèòèÿ Ìèíèñòåðñòâà íàóêè è âûñøåãî îáðàçîâàíèÿ Îáðàçîâàíèå
Ðîññèéñêîé Ôåäåðàöèè îò 24 àïðåëÿ 2024 ã. (ïðîåêò � 075-15-2024-544).
© Ðîìàíåíêîâ À.Ì., 2025
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è íà÷àëüíûìè óñëîâèÿìè

u|t=0 = u0 (x) , ut|t=0 = u1 (x) , (3)

ãäå ôóíêöèè u0(x), u1(x) óäîâëåòâîðÿþò êðàåâûì óñëîâèÿì (2), ÷òî
íåîáõîäèìî äëÿ ñóùåñòâîâàíèÿ ðåøåíèÿ. Â óðàâíåíèè(1) ρ− ìàññî-
âàÿ ïëîòíîñòü, A− ïëîùàäü ïîïåðå÷íîãî ñå÷åíèÿ, I− ìîìåíò èíåð-
öèè ïîïåðå÷íîãî ñå÷åíèÿ áàëêè îòíîñèòåëüíî îñè z, M− èçãèáàþ-
ùèé ìîìåíò, E− ìîäóëü Þíãà, G− ìîäóëü ñäâèãà, κ− êîýôôèöèåíò
ñäâèãà. Ïðèìåíåíèå ìåòîäà Ãàë¼ðèêíà ïîçâîëÿåò äîêàçàòü ñóùåñòâî-
âàíèå ñëàáîãî ðåøåíèÿ çàäà÷è (1)-(3) è ïðåäúÿâèòü åãî â âèäå ðÿäà
Ôóðüå:

u (x, t) =

∞∑
n=1

(
C1n sin

(√
δ6nt

)
+ C2n cos

(√
δ6nt

))
sinλnx, (4)

ãäå λn = πn
l , δ6 =

I
AEλ

4(A
I +κEI

G λ2)
ρ(A

I +λ2)
, à êîíñòàíòû C1n , C2n îïðåäåëÿþò-

ñÿ èç íà÷àëüíûõ óñëîâèé (3), êàê êîýôôèöèåíòû Ôóðüå ðàçëîæåíèÿ
ïî sinλnx ôóíêöèé u0 (x) è u1 (x) ñîîòâåòñòâåííî.

Äëÿ óïðàâëåíèÿ êîëåáàíèÿìè áóäåì èñïîëüçîâàòü ãðàäèåíòíûé
ìåòîä [1]. Ïóñòü y0(x), y1(x)− æåëàåìàÿ ôîðìà è ñêîðîñòü òî÷åê áàë-
êè ñîîòâåòñâåííî â ìîìåíò âðåìåíè T > 0. Îïðåäåëèì êâàäðàòè÷íûé
ôóíêöèîíàë:

JL2n (f) = ||u(x, T, f)− y0(x)||2L2n + ||ut(x, T, f)− y1(x)||2L2n+

+ Cε

∫ l

0

∫ T

0

f2 (x, t) dtdx (5)

êîòîðûé õàðàêòåðèçóåò îòêëîåíèå ðåøåíèÿ çàäà÷è (1)-(3) îò öåëåâûõ
ôóíêöèé. Îòìåòèì, ÷òî â (5) || • ||L2n îáîçíà÷åò íîðìó, êîòîðàÿ èí-
äóöèðîâàíà ïîëîæèòåëüíî îïðåäåëåííûì äèôôåðåíöèàëüíûì îïå-
ðàòîðîì L = −ρI ∂2

∂x2 + ρA. Ñëåäóÿ ðàáîòå [2] ïîëó÷àåì âûðàæåíèå
äëÿ ãðàäèåíòà ôóíêöèîíàëà (5):

(gradJL2n(f), h) =

∫ l

0

∫ T

0

(ψ (x, t) + 2Cεf (x, t))h (x, t) dtdx, (6)

ãäå ψ(x, t)− ñîïðÿæåííàÿ ôóíêöèÿ, êîòîðàÿ ÿâëÿåòñÿ ðåøåíèåì
óðàâíåíèÿ (1), óäîâëåòâîðÿåò òåì æå êðàåâûì óñëâîèÿì (2) è íîâûì
íà÷àëüíûì óñëîâèÿì:

∂ψ

∂t
(x, T ) = −2 (u (x, T, f)− y0 (x)) , ψ (x, T ) = 2

(
∂u

∂t
(x, T, f)− y1 (x)

)
.
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Ñòîèò îòìåòèòü, ÷òî ñîïðÿæåííóþ íà÷àëüíî êðàåâóþ çàäà÷ó íåîá-
õîäèìî ðåøàåòü â îáðàòíîì âðåìåíè.

Ëèòåðàòóðà
1. Âàñèëüåâ Ô. Ï. Ìåòîäû îïòèìèçàöèè: Â 2-õ êí: Êí. 2 / Ô.Ï. Âà-

ñèëüåâ. � Ìîñêâà : ÌÖÍÌÎ, 2011. � 427 ñ. - ISBN 978-5-94057-708-9.
2. Ðîìàíåíêîâ À.Ì. Ãðàäèåíò â çàäà÷å óïðàâëåíèÿ ïðîöåññàìè,

îïèñûâàåìûìè ëèíåéíûìè ïñåâäîãèïåðáîëè÷åñêèìè óðàâíåíèÿìè /
À.Ì.Ðîìàíåíêîâ // Äèôôåðåíöèàëüíûå óðàâíåíèÿ. 2024. � Ò. 60.
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ÎÁ ÎÖÅÍÊÅ ÐÀÇÍÎÑÒÈ ×ÀÑÒÈ×ÍÛÕ ÑÓÌÌ
ÐÀÇËÎÆÅÍÈÉ ÏÎ ÊÎÐÍÅÂÛÌ ÔÓÍÊÖÈßÌ

ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ ÎÏÅÐÀÒÎÐÀ
È Â ÒÐÈÃÎÍÎÌÅÒÐÈ×ÅÑÊÈÉ ÐßÄ ÔÓÐÜÅ

Â.Ñ. Ðûõëîâ (Ñàðàòîâ, ÑÃÓ)
rykhlovvs@yandex.ru

Ðàññìîòðèì ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð L, ïîðîæ-
ä¼ííûé äèôôåðåíöèàëüíûì âûðàæåíèåì n-ãî ïîðÿäêà

ℓ(y) = y(n) + p1(x)y
(n−1) + ...+ pn(x)y, pj(x) ∈ L1[0, 1],

è êðàåâûìè óñëîâèÿìè

n−1∑
j=0

(akjy
(j)(0) + bkjy

(j)(1)) = 0, k = 1, n. (1)

Îäíîé èç âàæíûõ çàäà÷ ÿâëÿåòñÿ çàäà÷à î ðàçëîæåíèè çàäàííîé
ôóíêöèè â ðÿä ïî êîðíåâûì ôóíêöèÿì (ê.ô.) îïåðàòîðà L. Íàèáîëåå
ïîëíî ýòà çàäà÷è ðåøàåòñÿ â ñëó÷àå, êîãäà óäàåòñÿ äîêàçàòü ðàâíîñ-
õîäèìîñòü (â òîì èëè èíîì ñìûñëå) ðàçëîæåíèé çàäàííîé ôóíêöèè
â ðÿäû ïî ê.ô. îïåðàòîðà L è â òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå, òàê
êàê òðèãîíîìåòðè÷åñêàÿ ñèñòåìà äîñòàòî÷íî õîðîøî èçó÷åíà.

Òðèãîíîìåòðè÷ïåñêàÿ ñèñòåìà ÿâëÿåòñÿ ñèñòåìîé ê.ô. îïåðàòîðà
L0 âèäà

ℓ0(y) = y(n), y(k−1)(0)− y(k−1)(1) = 0, k = 1, n.

Èçó÷àåòñÿ âëèÿíèå ñâîéñòâ êîýôôèöèåíòà p1(x) è ðàçëàãàåìîé
ôóíêöèè f(x) íà îöåíêó ðàçíîñòè ÷àñòè÷íûõ ñóìì â ðàâíîìåðíîé

© Ðûõëîâ Â.Ñ., 2025
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ìåòðèêå âíóòðè èíòåðâàëà (0,1) ðàçëîæåíèé â ðÿäû ïî ê.ô. îïåðà-
òîðîâ L è L0. Ñîîòâåòñòâóþùèå ðåçóëüòàòû îïóáëèêîâàíû â ñòàòüÿõ
[2] è [3]. Òàì æå ìîæíî íàéòè êðàòêóþ èñòîðèþ âîïðîñà. Áîëåå äå-
òàëüíî èñòîðèÿ âîïðîñà îïèñàíà â îáçîðíîé ñòàòüå [4].

Ïóñòü λν , λ0ν , ν = 0, 1, . . . , åñòü ñîáñòâåííûå çíà÷åíèÿ (ñ.ç.) îïå-
ðàòîðîâ L è L0, ñîîòâåòñòâåííî. Îáîçíà÷èì ÷åðåç Dδ îáëàñòü êîì-
ïëåêñíîé ïëîñêîñòè C, ïîëó÷àþùóþñÿ èç C ïîñëå óäàëåíèÿ èç íåå
âñåõ ñ.ç. îïåðàòîðîâ L è L0 âìåñòå ñ êðóãàìè ñ öåíòðàìè â ñ.ç. è
äîñòàòî÷íî ìàëîãî ôèêñèðîâàííîãî ðàäèóñà δ > 0.

Èç àñèìïòîòèêè ñ.ç. [1, ñ. 74�75] ñëåäóåò, ÷òî ñóùåñòâóåò ïîñëåäî-
âàòåëüíîñòü {rm}∞m=1 ∈ R òàêàÿ, ÷òî (2πm)n < rm < (2π(m+ 1))n, è
êîíòóðû Γm := {λ ∈ C : |λ| = rm}, íà÷èíàÿ ñ íåêîòîðîãî äîñòàòî÷íî
áîëüøîãî m, ëåæàò â îáëàñòè Dδ.

Ìåæäó ñîñåäíèìè êîíòóðàìè íàõîäÿòñÿ íå áîëåå äâóõ ñ.ç. λν îïå-
ðàòîðà L, íà÷èíàÿ ñ íåêîòîðîãî m, è îäíî äâóêðàòíîå ñ.ç. λ0µ îïåðà-
òîðà L0. Ðàñìîòðåíèå òàêèõ êîíòóðîâ îáóñëîâëåíî ñòðóêòóðîé îáû÷-
íîãî òðèãîíîìåòðè÷åñêîãî ðÿäà Ôóðüå â ýêñïîíåíöèàëüíîé ôîðìå,
êîòîðûé íà ñàìîì äåëå ÿâëÿåòñÿ ðÿäîì ñî ñêîáêàìè.

Îáîçíà÷èì ÷åðåç Rλ è R0λ ðåçîëüâåíòû îïåðàòîðîâ L è L0, ñîîò-
âåòñòâåííî. Ïóñòü

Sm(f, x) = − 1

2πi

∫
Γm

Rλf dλ, σm(f, x) ≡ S0m(f, x) = − 1

2πi

∫
Γm

R0λf dλ,

Èçâåñòíî [1, ñ. 92], ÷òî Sm(f, x) åñòü ÷àñòè÷íàÿ ñóììà áèîðòîãî-
íàëüíîãî ðÿäà Ôóðüå ôóíêöèè f(x) ïî ê.ô. îïåðàòîðà L, ñîäåðæà-
ùàÿ ñëàãàåìûå, ñîîòâåòñòâóþùèå ñ.ç. λν , äëÿ êîòîðûõ |λν | < rm, à
σm(f) åñòü ÷àñòè÷íàÿ ñóììà ïîðÿäêà m îáû÷íîãî òðèãîíîìåòðè÷å-
ñêîãî ðÿäà Ôóðüå ôóíêöèè f(x) (÷àñòè÷íàÿ ñóììà îðòîãîíàëüíîãî
ðÿäà Ôóðüå ôóíêöèè f(x) ïî ê.ô. îïåðàòîðà L0, ñîäåðæàùàÿ ñëàãà-
åìûå, ñîîòâåòñòâóþùèå ñ.ç. λ0ν = (2νπi)n, äëÿ êîòîðûõ |ν| ⩽ m), òî
åñòü

σm(f, x) :=

m∑
k=−m

(f, ek)ek(x), ãäå (f, ek) :=

∫ 1

0

f(ξ)e−2kπiξ dξ.
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Ââåä¼ì ñëåäóþùèå ìîäóëè íåïðåðûâíîñòè

ω(f, δ)p = sup
0<h⩽δ

 1−h∫
0

|f(t+ h)− f(t)|p dt

1/p

, ãäå 1 ⩽ p <∞,

ω(f, δ)∞ = sup
0<h⩽δ

sup
t∈[0,1−h]

∣∣f(t+ h)− f(t)
∣∣.

Ïîä L∞[0, 1] ïîíèìàåì ïðîñòðàíñòâî C[0, 1].
Ïðåäïîëîæèì, ÷òî êðàåâûå óñëîâèÿ (1) ðåãóëÿðíû ïî Áèðêãîôó

â ñìûñëå îïðåäåëåíèÿ [1, ñ. 66�67].
Ïîëîæèòåëüíàÿ íåïðåðûâíàÿ â ïðîêîëîòîé îêðåñòíîñòè íóëÿ

ôóíêöèÿ Ω(δ), äëÿ êîòîðîé âûïîëíåíî óñëîâèå

lim
δ→0

Ω(γδ)

Ω(δ)
= γρ äëÿ ëþáîãî γ > 0,

íàçûâàåòñÿ ïðàâèëüíî ìåíÿþùåéñÿ ôóíêöèåé (ï.ì.ô.) â íóëå ïîðÿä-
êà ρ ∈ R. Ïðè ρ = 0 ï.ì.ô. íàçûâàåòñÿ ìåäëåííî ìåíÿþùåéñÿ ôóíê-
öèåé (ì.ì.ô.) â íóëå. Òåîðèÿ ï.ì.ô. è ì.ì.ô. èçëîæåíà â [5].

Ââåä¼ì ñëåäóþùèå óñëîâèÿ:

f(x) ∈ Lr[0, 1], p1(x) ∈ Lq[0, 1],
1

q
+

1

r
= 1, 1 ⩽ q ⩽ ∞, (2)

ω(f, δ)r = O(Ω1(δ)), ω(p1, δ)q = O(Ω2(δ)), δ → +0, (3)

Áóäåì ãîâîðèòü, ÷òî ôóíêöèè Ω1(δ) è Ω2(δ) óäîâëåòâîðÿþò óñëî-
âèþ ìåäëåííîãî èçìåíåíèÿ (ÌÈ), åñëè ñóùåñòâóåò èíòåðâàë (0, ε0),
íà êîòîðîì

(à) Ω(δ) åñòü ì.ì.ô. â òî÷êå 0;
(á) Ω(δ) ÿâëÿåòñÿ ìîíîòîííî íåóáûâàþùåé ôóíêöèåé è îáëàäàåò

ñâîéñòâîì Ω(δ) → 0 ïðè δ → +0;
(â) äëÿ ëþáîãî γ > 0 ñïðàâåäëèâî Ω(δγ) ∼ Ω(δ) ïðè δ → +0, òî

åñòü ñóùåñòâóþò êîíñòàíòû C1 > 0 è C2 > 0 òàêèå, ÷òî

C1Ω(δ) ⩽ Ω(δγ) ⩽ C2Ω(δ).

Òåîðåìà 1. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ (2) è (3), à ôóíêöèè Ω1(δ)
è Ω2(δ) óäîâëåòâîðÿþò óñëîâèþ ÌÈ. Åñëè, ê òîìó æå, âûïîëíÿ-
þòñÿ åù¼ óñëîâèÿ

lnmΩ1

(
1

m

)
Ω2

(
1

m

)
→ 0, Ω1

(
1

m

)
Hq(Ω2,m) → ∞ ïðè m→ ∞,
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ãäå

Hq(Ω,m) :=

 1∫
1/m

1

ξ
Ωq(ξ) dξ


1/q

,

òî äëÿ ëþáîãî êîìïàêòà K ⊂ (0, 1) èìååò ìåñòî ðàâíîñõîäèìîñòü

lim
m→∞

∥Ψm(x)∥C(K) = 0, (4)

ãäå Ψm(x) = Sm(f, x)− σm(f, x), è ñïðàâåäëèâû ñëåäóþùèå îöåíêè:

∥Ψm(x)∥C(K) ⩽ C(f, p1,K)

(
lnmΩ1

(
1

m

)
Ω2

(
1

m

)
+

+Ω1

(
1

m

)
Hq(Ω2,m) + Ω1

(
1

m

)
+Ω2

(
1

m

))
, m≫ 1.

Â ÷àñòíîñòè, åñëè

ω(f, δ)r = O

(
1

lnα 1/δ

)
, ω

(
p1, δ

)
q
= O

(
1

lnβ 1/δ

)
, δ → +0, (5)

òî òåîðåìà ðàâíîñõîäèìîñòè ïðèíèìàåò íàèáîëåå ïðîñòîé âèä.
Òåîðåìà 2. Åñëè âûïîëíÿþòñÿ óñëîâèÿ (2), (5) è α+ β > 1, òî

äëÿ ëþáîãî êîìïàêòà K ⊂ (0, 1) èìååò ìåñòî ðàâíîñõîäèìîñòü (4)
è ñïðàâåäëèâû ñëåäóþùèå îöåíêè ïðè m≫ 1:
� â ñëó÷àå βq = 1 è (1 ⩽ q <∞)

∥Ψm(x)∥C(K) ⩽ C(f, p1,K)

(
lnm

lnα+βm
+

(
ln lnm

)1/q
lnαm

+
1

lnβm

)
,

� à â îñòàëüíûõ ñëó÷àÿõ (βq ̸= 1 è 1 ⩽ q <∞ èëè q = ∞)

∥Ψm(x)∥C(K) ⩽ C(f, p1,K)

(
lnm

lnα+βm
+

1

lnαm
+

1

lnβm

)
. (6)
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Â ñâÿçè ñ èçó÷åíèåì êðàåâûõ çàäà÷ äëÿ óðàâíåíèé ñìåøàííîãî
òèïà, â ÷àñòíîñòè, çàäà÷è Òðèêîìè, äëÿ óðàâíåíèÿ

yuxx + uyy = 0,

âîçíèê èíòåðåñ ê èçó÷åíèþ ýëëèïòè÷åñêèõ, ïàðàáîëè÷åñêèõ è ãèïåð-
áîëè÷åñêèõ óðàâíåíèé, âûðîæäàþùèõñÿ íà ÷àñòè ãðàíèöû îáëàñòè
çàäàíèÿ òàêèõ óðàâíåíèé. Ñòàòüÿ Ì.Â. Êåëäûøà [1], îïóáëèêîâàí-
íàÿ â 1951 ãîäó, ïîëîæèëà íà÷àëî ê öåëîìó íàïðàâëåíèþ èçó÷åíèÿ
êðàåâûõ çàäà÷ äëÿ âûðîæäàþùèõñÿ äèôôåðåíöèàëüíûõ óðàâíåíèé
â ÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà è âûøå. Â ìîíîãðàôèÿõ
Ì.Ì. Ñìèðíîâà [2], Î.À. Îëåéíèê, Å.Â. Ðàäêåâè÷ [3] ïðèâåäåí äî-
ñòàòî÷íî ïîëíûé îáçîð ðàáîò, ïîñâÿùåííûõ èçó÷åíèþ ãðàíè÷íûõ
çàäà÷ (Äèðèõëå, Íåéìàíà è äðóãèõ) äëÿ äèôôåðåíöèàëüíûõ óðàâíå-
íèé ñ ÷àñòíûìè ïðîèçâîäíûìè ñ íåîòðèöàòåëüíîé õàðàêòåðèñòè÷å-
ñêîé ôîðìîé, çàäà÷è Êîøè äëÿ âûðîæäàþùèõñÿ ãèïåðáîëè÷åñêèõ
è ïàðàáîëè÷åñêèõ óðàâíåíèé. Â ðàáîòàõ [3, c. 16], [4] îòìå÷åíû è
íåðåøåííûå ïðîáëåìû. Îäíîé èç íèõ ÿâëÿåòñÿ èçó÷åíèå íà÷àëüíî�
ãðàíè÷íûõ çàäà÷ äëÿ âûðîæäàþùèõñÿ ïàðàáîëè÷åñêèõ óðàâíåíèé, â
÷àñòíîñòè, äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè. Èíòåðåñ èçó÷åíèÿ êðà-
åâûõ çàäà÷ äëÿ òàêèõ óðàâíåíèé íå óãàñàåò. Ïðèìåðîì ÿâëÿåòñÿ íî-
âàÿ ðàáîòà [5], ãäå ïîêàçàíî, ÷òî â òåîðèè íàáåãà äëèííûõ âîëí íà
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âîäå íà ïîëîãèé áåðåã âîçíèêàåò âîëíîâîå óðàâíåíèå âûðîæäàþùå-
åñÿ íà âñåé ãðàíèöå îáëàñòè çàäàíèÿ.

Ðàññìîòðèì óðàâíåíèå

Lu = tnuxx − xmut − bxmtnu = 0, (1)

ãäå n, m, b � âåùåñòâåííûå ïîñòîÿííûå, â ÷åòâåðòè

D = {(x, t) | t > 0, x > 0}

è áóäåì èçó÷àòü êîððåêòíîñòü ïîñòàíîâêè íà÷àëüíî � ãðàíè÷íîé çà-
äà÷è â ýòîé îáëàñòè â çàâèñèìîñòè îò ïàðàìåòðîâ n, m è b.

Åñëè ââåñòè íîâóþ ôóíêöèþ ïî ôîðìóëå

v = e
b

n+1 t
n+1

u(x, t), (2)

òî ôóíêöèÿ v(x, t) óäîâëåòâîðÿåò óðàâíåíèþ (1) ïðè b = 0. Ïîýòîìó
â äàëüíåéøåì áóäåì èññëåäîâàòü íà÷àëüíî � ãðàíè÷íóþ çàäà÷ó äëÿ
óðàâíåíèÿ (1) ïðè b = 0. Çàòåì ïî ôîðìóëå (2) ïîñòðîèì ðåøåíèÿ
ïîñòàâëåííûõ çàäà÷ äëÿ óðàâíåíèÿ (1) ïðè b ̸= 0.

Çàäà÷à 1. Ïóñòü n > −1 è m > −2. Íàéòè â îáëàñòè D îãðà-
íè÷åííóþ ôóíêöèþ u(x, t), óäîâëåòâîðÿþùóþ óñëîâèÿì:

u(x, t) ∈ C(D) ∩ C2,1
x,t (D); (3)

Lu(x, t) ≡ 0, (x, t) ∈ D; (4)

u(x, t)
∣∣∣
t=0

= φ(x), x ⩾ 0; (5)

u(x, t)
∣∣∣
x=0

= 0, t ⩾ 0, (6)

ãäå φ(x) � çàäàííàÿ íåïðåðûâíàÿ è îãðàíè÷åííàÿ ôóíêöèÿ, φ(0) = 0.
Çàäà÷à 2. Ïóñòü n > −1 è m ⩽ −2. Íàéòè â îáëàñòè D îãðà-

íè÷åííóþ ôóíêöèþ, óäîâëåòâîðÿþùóþ óñëîâèÿì (3) � (5).
Îòìåòèì, ÷òî â ïîñòàíîâêå çàäà÷è 2 ãðàíèöà x = 0 îáëàñòè D

îñâîáîæäàåòñÿ îò ãðàíè÷íîãî óñëîâèÿ (6), êàê è â ðàáîòå Êåëäûøà
Ì.Â. [1]. Ðàíåå óðàâíåíèÿ òèïà (1) ïðè n > 0 è m = 0 èçó÷àëèñü â
ðàáîòàõ Íàõóøåâà À.Ì. [6, c. 52 � 57], Pagani C.D. [7] â îãðàíè÷åííîé
îáëàñòè â ñâÿçè ñ îáîñíîâàíèåì êîððåêòíîñòè ïîñòàíîâêè íà÷àëüíî�
ãðàíè÷íûõ çàäà÷.

Â äàííîé ñòàòüå, ñëåäóÿ ðàáîòàì [1, 3, 8] èññëåäóþòñÿ íà êîððåêò-
íîñòü ïîñòàíîâêè çàäà÷ 1 è 2 â çàâèñèìîñòè îò çíà÷åíèé ïîêàçàòåëåé
ñòåïåíè âûðîæäåíèÿ n è m óðàâíåíèÿ (1) íà ïðÿìûõ t = 0 è x = 0.
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1. Ïîñòðîåíî â ÿâíîì âèäå ðåøåíèÿ çàäà÷è 1 ïðè âñåõ n > −1, n ̸=
0 è m > −2, m ̸= 0 êàê ñóììà ðÿäà ïî îðòîãîíàëüíîé ñèñòåìå ôóíê-
öèé Áåññåëÿ â ïðîñòðàíñòâå L2[0, l] ñ âåñîì xm. Åäèíñòâåííîñòü ðåøå-
íèÿ çàäà÷è 1 äîêàçàíà íà îñíîâàíèè ñâîéñòâà ïîëíîòû ïîñòðîåííîé
ñèñòåìû ñîáñòâåííûõ ôóíêöèé. Ïðèâåäåíî îáîñíîâàíèå ñõîäèìîñòè
ðÿäà â êëàññå ôóíêöèé (2).

2. Ïîñòðîåíî èíòåãðàëüíîå ïðåäñòàâëåíèå ðåøåíèÿ çàäà÷è 1 ïðè
âñåõ n > −1, n ̸= 0 è m > −2, m ̸= 0 ñ îáîñíîâàíèåì ñõîäèìîñòè â
êëàññå ôóíêöèé (2). Åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è 1 äîêàçàíà íà
îñíîâàíèè ïðèíöèïà ýêñòðåìóìà è ìåòîäà áàðüåðíûõ ôóíêöèé.

3. Ïðè n ⩽ −1, m > −2 ïîêàçàíà íåêîððåêòíîñòü çàäà÷è 1. Â
ýòîì ñëó÷àå ïîñòðîåííûå ÷àñòíûå ðåøåíèÿ uµ(x, t) ïðè t → 0 èëè
µ→ ∞ ñòðåìÿòñÿ ê áåñêîíå÷íîñòè.

4. Ïðè n > −1 è m = −2 èññëåäîâàíà çàäà÷à 2. Äëÿ ðåøåíèÿ ýòîé
çàäà÷è ïîëó÷åíî èíòåãðàëüíîå ïðåäñòàâëåíèå.

5. Ïðè n > −1 è m < −2 ðåøåíèå çàäà÷è 2 ïîñòðîåíî â âèäå èíòå-
ãðàëüíîãî ïðåäñòàâëåíèÿ. Åäèíñòâåííîñòü ðåøåíèÿ ýòîé çàäà÷è ïðè
m ⩽ −2 óñòàíîâëåíà ìåòîäàìè ìàêñèìóìà è áàðüåðíûõ ôóíêöèé.
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Ôèêñèðóåì ÷èñëà δ ∈ (0, π) è n ∈ N. Ïóñòü In,δ � ìíîæåñòâî
òàêèõ òðèãîíîìåòðè÷åñêèõ ïîëèíîìîâ T (x) ïîðÿäêà n ∈ N, ÷òî
|T (x)| ⩽ 1 ïðè δ ⩽ |x| ⩽ π, è íà èíòåðâàëå (−δ, δ) ñóùåñòâóþò òàêèå
òðè òî÷êè x1 < x2 < x3, ÷òî T (x1) > 1, T (x2) < −1, T (x3) > 1. Äëÿ
ïîëèíîìà T ∈ In,δ ïîëîæèì

M(T ) = sup{min{T (x1),−T (x2), T (x3)}},

ãäå ñóïðåìóì áåðåòñÿ ïî âñåì òðîéêàì òî÷åê x1 < x2 < x3 óêàçàííîãî
òèïà èç èíòåðâàëà (−δ, δ). Îáîçíà÷èì

M̃ = sup{M(T ) : T ∈ In,δ}.

Òðåáóåòñÿ ñðåäè âñåõ ïîëèíîìîâ T ∈ In,δ íàéòè òîò ïîëèíîì
Tn(δ;x), ó êîòîðîãî âåëè÷èíà M(Tn(δ; ·)) ñîâïàäàåò ñ M̃ .

Òåîðåìà 1. Ïóñòü n ⩾ 2, π/n < δ < π. Òîãäà ñóùåñòâóåò,
ïðè÷åì åäèíñòâåííûé, ïîëèíîì Tn(δ;x) ∈ In,δ, òàêîé, ÷òî âûïîë-
íÿåòñÿ ðàâåíñòâî M(Tn(δ; ·)) = M̃ . Ýòîò ïîëèíîì îáëàäàåò ñëåäó-
þùèìè ñâîéñòâàìè:

1. Tn(δ;x) � ÷åòíûé ïîëèíîì;

2. ∥Tn(δ; ·)∥ = M̃ ;

3. íà îòðåçêå [0, δ] ïîëèíîì Tn(δ;x) èìååò äâà ó÷àñòêà ìîíîòîí-
íîñòè, à èìåííî, âîçðàñòàåò îò ñâîåãî ìèíèìàëüíîãî çíà÷å-
íèÿ Tn(δ; 0) = −M̃ äî ñâîåãî ìàêñèìàëüíîãî çíà÷åíèÿ M̃ , à
çàòåì óáûâàåò îò M̃ äî çíà÷åíèÿ Tn(δ; δ) = 1;
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4. íà îòðåçêå [δ, π] ïîëèíîì Tn(δ;x) èìååò n− 1 ó÷àñòêîâ ìîíî-
òîííîñòè, íà êàæäîì èç êîòîðûõ îí èçìåíÿåòñÿ îò 1 äî −1
èëè îò −1 äî 1, èìåííî, íà÷èíàÿ ñ òî÷êè x = δ îí óáûâàåò
îò 1 äî −1, çàòåì âîçðàñòàåò îò −1 äî 1 è ò.ä., çàêàí÷èâàÿ
òî÷êîé x = π, â êîòîðîé Tn(δ;π) = (−1)n+1.

Òðèãîíîìåòðè÷åñêèé ïîëèíîì Tn(δ;x) èç òåîðåìû 1 (î åãî ïî-
ñòðîåíèè ñì. [1]) íàçûâàåòñÿ ¾ïðîáíûì¿ ïîëèíîìîì ïîðÿäêà n ñ ïà-
ðàìåòðîì δ è èñïîëüçóåòñÿ ïðè äîêàçàòåëüñòâå òåîðåìû 2.

Ïóñòü M � êëàññ 2π-ïåðèîäè÷åñêèõ îãðàíè÷åííûõ (âîîáùå ãî-
âîðÿ, ìíîãîçíà÷íûõ) ôóíêöèé. Õàóñäîðôîâûì ðàññòîÿíèåì H(f, g)
ìåæäó ôóíêöèÿìè f è g, ïðèíàäëåæàùèìè êëàññó M, íàçûâàåòñÿ
ðàññòîÿíèå Õàóñäîðôà�Ìèíêîâñêîãî ìåæäó èõ äîïîëíåííûìè ãðà-
ôèêàìè F (f) è F (g), ò.å.

H(f, g) := H(F (f), F (g)).

Áóäåì ãîâîðèòü, ÷òî äîïîëíåííûé ãðàôèê ôóíêöèè f ñîäåðæèò ãðà-
ôèê òðèãîíîìåòðè÷åñêîãî ïîëèíîìà, åñëè ñóùåñòâóåò òðèãîíîìåòðè-
÷åñêèé ïîëèíîì T òàêîé, ÷òî F (T ) ⊂ F (f). Ïóñòü HEn(f) ñóòü íàè-
ìåíüøèå óêëîíåíèÿ ôèêñèðîâàííîé ôóíêöèè f ∈ M îò òðèãîíîìåò-
ðè÷åñêèõ ïîëèíîìîâ ïîðÿäêà íå âûøå n ∈ N â ìåòðèêå Õàóñäîðôà�
Ìèíêîâñêîãî, à Ω(f) � êîëåáàíèå ôóíêöèè f ∈ M.

Òåîðåìà 2. Äëÿ ôóíêöèè f ∈ M, äîïîëíåííûé ãðàôèê êîòîðîé
ñîäåðæèò ãðàôèê òðèãîíîìåòðè÷åñêîãî ïîëèíîìà, ïðè âñåõ íàòó-
ðàëüíûõ n > N(f) ñïðàâåäëèâà îöåíêà

HEn(f) <
1

n
log(nΩ(f)) +

4

n
.

Ðàíåå Â.À. Ïîïîâûì è Áë. Ñåíäîâûì [2] áûëî ïîêàçàíî, ÷òî äëÿ
ëþáîé ôóíêöèè f ∈ M âåðíà îöåíêà

HEn(f) ⩽
log n

n
(1 + εn(f)),

ãäå εn(f) → 0 ïðè n→ ∞, è ÷òî ìíîæèòåëü 1+εn(f) ïðè ýòîì íåëüçÿ
çàìåíèòü íà c+ εn(f), ãäå c < 1.

Ëèòåðàòóðà
1. Ñàäåêîâà Å.Õ. Îá îäíîé çàäà÷å äëÿ ÷¼òíîãî òðèãîíîìåòðè÷å-

ñêîãî ïîëèíîìà, íàèìåíåå óêëîíÿþùåãîñÿ îò íóëÿ / Å.Õ. Ñàäåêî-
âà // Ñèñòåìû êîìïüþòåðíîé ìàòåìàòèêè è èõ ïðèëîæåíèÿ: ìåæâó-
çîâñêèé ñáîðíèê íàó÷íûõ òðóäîâ � 2024. � Ò. 25. � Ñ. 273�278.
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2. Ñåíäîâ Áë., Ïîïîâ Â.À. Òî÷íàÿ àñèìïòîòèêà íàèëó÷øåãî ïðè-
áëèæåíèÿ àëãåáðàè÷åñêèìè è òðèãîíîìåòðè÷åñêèìè ìíîãî÷ëåíàìè
â ìåòðèêå Õàóñäîðôà / Áë. Ñåíäîâ, Â.À. Ïîïîâ // Ìàòåì. ñá. �
1972. � Ò. 89, � 1. � Ñ. 138�147.

ÏÐÎÑÒÐÀÍÑÒÂÀ ÔÓÍÊÖÈÉ
ÁÅÑÊÎÍÅ×ÍÎÌÅÐÍÎÃÎ ÀÐÃÓÌÅÍÒÀ

È ÓÍÈÒÀÐÍÛÅ ÏÐÅÄÑÒÀÂËÅÍÈß ÃÐÓÏÏ
Â.Æ. Ñàêáàåâ (Ìîñêâà, ÈÏÌ èì. Ì.Â. Êåëäûøà)

fumi2003@mail.ru

Èññëåäóþòñÿ ìåðû íà ñåïàðàáåëüíîì ãèëüáåðòîâîì ïðîñòðàí-
ñòâå E, èíâàðèàíòíûå îòíîñèòåëüíî òàêèõ ãðóïï ïðåîáðàçîâàíèé,
êàê ãðóïïà ñäâèãîâ âäîëü áåçäèâåðãåíòíûõ âåêòîðííûõ ïîëåé. Ïî-
ëó÷åíû óíèòàðíûå ïðåäñòàâëåíèÿ óêàçàííûõ ãðóïï â ïðîñòðàíñòâå
H = L2(E, λ,C) êâàäðàòè÷íî èíòåãðèðóåìûõ ïî èíâàðèàíòíîé ìåðå
ôóíêöèé. Íàéäåíû ïîäãðóïïû, ïðåäñòàâëåíèÿ êîòîðûõ íåïðåðûâíû
â ñèëüíîé îïåðàòîðíîé òîïîëîãèè, è íàéäåíû èíâàðèàíòíûå ïîäïðî-
ñòðàíñòâà, ñóæåíèÿ íà êîòîðûå ïðåäñòàâëåíèé ãðóïï ñèëüíî íåïðå-
ðûâíû [1].

Èññëåäîâàíû äèññèïàòèâíûå ïîëóãðóïïû ñæàòèé, îïèñûâàþùèõ
óñðåäíåíèÿ ñëó÷àéíûõ ïðåîáðàçîâàíèé, è èõ ãåíåðàòîðû. Îïðåäåëå-
íû àíàëîãè ïðîñòðàíñòâ Ñîáîëåâà è ïðîñòðàíñòâ ãëàäêèõ ôóíêöèé
è èññëåäîâàíû èõ âëîæåíèÿ. Ïîëó÷åíû àíàëîãè ïðåäåëüíûõ òåîðåì
äëÿ êîìïîçèöèé ñëó÷àéíûõ ïðåîáðàçîâàíèé.

Ïîëó÷åí êðèòåðèé ñèëüíîé íåïðåðûâíîñòè â ïðîñòðàíñòâå H
êâàäðàòè÷íî èíòåãðèðóåìûõ ïî òðàíñëÿöèîííî èíâàðèàíòíîé ìåðå
ôóíêöèé ïîëóãðóïïû UD ñâåðòîê ñ öåíòðèðîâàííîé ãàóññîâñêîé ìå-
ðîé γD íà ïðîñòðàíñòâå E.

Òåîðåìà 1. Ïîëóãðóïïà UD(t), t ⩾ 0, ñèëüíî íåïðåðûâíà â ïðî-
ñòðàíñòâå H òîãäà è òîëüêî òîãäà, êîãäà îïåðàòîð

√
D ÿäåðíûé.

Ñàìîñîïðÿæåííûé îïåðàòîð Ëàïëàñà-Âîëüòåððà ∆ â ïðîñòðàí-
ñòâå ôóíêöèé áåñêîíå÷íîìåðíîãî àðãóìåíòà çàäàåòñÿ ñ ïîìîùüþ ââå-
äåíèÿ íà ïðîñòðàíñòâå ïîñëåäîâàòåëüíîñòåé E = ℓ2 òðàíñëÿöèîííî
èíâàðèàíòíîé êîíå÷íî-àääèòèâíîé ìåðû λ. Ïîëóãðóïïà et∆, t ⩾ 0,
ïîðîæäàåìàÿ îïåðàòîðîì Ëàïëàñà-Âîëüòåððà â ãèëüáåðòîâîì ïðî-
ñòðàíñòâå H êâàäðàòè÷íî èíòåãðèðóåìûõ ïî ìåðå λ ôóíêöèé, ñãëà-
æèâàåò ïðîèçâîëüíóþ ôóíêöèþ òàê, ÷òî ëþáàÿ ôóíêöèÿ èç ïðî-
ñòðàíñòâà îáðàçîâ

⋃
t>0

et∆(H) ≡ C∞
∆ îáëàäàåò ïðîèçâîäíîé ëþáîãî

© Ñàêáàåâ Â.Æ., 2025
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ïîðÿäêà ïî ëþáîìó áàçèñíîìó íàïðàâëåíèþ, ëåæàùåé â ïðîñòðàí-
ñòâå H (ñì. [2]).

Ïðîñòðàíñòâî Ñîáîëåâà W 1
2,∆ ââîäèòñÿ êàê îáëàñòü îïðåäåëåíèÿ

çàìûêàíèÿ êâàäðàòè÷íîé ôîðìû K∆(u) = −(∆u, u), u ∈ C∞
∆ .

Òåîðåìà 2. Ïóñòü D � íåîòðèöàòåëüíûé ÿäåðíûé îïåðàòîð
â ïðîñòðàíñòâå H òàêîé, ÷òî

√
D ÿâëÿåòñÿ ÿäåðíûì. Òîãäà ïðî-

ñòðàíñòâî W 1
2,∆ ïëîòíî â ïðîñòðàíñòâå H, à ïðîñòðàíñòâî W 2

2,∆

ÿâëÿåòñÿ îáëàñòüþ îïðåäåëåíèÿ ãåíåðàòîðà ïîëóãðóïïû UD(t), t ⩾
0.

Â îáùåì ñëó÷àå ñðåäè ¾áåñêîíå÷íî äèôôåðåíöèðóåìûõ¿ ôóíê-
öèé èç ïðîñòðàíñòâà C∞

∆ ñóùåñòâóþò ðàçðûâíûå. Íàéäåíî èíâàðè-
àíòíîå îòíîñèòåëüíî ïîëóãðóïïû et∆, t ⩾ 0, ñåïàðàáåëüíîå ïîäïðî-
ñòðàíñòâî H0 ïðîñòðàíñòâà H òàêîå, ÷òî ëþáàÿ ôóíêöèÿ èç îáðàçà⋃
t>0

et∆(H0) ÿâëÿåòñÿ íåïðåðûâíîé.

Ïóñòü D � íåîòðèöàòåëüíûé îïåðàòîð â ïðîñòðàíñòâå E. Ââåäåì
ïðîñòðàíñòâà Ñîáîëåâà

W l
2,Da(E) = {u ∈ H : ∂lju ∈ H ∀ j :

n∑
j=1

daj ∥∂leju∥
2
H < +∞}

ãäå {ej} � îðòîíîðìèðîâàííûé áàçèñ ñîáñòâåííûõ âåêòîðîâ îïåðàòî-
ðà D, a > 0, l ∈ N.

Òåîðåìà 3. Ïóñòü D � íåîòðèöàòåëüíûé íåâûðîæäåííûé îïå-
ðàòîð â ïðîñòðàíñòâå E òàêîé, ÷òî Dγ ÿâëÿåòñÿ ÿäåðíûì ïðè
íåêîòîðîì γ > 0. Ïóñòü l ∈ N.

Åñëè b ⩾ lα + γ äëÿ íåêîòîðîãî α ∈ [γ,+∞), òî C∞
Dα(E) ⊂

W l
2,Db(E).

Åñëè, êðîìå òîãî, α ⩾ 2γ, òî ïðîñòðàíñòâî C∞
Dα(E) ïëîòíî â

ïðîñòðàíñòâå W l
2,Db(E).

Åñëè óñëîâèÿ òåîðåìû 3 íàðóøåíû, òî ïðîñòðàíñòâî C∞
Da(E) ìî-

æåò íå áûòü âëîæåíî â ïðîñòðàíñòâîW 1
2,D(E); ïðîñòðàíñòâî C∞

Da(E)

ìîæåò íå áûòü ïëîòíî â ïðîñòðàíñòâå W 1
2,D(E).

Ëèòåðàòóðà
1. Sakbaev V.Zh. Flows in In�nite-Dimensional Phase

Space Equipped with a Finitely-Additive Invariant Measures /
V.Zh. Sakbaev // Mathematics. � 2023. � V. 11, No 5. � P. 1161.

2. Busovikov V.M. Sobolev spaces of functions on Hilbert
space endowed with shift-invariant measures and approximations
of semigroups / V.M. Busovikov, V.Zh. Sakbaev // Izvestiya
Mathematics. � 2020. � V. 84, No 4. � P. 694�721.
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Î ÏÐÅÄÑÒÀÂËÅÍÈßÕ ÇÍÀ×ÅÍÈÉ ÄÇÅÒÀ-ÔÓÍÊÈÈ
ÐÈÌÀÍÀ È ÐÎÄÑÒÂÅÍÍÛÕ Ñ ÍÅÉ ÔÓÍÊÖÈÉ

Â ÍÀÒÓÐÀËÜÍÛÕ ÒÎ×ÊÀÕ1

Ò.À. Ñàôîíîâà (Àðõàíãåëüñê, ÑÀÔÓ)
t.Safonova@narfu.ru

Ñèìâîëîì β(s) îáîçíà÷èì áåòà-ôóíêöèþ Äèðèõëå, à ñèìâîëàìè
ζ(s), λ(s) è η(s) - äçåòà-ôóíêöèþ Ðèìàíà è ðîäñòâåííûå ñ íåé ôóíê-
öèè, îïðåäåëÿåìûå ðàâåíñòâàìè

β(s) =

+∞∑
k=1

(−1)k−1

(2k − 1)s
, ζ(s) =

+∞∑
k=1

1

ks
,

λ(s) =

+∞∑
k=1

1

(2k − 1)s
= (1−2−s)ζ(s), η(s) =

+∞∑
k=1

(−1)k−1

ks
= (1−21−s)ζ(s).

Â ðàáîòå ìåòîäàìè ñïåêòðàëüíîé òåîðèè îáûêíîâåííûõ äèôôå-
ðåíöèàëüíûõ îïåðàòîðîâ óñòàíàâëèâàåòñÿ ñïðàâåäëèâîñòü íåêîòî-
ðûõ òîæäåñòâ äëÿ îïðåäåë¼ííûõ ëèíåéíûõ êîìáèíàöèé ÷èñåë β(2n),
ζ(2n + 1), λ(2n + 1), η(2n + 1) è β(2n + 1), ζ(2n), λ(2n), η(2n), ãäå
n ∈ N , à èìåííî ñïðàâåäëèâû ñëåäóþùèå òåîðåìû.

Òåîðåìà 1. Ïðè m = 1, 2, . . . ñïðàâåäëèâû ðàâåíñòâà

m∑
n=1

(−1)n−1

(2m− 2n)!

(π
2

)2(m−n)
β(2n) =

1

2(2m− 1)!

π/2∫
0

x2m−1

sinx
dx,

m∑
n=1

(−1)n−1π2(m−n)

(2m− 2n+ 1)!
ζ(2n+ 1) = − π2m+1

(2m+ 1)!
ln 2+

+
22m+1

(2m+ 2)!

π/2∫
0

(2m+ 2)
(
π
2

)2m+1
x+

(
π
2 − x

)2m+2 −
(
π
2

)2m+2

sin2 x
dx,

m∑
n=1

(−1)n−1

(2m− 2n)!

(π
2

)2(m−n)
λ(2n+ 1) =

1

2(2m)!

π/2∫
0

(
π
2

)2m −
(
π
2 − x

)2m
sinx

dx,

1 Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò � 12-21-
00128).
© Ñàôîíîâà Ò.À., 2025
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m∑
n=1

(−1)n−1π2(m−n)+1

(2m− 2n+ 1)!
η(2n− 1) =

22m−1

(2m)!

π/2∫
0

x2m

sin2 x
dx,

m∑
n=1

(−1)m−n

(2m− 2n+ 1)!

(π
2

)2(m−n)+1

β(2n)+λ(2m+1) =
(−1)m

2(2m)!

π/2∫
0

x2m

sinx
dx,

m∑
n=0

(−1)m−nπ2(m−n)

(2m− 2n)!
η(2n+ 1) + ζ(2m+ 1) =

(−1)m22m

(2m+ 1)!

π/2∫
0

x2m+1

sin2 x
dx.

Òåîðåìà 2. Ïðè m = 1, 2, . . . ñïðàâåäëèâû ðàâåíñòâà

m∑
n=0

(−1)n

(2m− 2n)!

(
2

π

)2n

β(2n+ 1) = 0,

m∑
n=1

(−1)n−1

π2n(2m− 2n+ 1)!
ζ(2n) =

m

(2m+ 1)!
,

m∑
n=1

(−1)n−1

(2m− 2n)!

(
2

π

)2n

λ(2n) =
1

2(2m− 1)!
,

m∑
n=1

(−1)n−1

π2n(2m− 2n+ 1)!
η(2n) =

1

2(2m+ 1)!
,

m−1∑
n=0

(−1)m−n

(2m− 2n− 1)!

(π
2

)2(m−n)−1

β(2n+ 1) + λ(2m) = 0,

m∑
n=1

(−1)m−nπ2(m−n)

(2m− 2n)!
η(2n) + ζ(2m) =

(−1)m−1π2m

2(2m)!
.

Íåêîòîðûå èç ïðèâåä¼ííûõ âûøå òîæäåñòâ áûëè óñòàíîâëåíû ðà-
íåå äðóãèìè àâòîðàìè, à äðóãèå - íîâû.
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ÈÍÂÀÐÈÀÍÒÛ ÍÀ ÊËÀÑÑÀÕ ÝÊÂÈÂÀËÅÍÒÍÎÑÒÈ
ÆÅÑÒÊÈÕ ÔÐÅÉÌÎÂ1

Â.Â. Ñåâîñòüÿíîâà (Ñàìàðà, Ñàìàðñêèé óíèâåðñèòåò)
berlua@mail.ru

Ïóñòü Hd � åâêëèäîâî (óíèòàðíîå) ïðîñòðàíñòâî ðàçìåðíîñòè d
íàä ïîëåì F = R (ñîîòâ. C).

Îïðåäåëåíèå 1. Êîíå÷íûé íàáîð âåêòîðîâ {φi}ni=1 â ïðîñòðàí-
ñòâå Hd áóäåì íàçûâàòü ôðåéìîì, åñëè ñóùåñòâóþò êîíñòàíòû
0 < a ⩽ b <∞, òàêèå, ÷òî äëÿ âñåõ x ∈ Fd,

a∥x∥2 ⩽
n∑
j=1

|⟨x, φj⟩|2 ⩽ b∥x∥2.

Ôðåéìû íàõîäÿò øèðîêîå ïðèìåíåíèå â àíàëèçå ñèãíàëîâ, îáðà-
áîòêå èçîáðàæåíèé, êîäèðîâàíèè è âîññòàíîâëåíèè äàííûõ, êâàíòî-
âîé òåîðèè èíôîðìàöèè è òåîðèè ñæàòûõ èçìåðåíèé.

Åñëè a = b â îïðåäåëåíèè 1, òî òàêèå ôðåéìû íàçûâàþòñÿ a-
æåñòêèìè. 1-æåñòêèå ôðåéìû áóäåì íàçûâàòü ôðåéìàìè Ïàðñåâà-
ëÿ.

Ââåäåì íà ìíîæåñòâå ôðåéìîâ ðàçëè÷íûå êëàññû ýêâèâàëåíòíî-
ñòè.

Îïðåäåëåíèå 2. Ôðåéìû {φi}ni=1 è {ψi}ni=1 íàçûâàþòñÿ óíè-
òàðíî ýêâèâàëåíòíûìè, åñëè ñóùåñòâóåò óíèòàðíîå ïðåîáðàçîâà-
íèå U, òàêîå, ÷òî ψi = Uφi, ∀i.

Õîðîøî èçâåñòíî, ÷òî ìàòðèöû Ãðàìà äâóõ ñèñòåì âåêòîðîâ
{φi}ni=1 è {ψi}ni=1 ñîâïàäàþò òîãäà è òîëüêî òîãäà, êîãäà ýòè ñèñòå-
ìû óíèòàðíî ýêâèâàëåíòíû. Òîãäà óíèòàðíî ýêâèâàëåíòíûå ôðåéìû
îäíîçíà÷íî îïðåäåëÿþòñÿ ⟨φi, φj⟩, i ⩽ j.

Îïðåäåëåíèå 3. Áóäåì ãîâîðèòü, ÷òî äâà ôðåéìà Ïàðñåâàëÿ
{φi}ni=1 è {ψi}ni=1 ïåðåñòàíîâî÷íî óíèòàðíî ýêâèâàëåíòíû, åñëè ñó-
ùåñòâóåò ïåðåñòàíîâêà σ ∈ Sn, äëÿ êîòîðîé ôðåéìû {φi}ni=1 è
{ψσ(i)}ni=1 óíèòàðíî ýêâèâàëåíòíû.

Ðàññìîòðèì êëàññû ôðåéìîâ, ÿâëÿþùèõñÿ ïåðåñòàíîâî÷íî óíè-
òàðíî ýêâèâàëåíòíûìè. Â ðàáîòàõ [1,2] íàéäåíû èíâàðèàíòíûå ôóíê-
öèè, ðàçäåëÿþùèå ïåðåñòàíîâî÷íî óíèòàðíûå êëàññû ýêâèâàëåíòíî-
ñòè â îáùåì ïîëîæåíèè.

1 Ðàáîòà âûïîëíåíà â ðàìêàõ ðåàëèçàöèè Ïðîãðàììû ðàçâèòèÿ Íàó÷íî-
îáðàçîâàòåëüíîãî ìàòåìàòè÷åñêîãî öåíòðà Ïðèâîëæñêîãî ôåäåðàëüíîãî îêðóãà
(ñîãëàøåíèå � 075-02-2024-1456).
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Îïðåäåëåíèå 4. Ôðåéìû Φ = {φi}ni=1 è Ψ = {ψi}ni=1 íàçûâàþò-
ñÿ ïðîåêòèâíî óíèòàðíî ýêâèâàëåíòíûìè, åñëè ñóùåñòâóåò óíè-
òàðíîå ïðåîáðàçîâàíèå U è ÷èñëà αi ∈ F, |αi| = 1, äëÿ êîòîðûõ
ψi = αiUφi.

Èíâàðèàíòàìè íà ïðîåêòèâíî óíèòàðíûõ êëàññàõ ýêâèâàëåíòíî-
ñòè ÿâëÿþòñÿ òàê íàçûâàåìûåm-ïðîèçâåäåíèÿ, ò.å. ïðîèçâåäåíèÿ âè-
äà

∆(φi1 , φi2 , . . . , φim) = ⟨φi1 , φi2⟩⟨φi2 , φi3⟩ . . . ⟨φim , φi1⟩.

Â ðàáîòå [3] ïîêàçàíî, ÷òî ôðåéìû â Hd � ïðîåêòèâíî óíèòàðíî
ýêâèâàëåíòíû òîãäà è òîëüêî òîãäà, êîãäà ñîâïàäàþò âñå èõ m-
ïðîèçâåäåíèÿ.

Îïðåäåëåíèå 5. Ôðåéìû Ïàðñåâàëÿ Φ = {φi}ni=1 è Ψ = {ψi}ni=1

íàçûâàþòñÿ ïðîåêòèâíî-ïåðåñòàíîâî÷íî óíèòàðíî ýêâèâàëåíòíû-
ìè, åñëè ñóùåñòâóþò óíèòàðíîå U, σ ∈ Sn è αi ∈ F, |αi| = 1, äëÿ
êîòîðûõ ψi = αiUφσ(i).

Â äîêëàäå ïîéäåò ðå÷ü îá èíâàðèàíòàõ íà ïðîåêòèâíî-ïåðåñòà-
íîâî÷íî óíèòàðíûõ êëàññàõ ýêâèâàëåíòíîñòè ôðåéìîâ Ïàðñåâàëÿ. Â
÷àñòíîñòè, áóäóò ïîêàçàíû ïîëèíîìèàëüíûå ôóíêöèè, ïîñòîÿííûå
íà òàêèõ êëàññàõ, êîòîðûå â îáùåì ïîëîæåíèè ðàçäåëÿþò ïðîåê-
òèâíî-ïåðåñòàíîâî÷íî óíèòàðíûå êëàññû ýêâèâàëåíòíîñòè ôðåéìîâ
Ïàðñåâàëÿ.
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Ïðîáëåìû ìîòèâàöèè ñòóäåíòîâ â èçó÷åíèè âûñøåé ìàòåìàòèêè
ÿâëÿþòñÿ àêòóàëüíîé òåìîé äëÿ îáðàçîâàòåëüíîé ñðåäû. Îíè ìîãóò
áûòü ñâÿçàíû ñ ðàçëè÷íûìè ôàêòîðàìè, âêëþ÷àÿ èíäèâèäóàëüíûå
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îñîáåííîñòè ñòóäåíòîâ, ïåäàãîãè÷åñêèå ïîäõîäû, îðãàíèçàöèþ ó÷åá-
íîãî ïðîöåññà è âîñïðèÿòèå ñàìîé äèñöèïëèíû.

� Îòñóòñòâèå ïðàêòè÷åñêîé çíà÷èìîñòè: Äåìîíñòðàöèÿ
ïðèêëàäíûõ çàäà÷, èñïîëüçîâàíèå êåéñ-ìåòîäîâ.

� Ñëîæíîñòü ìàòåðèàëà: Ïîøàãîâîå óñëîæíåíèå, ïðèìåíåíèå
ìóëüòèìåäèà.

� Îòñóòñòâèå âíóòðåííèõ ìîòèâîâ: Ðàçâèòèå ëþáîçíàòåëü-
íîñòè, ñòèìóëèðîâàíèå èññëåäîâàòåëüñêîé àêòèâíîñòè.

� Íåýôôåêòèâíûå ïåäàãîãè÷åñêèå ïîäõîäû: Ãåéìèôèêà-
öèÿ, ïðîåêòíîå îáó÷åíèå.

� Íåãàòèâíûé îïûò: Àòìîñôåðà ïîääåðæêè, ïîâòîðåíèå áàçî-
âûõ òåì.

� Íåäîñòàòî÷íàÿ âîâëå÷åííîñòü: Äèñêóññèè, ìåòîä ïåðåâåð-
íóòîãî êëàññà.

� Íåîïòèìàëüíàÿ îðãàíèçàöèÿ ïðîöåññà: Ðåâèçèÿ ïëàíîâ,
ñìåøàííîå îáó÷åíèå.

Ýòè ïðîáëåìû òðåáóþò êîìïëåêñíîãî ïîäõîäà è ó÷åòà èíäèâèäó-
àëüíûõ ïîòðåáíîñòåé ñòóäåíòîâ.
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Ðàññìîòðèì óðàâíåíèå ñìåøàííîãî òèïà

Lu =

{
uxx − tnut − bu = 0, t > 0,

uxx − (−t)mutt − bu = 0, t < 0,
(1)

â ïðÿìîóãîëüíîé îáëàñòè D = {(x, t)| 0 < x < l, −α < t < β}, ãäå
n > 0, m > 0, l > 0, α > 0, β > 0 è b � çàäàííûå äåéñòâèòåëüíûå
÷èñëà è ñëåäóþùèå íà÷àëüíî-ãðàíè÷íûå çàäà÷è.

Çàäà÷à 1. Ïóñòü 0 < m < 1. Íàéòè ôóíêöèþ u(x, t), óäîâëå-
òâîðÿþùóþ ñëåäóþùèì óñëîâèÿì:

u(x, t) ∈ C(D) ∩ C1
x(D) ∩ C2

x(D+) ∩ C2(D−); (2)

lim
t→0+0

tnut(x, t) = lim
t→0−0

ut(x, t); (3)

Lu(x, t) ≡ 0, (x, t) ∈ D+ ∪D−; (4)

u(0, t) = u(l, t) = 0, −α ⩽ t ⩽ β; (5)

u(x,−α) = φ(x), 0 ⩽ x ⩽ l, (6)

ãäå φ(x) � çàäàííàÿ äîñòàòî÷íî ãëàäêàÿ ôóíêöèÿ, D+ = D∩{t > 0},
D− = D ∩ {t < 0}.

Çàäà÷à 2. Ïóñòü 1 < m < 2. Íàéòè ôóíêöèþ u(x, t), óäîâëå-
òâîðÿþùóþ óñëîâèÿì (2), (4) � (6) è

lim
t→0+0

tnut(x, t) = lim
t→0−0

(−t)m−1ut(x, t), 0 ⩽ x ⩽ l.

Çàäà÷à 3. Ïóñòü m = 1. Íàéòè ôóíêöèþ u(x, t), óäîâëåòâîðÿ-
þùóþ óñëîâèÿì (2), (4) � (6) è

lim
t→0+0

tnut(x, t) = lim
t→0−0

ut(x, t)

ln(−t)
, 0 ⩽ x ⩽ l.

Êàê è â ðàáîòàõ Ì.Â. Êåëäûøà [1] è Î.À. Îëåéíèê, Å.Â. Ðàä-
êåâè÷ [2] äëÿ óðàâíåíèÿ (1) ëèíèÿ t = 0 ÿâëÿåòñÿ õàðàêòåðèñòèêîé
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ñòåïåííîãî âûðîæäåíèÿ óðàâíåíèÿ, ÷òî çàòðóäíÿåò ïîñòàíîâêó êðà-
åâûõ çàäà÷. Çäåñü ïîêàçàíà êîððåêòíîñòü ïîñòàíîâêè çàäà÷ 1 � 3
ïðè ðàçëè÷íûõ 0 < n < 1 è 0 < m < 2. Êîãäà n ⩾ 1 èëè m ⩾ 2
ïîñòàâëåííûå çàäà÷è äëÿ óðàâíåíèÿ (1) ñòàíîâÿòñÿ íåêîððåêòíûìè.

Çàäà÷à 1 ïðè n = 0 è m = 0 âïåðâûå áûëà èçó÷åíà â ðàáîòàõ
Ê.Á. Ñàáèòîâà [3, 4]. Â ðàáîòàõ [5, 6] èçó÷åíû íà÷àëüíî-ãðàíè÷íûå
çàäà÷è äëÿ òðåõìåðíîãî óðàâíåíèÿ ïàðàáîëî-ãèïåðáîëè÷åñêîãî òèïà
(1) ïðè n ⩽ 0 è m = 0.

Â íàñòîÿùåé ðàáîòå, èñïîëüçóÿ èäåè ðàáîò [3 � 6], äëÿ êàæäîé
èç ïîñòàâëåííûõ çàäà÷ óñòàíîâëåí êðèòåðèé åäèíñòâåííîñòè ðåøå-
íèé. Ðåøåíèÿ çàäà÷ ïîñòðîåíû â ÿâíîé ôîðìå â âèäå ñóìì ðÿäîâ ïî
ñèñòåìå ñîáñòâåííûõ ôóíêöèé ñîîòâåòñòâóþùåé îäíîìåðíîé ñïåê-
òðàëüíîé çàäà÷è. Ïðè îáîñíîâàíèè ñõîäèìîñòè ïîñòðîåííûõ ðÿäîâ
âîçíèêàþò ìàëûå çíàìåíàòåëè, çàòðóäíÿþùèå ñõîäèìîñòü ýòèõ ðÿ-
äîâ. Â ñâÿçè ñ ýòèì äëÿ äîêàçàòåëüñòâà ðàâíîìåðíîé ñõîäèìîñòè ðÿ-
äîâ óñòàíîâëåíû îöåíêè îá îòäåëåííîñòè îò íóëÿ ìàëûõ çíàìåíàòå-
ëåé ñ ñîîòâåòñòâóþùåé àñèìïòîòèêîé, êîòîðûå ïîçâîëèëè äîêàçàòü
ñóùåñòâîâàíèå ðåãóëÿðíîãî ðåøåíèÿ.
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Ðàññìîòðèì ñèíãóëÿðíûé èíòåãðàë

If = I(f ;x) =

∫ 1

−1

(1− t)α(1 + t)β
f(t)

t− x
dt,

−1 < x < 1, α > −1, β > −1, (1)

ïîíèìàåìîãî â ñìûñëå ãëàâíîãî çíà÷åíèÿ ïî Êîøè, ãäå f(x) � çà-
äàííàÿ ïëîòíîñòü èíòåãðàëà. Ïóñòü

ωn(x) =

n∏
k=1

(x− xk), ω
′
n(x) = n

n−1∏
k=1

(x− x∗k),

xk < x∗k < xk+1(k = 1, n− 1).

×åðåç L2n−1(x) = L2n−1(f ;x) îáîçíà÷èì èíòåðïîëÿöèîííûé ïîëè-
íîì òèïà Ýðìèòà � Ïàëà [1] ñòåïåíè 2n − 1 (n�÷åòíîå), óäîâëåòâî-
ðÿþùèé óñëîâèÿì

L2n−1(xk) = f(xk)(k = 1, n), L′
2n−1(x

∗
k) = f ′(x∗k)(k = 1, n− 1).

Àïïðîêñèìèðóÿ ïëîòíîñòü èíòåãðàëà (1) ïîëèíîìîì L2n−1(x),
ïîëó÷èì êâàäðàòóðíóþ ôîðìóëó

If = I(L2n−1f ;x) +Rnf =

n∑
k=1

f(xk)Ãk(x) +

n−1∑
k=1

f ′(x∗k)B̃k(x) +Rnf,

(2)

ãäå Ãk(x) = I(Ak;x), B̃k(x) = I(Bk;x), a Rnf = Rn(f ;x) � îñòàòî÷-
íûé ÷ëåí.

Êîýôôèöèåíòû Ãk(x), B̃k(x) âû÷èñëÿþòñÿ òàê æå êàê â ðàáîòå
[2].

Ñ ïîìîùüþ ðåçóëüòàòîâ ðàáîò [3]-[6] äîêàçûâàþòñÿ ñëåäóþùèå
òåîðåìû.

Òåîðåìà 1. Ïóñòü ωn(x) = (1− x2)P ′
n−1(x) (n ⩾ 2), ãäå Pn−1(x)

� ïîëèíîì Ëåæàíäðà ñòåïåíè n − 1, Pn−1(1) = 1 è L′
2n−1(−1) =
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f ′(−1). Åñëè f(x) ∈ C(r)[−1; 1] (r ⩾ 2), n ⩾ 2r+3, òî äëÿ îñòàòî÷-
íîãî ÷ëåíà êâàäðàòóðíîé ôîðìóëû (2) ñïðàâåäëèâà îöåíêà

∥Rnf∥C = O

(
n

3
2−rω

(
f (r);

1

n

)
ln2 n

)
,

ãäå ω(f ; δ) � ìîäóëü íåïðåðûâíîñòè f(x) íà [−1; 1].
Ñëåäñòâèå. Ïóñòü â óñëîâèÿõ òåîðåìû 1

f ′(x) ∈ Hα(M, [−1; 1]), 1
2 < α < 1. Òîãäà ∥Rnf∥C = O

(
n

1
2−α ln2 n

)
.

Òåîðåìà 2. Ïóñòü ωn(x) = Tn(x) = cosn arccosx � ïîëèíîì
×åáûøåâà ïåðâîãî ðîäà è f ′(x) ∈ C[−1; 1]. Òîãäà

∥Rnf∥C = O

(
n−1ω

(
f ′;

1

n

)
ln2 n

)
.

Ñëåäñòâèå. Ïóñòü â óñëîâèÿõ òåîðåìû 2
f ′(x) ∈ Hα(M, [−1; 1]), 0 < α < 1. Òîãäà ∥Rnf∥C = O

(
n−1−α ln2 n

)
.

Òåîðåìà 3. . Ïóñòü xk(k = 1, n) � íóëè ïîëèíîìà ßêîáè

P
(α,β)
n (x), α > −1, β > −1, à x∗k(k = 1, n) � íóëè ïîëèíîìà

Fn(x) =
(1−x2)(P (α,β)

n (x))′′

α+β+2 . Åñëè f ′(x) ∈ C[−1; 1], òî ñïðàâåäëèâà
îöåíêà

|Rn(f ;x)| = (1− x)−1−α(1 + x)−1−βO

(
ω

(
f ′;

1

n

)
lnn

)
.

Ïîëó÷åííûå ðåçóëüòàòû ïåðåíîñÿòñÿ íà ãèïåðñèíãóëÿðíûå èíòå-
ãðàëû.
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ÍÅÑÀÌÎÏÅÐÅÑÅÊÀÞÙÈÅÑß È ÍÅÑÏÐßÌËßÅÌÛÅ
ÏÓÒÈ ÍÀ ÏÅÐÈÎÄÈ×ÅÑÊÈÕ ÃÐÀÔÀÕ

Ð.Å. Ñîëîí÷åíêî (Áåëãîðîä, ÁÃÒÓ)
solonchenko@bsuedu.ru

×èñëåííî èññëåäóåòñÿ ñïåöèàëüíûé ñëó÷àéíûé ïðîöåññ r(t), t ∈
N+ = {0, 1, 2, 3, ..., } ñëó÷àéíûõ áëóæäàíèé ñ ñàìîîãðàíè÷åíèÿìè
òðàåêòîðèé íà ïåðèîäè÷åñêèõ ñâÿçíûõ ãðàôàõ Γ ðàçìåðíîñòè d =
2, 3. Çäåñü r(t) � âåêòîð-ôóíêöèÿ, êîòîðàÿ ïðèíèìàåò çíà÷åíèÿ íà
ïåðèîäè÷åñêîé ãåîìåòðè÷åñêîé äèñêðåòíîé ñòðóêòóðå, ïîëó÷àåìîé
â ðåçóëüòàòå ïîãðóæåíèÿ ïåðèîäè÷åñêîãî ãðàôà â ñîîòâåòñòâóþùåå
åìó åâêëèäîâî ïðîñòðàíñòâî Rd. Ðàññìàòðèâàþòñÿ äâà âàðèàíòà ñà-
ìîîãðàíè÷åíèé: 1) îòñóòñòâèå ñàìîïåðåñå÷åíèé òðàåêòîðèé, 2) îá-
ëàäàíèå òðàåêòîðèÿìè ò.í. ñâîéñòâà íåñïðÿìëÿåìîñòè (ñì., íàïðè-
ìåð, [1]). Â ïåðâîì ñëó÷àå, òðàåêòîðèè r(t) òàêîâû, ÷òî r(t) ̸= r(s)
äëÿ ëþáûõ ïàð {t, s} ⊂ N+. Âî âòîðîì ñëó÷àå, äëÿ êàæäîé òðà-
åêòîðèè ïðîöåññà, êðîìå òðåáîâàíèÿ íåñàìîïåðåñå÷åíèÿ, òðåáóåòñÿ,
÷òîáû ∥r(t), r(s)∥ > 1 äëÿ âñåõ ïàð {t, s} ⊂ N+, |t − s| > 1. Çäåñü
ñèìâîëîì ∥ · ∥ îáîçíà÷åíî ðàññòîÿíèå íà ãðàôå Γ òàêîå, ÷òî äëÿ ëþ-
áîé ïàðû âåðøèí r1 è r2 ãðàôà Γ ðàññòîÿíèå ∥r1, r2∥ ðàâíî äëèíå
êðàò÷àéøåãî ïóòè íà ãðàôå Γ, ñîåäèíÿþùåãî ýòè äâå âåðøèíû.

Ïðîöåññ ñëó÷àéíîãî áëóæäàíèÿ r(t), t ∈ N+ èçó÷àåòñÿ ñ öåëüþ èñ-
ñëåäîâàíèÿ ïðîáëåìû âû÷èñëåíèÿ ÷èñëà ïóòåé ôèêñèðîâàííîé äëè-
íû ñ óêàçàííûìè îãðàíè÷åíèÿìè íà êðèñòàëëè÷åñêèõ ðåøåòêàõ. Â
ñâîþ î÷åðåäü, ðåøåíèÿ òàêîé çàäà÷è ñâÿçàíî ñ ïðîáëåìîé ñòàòèñòè-
÷åñêîé ôèçèêè, îòíîñÿùåéñÿ ê îïèñàíèþ ðàñïîëîæåíèÿ äëèííûõ ëè-
íåé÷àòûõ ìîëåêóë ïîëèìåðíîãî ìàòåðèàëà (ñì. [2]) â ðàìêàõ äèñêðå-
òèçèðîâàííîãî ôàçîâîãî ïðîñòðàíñòâà.

Îïðåäåëåíèå ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ñëó÷àéíîãî ïðîöåññà
r(t), t ∈ N+ ïîëíîñòüþ îïðåäåëÿåòñÿ ñëåäóþùèìè ïðàâèëàìè. Èç
íà÷àëüíîé âåðøèíû ïåðâûé øàã òðàåêòîðèÿ r(t) îñóùåñòâëÿåò â ëþ-
áóþ èç ñìåæíûõ ñ íåé âåðøèí íà ãðàôå ðàâíîâîçìîæíûì îáðàçîì
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ñ âåðîÿòíîñòüþ s−1, ãäå s � ñòåïåíü âåðøèíû ãðàôà Γ. Íà êàæäîì
ïîñëåäóþùåì øàãå òðàåêòîðèÿ r(t) â ìîìåíò âðåìåíè t ∈ N+ ñîâåð-
øàåò ïåðåõîä â ìîìåíò âðåìåíè (t + 1) ðàâíîâîçìîæíûì îáðàçîì
â ëþáóþ èç âåðøèí, ñìåæíûõ ñ âåðøèíîé r(t), êîòîðûå ÿâëÿþòñÿ
äîïóñòèìûìè ñ òî÷êè çðåíèÿ óêàçàííûõ âûøå îãðàíè÷åíèé. Òàêèì
îáðàçîì, âåðîÿòíîñòü òàêîãî ïåðåõîäà â ëþáóþ èç äîïóñòèìûõ âåð-
øèí ðàâíà l−1, l � ÷èñëî äîïóñòèìûõ âåðøèí. Åñëè æå òðàåêòîðèÿ
ïîïàäàåò â òóïèê, òî åñòü l = 0, òî ÷àñòü òðàåêòîðèè îòðåçàåòñÿ íà-
÷èíàÿ ñ ïîñëåäíåãî ìîìåíòà âðåìåíè t1, â êîòîðîì l1 > 1. Ïîñëå ÷åãî,
òðàåêòîðèÿ äëÿ t > t1 ñòðîèòñÿ ïîñðåäñòâîì åå ïåðåõîäà â ëþáóþ èç
(l1 − 1) äîïóñòèìûõ âåðøèí, êîòîðûå ïîëó÷àþòñÿ èñêëþ÷åíèåì èç
âñåé èç ñîâîêóïíîñòè òîé âåðøèíû, ïðîäîëæåíèåì òðàåêòîðèè â êî-
òîðóþ ïðèâåëî ê òóïèêó. Åñëè è ïðè òàêîì ïðîäîëæåíèè òðàåêòîðèÿ
ïðèøëà ê òóïèêó, òî ïðîöåäóðà ïîâòîðÿåòñÿ ñ âûáîðîì êàêîé-íèáóäü
íîâîé âåðøèíû èç ÷èñëà (l1 − 2) âåðøèí è ò.ä. Åñëè æå â ðåçóëüòàòå
ïåðåáîðà âñåõ l1 âåðøèí, äîïóñòèìûõ â ìîìåíò âðåìåíè, òðàåêòîðèÿ
r(t) âñå ðàâíî êàæäûé ðàç ïðèõîäèëà â òóïèê, òî ïðîèñõîäèò ïîâòîð-
íàÿ ïðîöåäóðà îáðåçàíèÿ âñåé òîé ÷àñòè òðàåêòîðèè ïåðåä ìîìåíòîì
âðåìåíè t1, â êîòîðîé ÷èñëî äîïóñòèìûõ âåðøèí ðàâíî 1. Â ðåçóëü-
òàòå, íàõîäèòñÿ ñëåäóþùèé ïðåäûäóùèé ìîìåíò âðåìåíè t2 < t1,
êîãäà ÷èñëî äîïóñòèìûõ âåðøèí l2 > 1. Òðàåêòîðèÿ ïðîäîëæàåò-
ñÿ ñ ìîìåíòà âðåìåíè t2 ïî îïèñàííîìó âûøå àëãîðèòìó. Äîêàçàíî
ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà. Ëþáàÿ òðàåêòîðèÿ ñ îãðàíè÷åíèÿìè òèïà 1) è 2) ìî-
æåò áûòü ïðîäîëæåíà íåîãðàíè÷åííûì îáðàçîì.

Ñïðàâåäëèâîñòü ýòîãî óòâåðæäåíèÿ ïîçâîëÿåò ãîâîðèòü î êîð-
ðåêòíî îïðåäåëåííîì ñëó÷àéíîì ïðîöåññå r(t), t ∈ N.

Â ïðåäïîëîæåíèè î òîì, ÷òî ïðîöåññ ïðè t → ∞ ñòðåìèòñÿ ê
ýðãîäè÷åñêîìó ñòàöèîíàðíîìó ïðîöåññó îöåíèâàåòñÿ ÷èñëîN(n) âñåõ
âîçìîæíûõ åãî òðàåêòîðèé äëèíû n. ×èñëî âñåõ òàêèõ òðàåêòîðèé
ðàâíî

∏n
j=1 lj . Ââèäó ñòàöèîíàðíîñòè àñèìïòîòè÷åñêè ïðåäåëüíîãî

ñëó÷àéíîãî ïðîöåññà ln lt ïðè t→ ∞, ñóùåñòâóåò ïðåäåë

lim
n→∞

1

n

n∑
t=1

ln lt = α .

Òîãäà ÷èñëî lnN(n), âûðàæàåòñÿ ñëåäóþùåé àñèìïòîòè÷åñêè
òî÷íîé ôîðìóëîé N(n) ∼ eαn.
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ÒÅÎÐÅÌÀ Î ÑÐÅÄÍÅÌ ÄËß ÆÅÑÒÊÎÃÎ
ËÀÏËÀÑÈÀÍÀ ÍÀ ÏÐÎÈÇÂÎËÜÍÛÕ

ÑÒÐÀÒÈÔÈÖÈÐÎÂÀÍÍÛÕ ÌÍÎÆÅÑÒÂÀÕ
À.Ñ. Ñïèâàê (Âîðîíåæ, ÂÃÓ)

alexs1nger@yandex.ru

Äàííûé äîêëàä ïîñâÿùåí àíàëîãó òåîðåìû î ñðåäíåì äëÿ ãàð-
ìîíè÷åñêèõ ôóíêöèé â ñëó÷àå, êîãäà âìåñòî îáëàñòè ïðîñòðàíñòâà
Rd ðàññìàòðèâàåòñÿ ñòðàòèôèöèðîâàííîå ìíîæåñòâî Ω è æåñòêèé
ëàïëàñèàí âìåñòî êëàññè÷åñêîãî. Ïîëó÷åííàÿ òåîðåìà î ñðåäíåì èã-
ðàåò âàæíóþ ðîëü ïðè îáñóæäåíèè êà÷åñòâåííûõ ñâîéñòâ ãàðìîíè-
÷åñêèõ ôóíêöèé íà ñòðàòèôèöèðîâàííûõ ìíîæåñòâàõ è â âîïðîñàõ
ðàçðåøèìîñòè íà íèõ çàäà÷è Äèðèõëå.

Ñòðàòèôèöèðîâàííîå ìíîæåñòâî ïðåäñòàâëÿåò ñîáîé ñâÿçíîå
ïîäìíîæåñòâî Ω ⊂ Rd, êîòîðîå ñîñòîèò èç êîíå÷íîãî ÷èñëà ãëàäêèõ
ìíîãîîáðàçèé � ñòðàò σkj � ðàçëè÷íûõ ðàçìåðíîñòåé k, ñïåöèàëü-
íûì îáðàçîì ïðèìûêàþùèõ äðóã ê äðóãó. Ìíîæåñòâî Ω ðàçäåëèì
íà Ω0 è ∂Ω0 òàê, ÷òî Ω0 � îòêðûòîå, ñâÿçíîå ïîäìíîæåñòâî Ω, ñî-
ñòàâëåííîå èç ñòðàò, Ω0 = Ω è Ω = Ω0 ∪ ∂Ω0.

Ïóñòü ω ⊂ Ω òàêîâî, ÷òî êàæäîå ïåðåñå÷åíèå ω ∩ σkj èçìåðè-
ìî ïî Ëåáåãó. Ñòðàòèôèöèðîâàííàÿ ìåðà ëþáîãî ìíîæåñòâà ω ∈ Σ
îïðåäåëÿåòñÿ ñëåäóþùåé ôîðìóëîé: µ(ω) =

∑
σkj

µk(ω ∩ σkj), ãäå µk �

k-ìåðíàÿ ìåðà Ëåáåãà.
Îïðåäåëèì äèâåðãåíöèþ êàñàòåëüíîãî âåêòîðíîãî ïîëÿ F⃗ â Rd â

òî÷êå X ∈ σkj ñëåäóþùèì âûðàæåíèåì:

∇ · F⃗ (X) = ∇k · F⃗ (X) +
∑

σk+1i≻σkj

F⃗ (X + 0 · ν⃗i) · ν⃗i,

ãäå∇k ·F⃗ � êëàññè÷åñêàÿ k-ìåðíàÿ äèâåðãåíöèÿ ñóæåíèÿ âåêòîðíîãî
ïîëÿ F⃗ íà σkj ; ν⃗i � åäèíè÷íàÿ íîðìàëü ê σkj â òî÷êå X, íàïðàâëåí-
íàÿ âíóòðü ñòðàòû σk+1i, ïðèìûêàþùåé ê σkj (ôàêò ïðèìûêàíèÿ
îáîçíà÷àåòñÿ σk+1i ≻ σkj). Îáîçíà÷åíèå âèäà F⃗ (X + 0 · ν⃗i) ñëóæèò
äëÿ çàïèñè ïðåäåëüíîãî çíà÷åíèÿ âåêòîðà F⃗ (Y ), êîãäà Y , äâèãàÿñü
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ïî ñòðàòå σk+1i, ñòðåìèòñÿ ê X. Ìíîæåñòâî âåêòîðíûõ ïîëåé, äëÿ
êîòîðûõ ýòà äèâåðãåíöèÿ ñóùåñòâóåò, îáîçíà÷àåòñÿ C⃗1(Ω0).

Ïóñòü u : Ω0 → R � ñêàëÿðíàÿ ôóíêöèÿ. Åñëè ÷åðåç ∇u îáîçíà-
÷èòü âåêòîðíîå ïîëå íà Ω0, ñîñòàâëåííîå èç ãðàäèåíòîâ ñóæåíèé u íà
ñòðàòû σkj ⊂ Ω0, è åñëè ∇u ∈ C⃗1(Ω0), òî ìîæíî îïðåäåëèòü öåëûé
êëàññ îïåðàòîðîâ âèäà ∇ · (p∇u), ãäå p � ñòðàòèôèöèðîâàííàÿ êîí-
ñòàíòà, ðàâíàÿ íà êàæäîé ñòðàòå èç Ω0 ëèáî òîæäåñòâåííîé åäèíèöå,
ëèáî íóëþ. Ïðè ýòîì âñåãäà ïðåäïîëàãàåòñÿ, ÷òî p = 1 íà ñâîáîä-
íûõ ñòðàòàõ; òàê íàçûâàþòñÿ ñòðàòû, íå ÿâëÿþùèåñÿ ãðàíè÷íûìè
äëÿ äðóãèõ ñòðàò. Åñëè p ≡ 1 íà Ω0, òî ñîîòâóòñòâóþùèé îïåðàòîð
∆u = ∇ · (∇u) íàçûâàåòñÿ æåñòêèì ëàïëàñèàíîì.

Äàëåå ïðåäñòàâëåí ðåçóëüòàò äëÿ ñëó÷àÿ æåñòêîãî ëàïëàñèàíà,
íî íà îñíîâå ïðîâåäåííûõ èññëåäîâàíèé ìîæíî âûâåñòè àíàëîãè÷íîå
óòâåðæäåíèå äëÿ âñåõ ïðîìåæóòî÷íûõ îïåðàòîðîâ âûøåóêàçàííîãî
âèäà.

Òåîðåìà 1. Ïóñòü u : Ω0 → R � ãàðìîíè÷åñêàÿ ôóíêöèÿ (∆u =
0), à SR(X0) (X0 ∈ σkj ⊂ Ω0) � äîïóñòèìàÿ ñôåðà. Òîãäà:

1) Åñëè k > 1, òî∫
SR(X0)

u(X) dµR =
∑

m∈I(X0)

m

∫
Bm+1

R (X0)

u(X)

r
dµ,

ãäå r = |X − X0| � ðàññòîÿíèå îò X0 äî X; I(X0) � ìíîæåñòâî
ðàçìåðíîñòåé ñòðàò, èç êîòîðûõ ñîñòîèò ñôåðà. Íåòðóäíî çàìå-
òèòü, ÷òî ýòè ðàçìåðíîñòè íå ìåíüøå, ÷åì k − 1, íî íå áîëüøå
n− 1 (n � ìàêñèìàëüíàÿ ðàçìåðíîñòü ñòðàò, âõîäÿùèõ â Ω). Îò-
ìåòèì, ÷òî íåêîòîðûå èç íèõ ìîãóò áûòü ïðîïóùåíû. Bm+1

R (X0)
� (m+1)-ìåðíûé ôðàãìåíò øàðà BR(X0), ñîñòàâëåííûé èç ñòðàò
σ̃m+1,j ðàçìåðíîñòè m+ 1.

2) Åñëè k = 0 èëè k = 1, òî

u(X0) =
1

l

∫
SR(X0)

u(X) dµR −
∑

m∈I(X0)

m

l

∫
Bm+1

R (X0)

u(X)

r
dµ.
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2. Îùåïêîâà Ñ.Í. Òåîðåìà î ñðåäíåì äëÿ ýëëèïòè÷åñêîãî
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ÎÁ ÎÖÅÍÈÂÀÍÈÈ ÈÍÒÅÐÂÀËÀ ÎÕÂÀÒÀ
ÄËß ÍÅÊÎÒÎÐÛÕ ÐÀÑÏÐÅÄÅËÅÍÈÉ ÏÎ

ÂÛÁÎÐÎ×ÍÎÌÓ ÐÀÇÌÀÕÓ
À.Â. Ñòåïàíîâ (Ñàíêò-Ïåòåðáóðã, ÂÍÈÈÌ èì. Ä.È. Ìåíäåëååâà)

stepanov17@yandex.ru

Â ðàáîòå ðàññìîòðåí âîïðîñ îá îöåíèâàíèè èíòåðâàëîâ îõâàòà [1]
ïî êîðîòêèì (5-15 çíà÷åíèé) âûáîðêàì äàííûõ èç íåïðåðûâíûõ ñèì-
ìåòðè÷íûõ ðàñïðåäåëåíèé. Â ÷àñòíîñòè, ðàññìàòðèâàëèñü ñåìåéñòâî
ñèììåòðè÷íûõ TSP (Two-Sided Power, äâóñòîðîííèõ ñòåïåííûõ) ðàñ-
ïðåäåëåíèé [2], ïëîòíîñòè êîòîðûõ îïèñûâàþòñÿ ôîðìóëîé:

f(x|x0, r, p) =

{
p
2r

(
1 + x−x0

r

)p−1
, x0 − r < x ⩽ x0,

p
2r

(
1− x−x0

r

)p−1
, x0 ⩽ x < x0 + r

(1)

(p > 0, ñëó÷àé p = 1 îòâå÷àåò ðàâíîìåðíîìó ðàñïðåäåëåíèþ,
p = 2 � òðåóãîëüíîìó); à òàêæå ñåìåéñòâî îáîáùåííûõ ýêñïîíåíöè-
àëüíûõ ðàñïðåäåëåíèé [3], ïëîòíîñòè êîòîðûõ èìåþò âèä

f(x|x0, σ, α) =
α

2λσΓ(1/α)
exp

(
−
∣∣∣∣x− x0
λσ

∣∣∣∣α) , λ =

√
Γ(1/α)

Γ(3/α)
(2)

(α, σ > 0, íîðìàëüíîå ðàñïðåäåëåíèå ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ñå-
ìåéñòâà ïðè α = 2, ñ ðîñòîì ïàðàìåòðà α âèä ðàñïðåäåëåíèÿ ñòàíî-
âèòñÿ ñõîæ ñ òðàïåöèåâèäíûì, à çàòåì � ñ ðàâíîìåðíûì).

Â êà÷åñòâå îöåíêè èíòåðâàëà îõâàòà, îòâå÷àþùåãî óðîâíþ âåðî-
ÿòíîñòè P0, ðàññìàòðèâàëñÿ îòðåçîê âèäà [c1, c2] = [x̄−Cdd, x̄+Cdd],
ãäå x̄ � âûáîðî÷íîå ñðåäíåå, d � âûáîðî÷íàÿ ñòàòèñòèêà, õàðàêòå-
ðèçóþùàÿ ìåðó ðàçáðîñà äàííûõ: ñðåäíåêâàäðàòè÷åñêîå îòêëîíåíèå
S, ðàçìàõ R èëè èíàÿ (íàïðèìåð, ìåæêâàðòèëüíûé ðàçìàõ IQR),
à Cd � êîýôèèöèåíò, ïîëó÷åííûé ìåòîäîì Ìîíòå-Êàðëî, èñõîäÿ èç
óñëîâèÿ P {F (c2)− F (c1) ⩾ P0} = P1 (çäåñü F � ôóíêöèÿ ðàñïðåäå-
ëåíèÿ). Òàêèì îáðàçîì, ïðåäïîëàãàåòñÿ, ÷òî ðàññìàòðèâàåìûé îòðå-
çîê îáåñïå÷èâàåò óðîâåíü âåðîÿòíîñòè îõâàòà íå ìåíåå P0 (èíûìè
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p 0.75 1 1.5 2 3 5 7
CR 1.81 1.78 1.82 1.91 2.07 2.29 2.40
CS 4.88 4.87 5.00 5.23 5.70 6.31 6.65

Òàáëèöà 1. CR, CS , f ∼ (1) (n = 7, P0 = 0.95, P1 = 0.99)

α 2 3 5 7 10
CR 1.99 1.86 1.80 1.78 1.78
CS 5.45 5.11 4.93 4.91 4.87

Òàáëèöà 2. CR, CS , f ∼ (2) (n = 7, P0 = 0.95, P1 = 0.99)

ñëîâàìè, ñîäåðæèò íåêîòîðûé èíòåðâàë îõâàòà äëÿ äàííîãî óðîâíÿ
âåðîÿòíîñòè) ñ çàäàííîé âåðîÿòíîñòüþ P1. Âåëè÷èíà Cd âîçðàñòàåò
ñ ðîñòîì P1, à òàêæå óáûâàåò ñ ðîñòîì äëèíû âûáîðêè n, äëÿ êàæ-
äîãî ðàññìàòðèâàåìîãî ðàñïðåäåëåíèÿ. Âûøå íå ñòàâèòñÿ óñëîâèå î
òîì, ÷òî íàéäåííûé îòðåçîê [c1, c2] ñîäåðæèò èìåííî âåðîÿòíîñòíî-
ñèììåòðè÷íûé èíòåðâàë îõâàòà ñ öåíòðîì â òî÷êå x0 (âîîáùå ãîâî-
ðÿ, íåèçâåñòíîé), ïîñëåäíåå óñëîâèå ÿâëÿåòñÿ áîëåå ñèëüíûì (è áûëî
ðàññìîòðåíî îòäåëüíî).

Íèæå â êà÷åñòâå ïðèìåðà ïðèâåäåíû íåêîòîðûå çíà÷åíèÿ êî-
ýôôèöèåíòà Cd, êîãäà d ïðåäñòàâëÿåò ñîáîé âûáîðî÷íûé ðàçìàõ
(d ≡ R) èëè ñðåäíåêâàäðàòè÷åñêîå îòêëîíåíèå (d ≡ S) äëÿ ðàñïðå-
äåëåíèé (1), (2) (Òàáëèöû 1 è 2, ñîîòâåòñòâåííî), ïðè n = 7.

Çàìåòèì, ÷òî â ðàññìîòðåííûõ ïðèìåðàõ îáå îöåíêè îáåñïå÷èâà-
þò, â ñðåäíåì, ñîïîñòàâèìóþ äëèíó îòðåçêà [c1, c2].

Ïðè íàëè÷èè âûáðîñîâ â äàííûõ, â êà÷åñòâå îöåíêè ïàðàìåòðà
öåíòðà x0 ïðåäëàãàåòñÿ èñïîëüçîâàòü óñå÷åííîå ñðåäíåå, à â êà÷åñòâå
îöåíêè ðàçáðîñà � IQR (èëè èíóþ ðîáàñòíóþ îöåíêó).
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ÎÁ ÀÏÏÐÎÊÑÈÌÀÖÈÈ ÇÀÊÎÍÎÂ ÐÀÑÏÐÅÄÅËÅÍÈÉ
ÑÅÌÅÉÑÒÂÎÌ TSP ÏÐÈ ÐÅØÅÍÈÈ

ÌÅÒÐÎËÎÃÈ×ÅÑÊÈÕ ÇÀÄÀ×
À.Â. Ñòåïàíîâ, À.Ã. ×óíîâêèíà

(Ñàíêò-Ïåòåðáóðã, ÂÍÈÈÌ èì. Ä.È. Ìåíäåëååâà)
stepanov17@yandex.ru

Íåîïðåäåëåííîñòü u èçìåðåíèÿ âåëè÷èíû x, êîòîðîé ïðèïèñàíî
íåêîòîðîå ðàñïðåäåëåíèå âåðîÿòíîñòåé, ïðè îáðàáîòêå ðåçóëüòàòîâ
èçìåðåíèé îáû÷íî îòîæäåñòâëÿåòñÿ ñ åå ñðåäíåêâàäðàòè÷åñêèì îò-
êëîíåíèåì (ÑÊÎ), à ðàñøèðåííàÿ íåîïðåäåëåííîñòü U , êàê ïðàâè-
ëî, âû÷èñëÿåòñÿ êàê ïðîèçâåäåíèå êîýôôèöèåíòà îõâàòà K è u, åñëè
äàííîå ðàñïðåäåëåíèå ñèììåòðè÷íî, ò.å. àññîöèèðóåòñÿ ñ ñèììåòðè÷-
íûì èíòåðâàëîì îõâàòà âèäà [v−Ku, v+Ku], ãäå v � èçìåðåííîå çíà-
÷åíèå. Âåëè÷èíà êîýôôèöèåíòà îõâàòà âûáèðàåòñÿ, èñõîäÿ èç òðåáó-
åìîãî óðîâíÿ âåðîÿòíîñòè îõâàòà P0 (óïîìèíàÿ K èëè U , ñ÷èòàåì
äàííûé óðîâåíü çàäàííûì).

Ðàññìîòðåí âîïðîñ îá àïïðîêñèìàöèè íåêîòîðûõ íåïðåðûâ-
íûõ ðàñïðåäåëåíèé ñåìåéñòâîì ñèììåòðè÷íûõ äâóñòîðîííèõ
ñòåïåííûõ (TSP) ðàñïðåäåëåíèé [1], ïëîòíîñòè êîòîðûõ èìåþò âèä

fTSP (x|x0, r, p) =


p
2r

(
1 + x−x0

r

)p−1
, x0 − r < x ⩽ x0,

p
2r

(
1− x−x0

r

)p−1
, x0 ⩽ x < x0 + r,

0, èíà÷å

(p, r > 0, ïðè p = 1 ðàñïðåäåëåíèå ÿâëÿåòñÿ ðàâíîìåðíûì, ïðè
p < 1 � äâóõìîäàëüíûì). Èñêîìûìè ïàðàìåòðàìè ïðè àïïðîêñèìà-
öèè ÿâëÿþòñÿ r, p (ñ÷èòàåì, ÷òî öåíòð x0 ñîâïàäàåò äëÿ àïïðîêñè-
ìèðóþùåãî è àïïðîêñèìèðóåìîãî ðàñïðåäåëåíèé).

Â êà÷åñòâå àïïðîêñèìèðóåìûõ ðàññìàòðèâàëèñü ñëåäóþùèå ñå-
ìåéñòâà ðàñïðåäåëåíèé (f): íîðìàëüíîå, t-ðàñïðåäåëåíèå, ñèììåò-
ðè÷íîå Áåòà-ðàñïðåäåëåíèå (â ÷àñòíîñòè, àðêñèíóñîèäàëüíîå), òðà-
ïåöèåâèäíîå, îáîáùåííîå ýêñïîíåíöèàëüíîå.

Áûëè ðàññìîòðåíû ñëåäóþùèå êðèòåðèè àïïðîêñèìàöèè:
1) Ðàâåíñòâî íåîïðåäåëåííîñòåé è ðàñøèðåííûõ íåîïðåäåëåííî-

ñòåé (èëè, ÷òî òî æå ñàìîå, êîýôôèöèåíòîâ îõâàòà) äëÿ f è fTSP . Â
ýòîì ñëó÷àå ìîæåì ñôîðìóëèðîâàòü

© Ñòåïàíîâ À.Â., ×óíîâêèíà À.Ã., 2025

317



Óòâåðæäåíèå: Ïàðàìåòðû p, r äëÿ çàäàííûõ u, K = K(P0) íàõî-
äÿòñÿ èç óñëîâèé{ (

1− p
√
1− P0

)√
(p+ 1)(p+ 2)/2−K = 0,

r = u
√
(p+ 1)(p+ 2)/2.

Íàïðèìåð, äëÿ íîðìàëüíîãî ðàñïðåäåëåíèÿ N(0, u2) ïàðà (r, p) èìååò
âèä (2.810u, 2.505) ïðè P0 = 0.95, è (3.526u, 3.512) ïðè P0 = 0.99.

2) Ðàâåíñòâî íåîïðåäåëåííîñòåé èëè ðàñøèðåííûõ íåîïðåäåëåí-
íîñòåé, ïðè óñëîâèè ìèíèìèçàöèè ÑÊÎ îøèáêè àïïðîêñèìàöèè
ôóíêöèè ðàñïðåäåëåíèÿ èëè ðàññòîÿíèÿ ïîëíîé âàðèàöèè∫∞
−∞ |f(x)− fTSP (x)| dx.
Äëÿ ñðàâíåíèÿ è âûáîðà ðàçëè÷íûõ àïïðîêñèìàöèé èñïîëüçîâà-

ëèñü òàêèå êðèòåðèè êà÷åñòâà, êàê áëèçîñòü ñîîòâåòñòâóþùèõ ôóíê-
öèé è ïëîòíîñòåé ðàñïðåäåëåíèÿ è âåðîÿòíîñòü îõâàòà, âû÷èñëåííàÿ
äëÿ àïïðîêñèìèðóåìîãî ðàñïðåäåëåíèÿ, ñ èñïîëüçîâàíèåì èíòåðâàëà
îõâàòà, ïîñòðîåííîãî äëÿ àïïðîêñèìèðóþùåãî TSP-ðàñïðåäåëåíèÿ.

Âîïðîñ àïïðîêñèìàöèè ðàñïðåäåëåíèé, â ÷àñòíîñòè, àêòóàëåí ïðè
ðåøåíèè çàäà÷è òðàíñôîðìèðîâàíèÿ ðàñïðåäåëåíèé [2] (äëÿ àïïðîê-
ñèìàöèè ðàñïðåäåëåíèé âõîäíûõ ïàðàìåòðîâ), êîãäà óðàâíåíèå èçìå-
ðåíèÿ äîïóñêàåò ëèíåàðèçàöèþ, à âûõîäíîå ðàñïðåäåëåíèå � ïðèåì-
ëåìóþ, ñ òî÷êè çðåíèÿ ïðàêòè÷åñêèõ ïðèëîæåíèé, àïïðîêñèìàöèþ
ñåìåéñòâîì TSP, ò.å.

y =

n∑
1

ai TSP (x0,i, ri, pi) ∼ TSP

(
n∑
1

aix0,i,

n∑
1

|ai|ri, py

)
,

py =
1

2

√1 +
8 (
∑n

1 |ai|ri)
2∑n

1 a
2
iu

2
i

− 3

 , u2i =
2r2i

(pi + 1)(pi + 2)
.
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Î ÊÎÐÐÅÊÒÍÎÑÒÈ ÎÄÍÎÉ ÀËÜÔÀ-ÌÎÄÅËÈ
ÄÂÈÆÅÍÈß ÐÀÑÒÂÎÐÎÂ ÏÎËÈÌÅÐÎÂ1

Ì.È. Ñòðóêîâ, À.Â. Çâÿãèí (Âîðîíåæ, ÂÃÓ)
mixail.strukov12@gmail.com, zvyagin.a@mail.ru

Íà Ω ∈ Rn, n = 2, 3 ñ äîñòàòî÷íî ãëàäêîé ãðàíèöåé, è íà âðåìåí-
íîì èíòåðâàëå [0, T ], T > 0, ðàññìàòðèâàåòñÿ çàäà÷à (ñì. [1]�[5]):

∂v

∂t
+

n∑
i=1

ui
∂v

∂xi
− µ0∆v − µ1

∂∆v

∂t
− 2µ1Div

(
n∑
i=1

vi
∂E(v)
∂xi

)
−

−2µ1Div
(
E(v)Wρ(v)−WρE(v)

)
−

− µ2

Γ(1− λ)
Div

∫ t

0

(t− s)−λE(v)
(
s, z(s; t, x)

)
ds+∇p = f, (1)

z(τ ; t, x) = x+

∫ τ

t

v
(
s, z(s; t, x)

)
ds, t, τ ∈ [0, T ], x ∈ Ω, (2)

v = (I − α2∆)u, div v(t, x) = 0, t ∈ [0, T ], x ∈ Ω, (3)

v|t=0 = v0, v|[0,T ]×∂Ω = 0. (4)

Çäåñü v(x, t) = (v1, ..., vn) � âåêòîð�ôóíêöèÿ ñêîðîñòè äâèæå-
íèÿ ÷àñòèöû ñðåäû, u � âåêòîð�ôóíêöèÿ ìîäèôèöèðîâàííîé ñêîðî-
ñòè äâèæåíèÿ ÷àñòèöû æèäêîñòè, p = p(x, t) � ôóíêöèÿ äàâëåíèÿ,
f = f(x, t) � ôóíêöèÿ ïëîòíîñòè âíåøíèõ ñèë, z(τ, t, x) � òðàåêòî-
ðèÿ ÷àñòèöû ñðåäû, óêàçûâàþùàÿ â ìîìåíò âðåìåíè τ ðàñïîëîæå-
íèå ÷àñòèöû æèäêîñòè, íàõîäÿùåéñÿ â ìîìåíò âðåìåíè t â òî÷êå x,
µ0, µ1 > 0, µ2 ⩾ 0� íåêîòîðûå êîíñòàíòû. α > 0 � ñêàëÿðíûé ïàðà-

ìåòð. E(v) = (Eij(v))i=1,...,n
j=1,...,n, Eij(v) =

1

2

( ∂vi
∂xj

+
∂vj
∂xi

)
� òåíçîð ñêîðî-

ñòåé äåôîðìàöèé. W (v) = (Wij(v))
i=1,...,n
j=1,...,n, Wij(v) =

1

2
(
∂vi
∂xj

− ∂vj
∂xi

) �

òåíçîð çàâèõðåííîñòè.Wρ(v) =
∫
Rn ρ(x−y)W (y)dy, ãäå ρ : Rn → Rn �

ãëàäêàÿ ôóíêöèÿ ñ êîìïàêòíûì íîñèòåëåì, òàêàÿ ÷òî
∫
Rn ρ(y)dy = 1

è ρ(x) = ρ(y) äëÿ x è y ñ îäèíàêîâûìè åâêëèäîâûìè íîðìàìè.
Îïðåäåëåíèå 1. Ïóñòü f ∈ L2(0, T ;V

−1) è v0 ∈ V 1. ×åðåç ∆α :
V β → V β−2 îáîçíà÷èì îïåðàòîð ∆α = PI +α2A. Ñëàáûì ðåøåíèåì

1 Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ïðîåêò � 23-71-10026).
© Ñòðóêîâ Ì.È., Çâÿãèí À.Â., 2025
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íà÷àëüíî�êðàåâîé çàäà÷è (1)�(4) íàçûâàåòñÿ ôóíêöèÿ v ∈W1 = {v :
v ∈ L∞(0, T, V 1), v′ ∈ L2(0, T, V

1)}, óäîâëåòâîðÿþùàÿ ïðè ëþáîì
φ ∈ V 3 è ïðè ïî÷òè âñåõ t ∈ (0, T ) ðàâåíñòâó∫

Ω

∂v

∂t
φ dx−

∫
Ω

n∑
i,j=1

(∆−1
α v)ivj

∂φj
∂xi

dx+ µ0

∫
Ω

∇v : ∇φdx+

+µ1

∫
Ω

∇(
∂v

∂t
) : ∇φdx− µ1

∫
Ω

n∑
i,j,k=1

vk
∂vi
∂xj

∂2φj
∂xi∂xk

dx−

−µ1

∫
Ω

n∑
i,j,k=1

vk
∂vj
∂xi

∂2φj
∂xi∂xk

dx+

+2µ1

∫
Ω

(E(v)Wρ(v)−Wρ(v)E(v)) : ∇φdx+

+
µ2

Γ(1− λ)

(∫ t

0

(t− s)−λE(v)(s, z(v)(s; t, x)) ds, E(φ)
)
= ⟨f, φ⟩

Òåîðåìà 1. Ïóñòü f ∈ L2(0, T ;V
−1) è v0 ∈ V 1. Òîãäà íà÷àëüíî�

êðàåâàÿ çàäà÷à (1)�(4) èìååò õîòÿ áû îäíî ñëàáîå ðåøåíèå v ∈W1.
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ÇÀÄÀ×À ÀÂÀËÎÑ�ÒÐÈÄÆÈÀÍÈ
ÄËß ËÈÍÅÀÐÈÇÎÂÀÍÍÎÉ ÑÈÑÒÅÌÛ ÎÑÊÎËÊÎÂÀ
ÍÅÍÓËÅÂÎÃÎ ÏÎÐßÄÊÀ È ÑÈÑÒÅÌÛ ÂÎËÍÎÂÛÕ

ÓÐÀÂÍÅÍÈÉ1

Ò.Ã. Ñóêà÷åâà, À.Î. Êîíäþêîâ (Âåëèêèé Íîâãîðîä, ÍîâÃÓ)
Tamara.Sukacheva@novsu.ru, s181303@std.novsu.ru

Ïóñòü Ω � îãðàíè÷åííàÿ îáëàñòü â Rn, n = 2, 3, ñ äîñòàòî÷íî
ãëàäêîé ãðàíèöåé ∂Ω. Ïóñòü u = col(u1, u2, ..., un) åñòü n−ìåðíûé
âåêòîð ñêîðîñòè n = 2, 3, ñêàëÿðíàÿ ôóíêöèÿ p - äàâëåíèå, à âåêòîð
w = col(w1.w2, ..., wn) - âåêòîð ñìåùåíèÿ òåëà, çàíèìàþùåãî îáëàñòü
Ωs, è ïîãðóæåííîãî â æèäêîñòü, çàíèìàþùóþ îáëàñòü Ωf .

Òàêèì îáðàçîì, Ω = Ωs∪Ωf ,Ωs∪Ωf = ∂Ωs ≡ Γs, � îáùàÿ ãðàíèöà
Ωs è Ωf . Âíåøíþþ ãðàíèöó îáëàñòè Ωf îáîçíà÷èì ÷åðåç Γf .

Èññëåäóåòñÿ çàäà÷à Àâàëîñ - Òðèäæèàíè [1], [2] äëÿ ñëó÷àÿ, êî-
ãäà æèäêîñòü â Ωf ÿâëÿåòñÿ ëèíåàðèçîâàííîé ìîäåëüþ íåñæèìàå-
ìîé âÿçêîóïðóãîé æèäêîñòè Êåëüâèíà-Ôîéãòà íåíóëåâîãî ïîðÿäêà
[3]. Ðàññìàòðèâàåìàÿ ìàòåìàòè÷åñêàÿ ìîäåëü îïðåäåëÿåòñÿ ñèñòåìîé

(1− λ∇2)ut − η∇2u− (ũ · ∇)u− (u · ∇)ũ+∇p = 0 (1)

∀(t, x) ∈ R× Ωf ≡ ΩRf ,

∇ · u = 0, ∀(t, x) ∈ ΩRf , (2)

wtt −∇2w + w = 0 ∀(t, x) ∈ R× Ωs ≡ ΩRs (3)

ñ êðàåâûìè óñëîâèÿìè

u|Γf
≡ 0, ∀(t, x) ∈ R× Γf ≡ ΓRf , (4)

u ≡ wt, ∀(t, x) ∈ R× Γs ≡ ΓRs, (5)

∂u

∂ν
− ∂w

∂ν
= pν ∀(t, x) ∈ ΓRs (6)

è íà÷àëüíûì óñëîâèåì

(w(0, ·), wt(0, ·), u(0, ·)) = (w0, w1, u0) ∈ H, (7)

1 Ðàáîòà âûïîëíåíà â ðàìêàõ ðåøåíèÿ çàäà÷ ïðîåêòà 253/ÈÝÈÑ-ñ ¾Ìàòåìà-
òè÷åñêîå ìîäåëèðîâàíèå ïðèðîäíûõ ïðîöåññîâ¿ Íîâãîðîäñêîãî ãîñóäàðñòâåííîãî
óíèâåðñèòåòà èìåíè ßðîñëàâà Ìóäðîãî..
© Ñóêà÷åâà Ò.Ã., Êîíäþêîâ À.Î., 2025
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ãäåH = (H1(Ωs))
n×(L2(Ωs))

n×Hf è Hf = {f ∈ (L2(Ωf ))
n
: ∇·f = 0

in Ωf â [f · ν]|Γf
= 0}.

Â ñèñòåìå (1), ïàðàìåòðû λ è η õàðàêòåðèçóþò óïðóãèå è âÿçêèå
ñâîéñòâà æèäêîñòè ñîîòâåòñòâåííî, ïàðàìåòðû βl, l = 1, K îïðå-
äåëÿþò âðåìÿ ðåòàðäàöèè (çàïàçäûâàíèÿ) äàâëåíèÿ, ν - åäèíè÷íûé
âåòîð íîðìàëè. Çàìåòèì, ÷òî âåêòîð-ôóíêöèÿ ũ = col(ũ1, ũ2, ..., ũn)
ñîîòâåòñòâóåò ñòàöèîíàðíîìó ðåøåíèþ èñõîäíîé ñèñòåìû [3]. Ëèíåé-
íàÿ ñèñòåìà Îñêîëêîâà â çàäà÷å Àâàëîñ-Òðèäæèàíè (1)-(7) â ñëó÷àå
K = 0, λ = 0, èññëåäîâàëàñü â ðàáîòàõ [1], [2], à ïðè K = 0, λ ̸= 0 â [4],
[5]. Ðåçóëüòàòû äàííîé ðàáîòû îáîáùàþò ðåçóëüòàòû, ïîëó÷åííûå â
[6].
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ÍÅÊÎÒÎÐÛÅ ÑÏÅÊÒÐÀËÜÍÛÅ ÑÂÎÉÑÒÂÀ
ÎÏÅÐÀÒÎÐÎÂ ÊËÀÑÑÀ Ê(Í)
Ë.È. Ñóõî÷åâà (Âîðîíåæ, ÂÃÓ )

l.suhocheva@yandex.ru

Ò.ß. Àçèçîâûì ââåäåí è îïèñàí [1], [2] êëàññ îïåðàòîðîâ Ê(Í),
äåéñòâóþùèõ â ïðîñòðàíñòâàõ ñ èíäåôèíèòíîé ìåòðèêîé {K, <.,.>}.
Ñîãëàñíî îïðåäåëåíèÿ, îãðàíè÷åííûé îïåðàòîð Â, äåéñòâóþùèé â
ïðîñòðàíñòâå Êðåéíà {K, <.,.>}, ïðèíàäëåæèò êëàññó H, åñëè ó
íåãî åñòü õîòÿ áû îäíà ïàðà N+ (ìàêñèìàëüíîãî íåîòðèöàòåëüíî-
ãî), N−(ìàêñèìàëüíîãî íåïîëîæèòåëüíîãî) èíâàðèàíòíûõ ïîäïðî-
ñòðàíñòâ, è êàæäûå òàêèå ïîäïðîñòðàíñòâà N+,N− äîïóñêàþò ðàç-
ëîæåíèÿ:

N+ = N0 [+]N++ , N− = N0 [+]N−− ,
ãäå N0 � èçîòðîïíîå ïîäïðîñòðàíñòâî, dimN0 < ∞, N++� ðàâíî-
ìåðíî ïîëîæèòåëüíîå, N−− � ðàâíîìåðíî îòðèöàòåëüíîå ïîäïðî-
ñòðàíñòâà. Áóäåì ãîâîðèòü, ÷òî ñàìîñîïðÿæåííûé îïåðàòîð A èç
Ê(Í), åñëè ñóùåñòâóåò ñàìîñîïðÿæåííûé îïåðàòîð B ∈ H, êîòî-
ðûé êîììóòèðóåò ñ A. Çäåñü è äàëåå èñïîëüçóåòñÿ îáùåïðèíÿòàÿ
¾èíäåôèíèòíàÿ¿ òåðìèíîëîãèÿ è îáîçíà÷åíèå [2].

Â [3] ïðåäëîæåí íîâûé êðèòåðèé ïðèíàäëåæíîñòè îïåðàòîðà ýòî-
ìó êëàññó.
Îáîçíà÷èì:

E(A) - çàìêíóòóþ ëèíåéíóþ îáîëî÷êó êîðíåâûõ âåêòîðîâ îïåðà-
òîðà A;

E0(A) - çàìêíóòóþ ëèíåéíóþ îáîëî÷êó ñîáñòâåííûõ âåêòîðîâ
îïåðàòîðà A.

Òåîðåìà 1. Ïóñòü A � ñàìîñîïðÿæåííûé îïåðàòîð â ïðîñòðàí-
ñòâå Êðåéíà {K,< ., . >}, â êîòîðîì ñóùåñòâóåò áàçèñ Ðèññà
{fi},ñîñòàâëåííûé èç êîðíåâûõ âåêòîðîâ îïåðàòîðà A. Êðîìå òî-
ãî, dim(E(A)/E0(A)) < ∞, è íåâåùåñòâåííûé ñïåêòð îïåðàòîðà À
ñîñòîèò íå áîëåå, ÷åì èç êîíå÷íîãî ÷èñëà ñîáñòâåííûõ çíà÷åíèé ñ
ó÷åòîì êðàòíîñòè. Òîãäà À áóäåò îïåðàòîðîì êëàññà Ê(Í).

Äàëåå ðàññìîòðèì âûðîæäåííîå ïðîñòðàíñòâî Êðåéíà.
Îïðåäåëåíèå. Ïðîñòðàíñòâî K ñ èíäåôèíèòíîé ìåòðèêîé < ., . >

áóäåì íàçûâàòü âûðîæäåííûì ïðîñòðàíñòâîì Êðåéíà, åñëè åãî
èçîòðîïíîå ïîäïðîñòðàíñòâî K0 áóäåò êîíå÷íîìåðíûì è ôàêòîð-
ïðîñòðàíñòâî
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K̂ = K/K0, [x̂, ŷ] =< x, y >, x̂, ŷ ∈ K̂, x ∈ x̂, y ∈ ŷ
ÿâëÿåòñÿ ïðîñòðàíñòâîì Êðåéíà îòíîñèòåëüíî ìåòðèêè [., .].

Âñå âûøå ïåðå÷èñëåííûå ïîíÿòèÿ è îïðåäåëåíèÿ åñòåñòâåííûì
îáðàçîì ïåðåíîñÿòñÿ íà ñëó÷àé âûðîæäåííîãî ïðîñòðàíñòâà Êðåéíà.

Òåîðåìà 2. Ïóñòü A � ñàìîñîïðÿæåííûé îïåðàòîð â âûðîæ-
äåííîì ïðîñòðàíñòâå Êðåéíà {K,< ., . >},òîãäà:
- ñïåêòð îïåðàòîðà À áóäåò âåùåñòâåííûì çà èñêëþ÷åíèåì êîíå÷-
íîãî ÷èñëà íåâåùåñòâåííûõ íîðìàëüíûõ ñîáñòâåííûõ çíà÷åíèé;
- ñóùåñòâóåò íå áîëåå êîíå÷íîãî ÷èñëà âåùåñòâåííûõ ñîá-
ñòâåííûõ çíà÷åíèé λ, êîòîðûì îòâå÷àþò âûðîæäåííûå ÿäðà
Ker(A− λ);
- σp(A)∩R ñîäåðæèò íå áîëåå, ÷åì êîíå÷íîå ÷èñëî òî÷åê, êîòîðûì
ñîîòâåòñòâóþò íåòðèâèàëüíûå æîðäàíîâû öåïî÷êè.

Çàìåòèì, ÷òî â âûðîæäåííîì ïðîñòðàíñòâå Êðåéíà {K,< ., . >} â
îòëè÷èå îò ïðîñòðàíñòâà Ïîíòðÿãèíà è ïðîñòðàíñòâà Êðåéíà ïîëíî-
òà ñèñòåìû êîðíåâûõ âåêòîðîâ êîìïàêòíîãî ñàìîñîïðÿæåííîãî îïå-
ðàòîðà A ∈ K(H) íå ãàðàíòèðóåò áàçèñíîñòü ñèñòåìû [4].
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Î ÑÂÎÉÑÒÂÀÕ ÇÂ�ÇÄÍÎÉ ÂÛÑÎÒÛ
ÄËß ÐÀÑØÈÐÅÍÍÛÕ ÐÅÃÓËßÐÍÛÕ ÂÛÐÀÆÅÍÈÉ

Þ.Ä. Òåëÿêîâñêàÿ (Ìîñêâà)
jldtjldt@mail.ru

Îïðåäåëåíèå çâ¼çäíîé âûñîòû [1]:

� Ðåãóëÿðíûå âûðàæåíèÿ ñòðîÿòñÿ íà îñíîâå êîíñòàíò
(0, 1) � îáîçíà÷íèå íåéòðàëüíûõ îòíîñèòåëüíî îáúåäèíåíèÿ è
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êîíêàòåíàöèè ýëåìåíòîâ, áóêâ àëôàâèòà, ñ ïðèìåíåíèåì îïåðà-
öèé îáúåäèíåíèÿ (∪), êîíêàòåíàöèè (·), çâ¼çäû Êëèíè (∗).

� Çâ¼çäíàÿ âûñîòà: h(s)= 0, h(σ ∪ ω) = h(σω)= max{h(σ), h(ω)},
h(σ∗) = h(σ) + 1.

� Çâ¼çäíàÿ ûñîòà ìíîæåñòâà � ìèíèìàëüíàÿ âûñîòà ñðåäè îïè-
ñûâàþùèõ åãî âûðàæåíèé [2].

Äîêàçàíû óòâåðæäåíèÿ:

1. Îïåðàöèè îáðàùåíèÿ è ãîìîìîðôèçìû: Äîáàâëåíèå
rev(a1a2...an) = an...a2a1 è γ(αβ) = γ(α)γ(β), γ(ϵ) = ϵ íå ìåíÿåò
çâ¼çäíóþ âûñîòó. Äîêàçàòåëüñòâî îñíîâàíî íà èíäóêòèâíîì ïå-
ðåõîäå ê âûðàæåíèÿì áåç ýòèõ îïåðàöèé (çàìêíóòîñòü ìíîæå-
ñòâà ðåãóëÿðíûõ ÿçûêîâ îòíîñèòåëüíî ýòèõ îïåðàöèé ñì. [3]).

2. Îïåðàöèÿ äåëåíèÿ ìíîæåñòâ (ïðèâåäåíî äðóãîå äîêà-
çàòåëüñòâî): XY −1 = {z|∃y ∈ Y : zy ∈ X} íå ìåíÿåò çâ¼çäíóþ
âûñîòó. Äîêàçàòåëüñòâî îñíîâàíî íà ðàçáîðå ñòðóêòóðû ñëîâ è
ñâåäåíèþ ê îáúåäèíåíèþ êîíå÷íûõ ìíîæåñòâ.

3. Ïåðåñòàíîâî÷íàÿ ñ îáúåäèíåíèåì îïåðàöèÿ: Ñóùåñòâó-
åò α, äëÿ êîòîðîé α(x1 ∪ x2) = α(x1) ∪ α(x2), ïðè äîáàâëåíèè
êîòîðîé çâ¼çäíàÿ âûñîòà óìåíüøàåòñÿ íà 1. Òàêæå ñóùåñòâó-
þò îïåðàöèè, ñíèæàþùèå çâ¼çäíóþ âûñîòó ëþáîãî ðåãóëÿðíîãî
ìíîæåñòâà äî 0 èëè äî çàäàííîãî íàòóðàëüíîãî ÷èñëà k.

Âûâîäû:

� Îáðàùåíèå, ãîìîìîðôèçì è äåëåíèå ìíîæåñòâ íå ìåíÿþò
çâ¼çäíóþ âûñîòó.

� Ñóùåñòâóþò îïåðàöèè, óìåíüøàþùèå çâ¼çäíóþ âûñîòó.

� Äîêàçàíà âîçìîæíîñòü ïîíèæåíèÿ âûñîòû äî 0 (èëè äî ëþáîãî
k) ïðè ïîìîùè ñïåöèàëüíîé îïåðàöèè.

� Ïîëó÷åííûå ðåçóëüòàòû äàþò ïîíèìàíèå î çâ¼çäíîé âûñîòå
ïðè ðàñøèðåíèè íàáîðà îïåðàöèé.
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ÎÁ ÈÑÊËÞ×ÈÒÅËÜÍÛÕ ÌÍÎÆÅÑÒÂÀÕ
Â ÒÅÎÐÅÌÅ ÃÐÈÍÀ

Ä.Ñ. Òåëÿêîâñêèé (Ìîñêâà, ÍÈßÓ ÌÈÔÈ)
dtelyakov@mail.ru

Ñîãëàñíî òåîðåìå Ãðèíà, åñëè ôóíêöèè P (x, y) è Q(x, y) â äîñòà-
òî÷íî õîðîøåé îáëàñòè G ⊂ R2 óäîâëåòâîðÿþò íåêîòîðûì óñëîâèÿì
äèôôåðåíöèðóåìîñòè, òî âûïîëíåíî ðàâåíñòâî∫

∂G+

P (x, y) dx+Q(x, y) dy =

∫∫
G

(
∂Q

∂x
− ∂P

∂y

)
dx dy.

Íàïðèìåð äîñòàòî÷íî, ïðåäïîëàãàòü, ÷òî îáëàñòü G îäíîñâÿçíà è
èìååò êóñî÷íî ãëàäêóþ ãðàíèöó, à ôóíêöèè P (x, y) è Q(x, y) íåïðå-
ðûâíî äèôôåðåíöèðóåìû â çàìûêàíèè G.

Ï.Êîýí [1], 1959, è äàëåå Ð.Ôåñê [2], 1965, îñëàáèëè óñëîâèÿ íà
P (x, y) è Q(x, y), äîñòàòî÷íûå äëÿ ñïðàâåäëèâîñòè ôîðìóëû Ãðè-
íà. Ð.Ôåñê ïîêàçàë, ÷òî P (x, y) è Q(x, y) äîñòàòî÷íî ïðåäïîëàãàòü
ëèíåéíî íåïðåðûâíûìè, ò. å. íåïðåðûâíûìè ïî x ïðè êàæäîì ôèê-
ñèðîâàííîì y è ïî y ïðè êàæäîì ôèêñèðîâàííîì x, ïðè÷¼ì â òî÷êàõ
íåêîòîðîãî èñêëþ÷èòåëüíîãî ìíîæåñòâà ìîæíî íå ïðåäïîëàãàòü êàê
ëèíåéíóþ íåïðåðûâíîñòü P (x, y) è Q(x, y), òàê è ñóùåñòâîâàíèå ó
ýòèõ ôóíêöèé ÷àñòíûõ ïðîèçâîäíûõ. Â íàñòîÿùåé ðàáîòå ïîêàçàíî,
÷òî åñëè â òî÷êàõ èñêëþ÷èòåëüíîãî ìíîæåñòâà íàëîæèòü íåêîòî-
ðûå óñëîâèÿ íà ìîäóëè íåïðåðûâíîñòè ôóíêöèé P (x, y) è Q(x, y), òî
èñêëþ÷èòåëüíîå ìíîæåñòâî ìîæåò áûòü áîëåå ìàññèâíûì (ïî Õàó-
ñäîðôó), ÷åì â òåîðåìå Ð.Ôåñêà. Ïîëó÷åííîå óñëîâèå àíàëîãè÷íî äî-
êàçàííîìó Å.Ï.Äîëæåíêî [3], 1963, äîñòàòî÷íîìó óñëîâèþ òîãî, ÷òî
ôóíêöèÿ êîìïëåêñíîãî ïåðåìåííîãî, àíàëèòè÷åñêàÿ âíå íåêîòîðîãî
ìíîæåñòâà E, íà êîòîðîì a priori íå ïðåäïîëàãàåòñÿ ñóùåñòâîâàíèå
ïðîèçâîäíîé, îñîáåííîñòè íà E íå èìååò.

Êàê è â ðàáîòàõ Ï.Êîýíà è Ð.Ôåñêà â êà÷åñòâå îáëàñòåé çäåñü
ðàññìàòðèâàþòñÿ òîëüêî ïðÿìîóãîëüíèêè R ñî ñòîðîíàìè, ïàðàë-
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ëåëüíûìè îñÿì êîîðäèíàò, ïðÿìîóãîëüíèêè ïðåäïîëàãàþòñÿ çàïîë-
íåííûìè è çàìêíóòûìè.

Õàóñäîðôîâó (âíåøíþþ) φ-ìåðó ìíîæåñòâà E áóäåì îáîçíà-
÷àòü Hφ(E), à õàóñäîðôîâó äëèíó ìíîæåñòâà E � H1(E). Â êà÷å-
ñòâå ôóíêöèè φ(t) áóäåì áðàòü âûïóêëûé ââåðõ íåëèïøèöåâûé ìî-
äóëü íåïðåðûâíîñòè, ò.å. òàêîé ìîäóëü íåïðåðûâíîñòè äëÿ êîòîðîãî

lim
t→+0

φ(t)

t
= +∞.

Åñëè ôóíêöèÿ f(z) îïðåäåëåíà â íåêîòîðîé îêðåñòíîñòè òî÷êè ζ
è äëÿ íåêîòîðîãî Lζ > 0 âî âñåõ äîñòàòî÷íî áëèçêèõ ê ζ òî÷êàõ z
âûïîëíåíî íåðàâåíñòâî

|f(z)− f(ζ)| ⩽ Lζφ(|z − ζ|),

òî áóäåì ãîâîðèòü, ÷òî ôóíêöèÿ f(z) óäîâëåòâîðÿåò óñëîâèþ Ã¼ëü-
äåðà ñ ôóíêöèåé φ(t) â òî÷êå ζ.

Äîêàçàíà ñëåäóþùàÿ òåîðåìà.
Òåîðåìà. Ïóñòü R � ïðÿìîóãîëüíèê íà ïëîñêîñòè R2 è ìíî-

æåñòâà Ej ⊂ R, j ∈ N0, çàìêíóòû. Ïóñòü ôóíêöèè P (z) è Q(z)
îãðàíè÷åíû â R, ëèíåéíî íåïðåðûâíû íà R\E0, èìåþò âñå ÷àñòíûå

ïðîèçâîäíûå ïåðâîãî ïîðÿäêà â êàæäîé òî÷êå ζ ∈ G \
(⋃∞

0
Ej

)
è

âûïîëíåíû óñëîâèÿ:

1◦. H1(E0) = 0.

2◦. Äëÿ êàæäîãî Ej, j ∈ N, âûïîëíåíî îäíî èç ñîîòíîøåíèé:

i. åñëè H1(Ej) < +∞, òî ôóíêöèè P è Q ëèíåéíî íåïðåðûâ-
íû â òî÷êàõ ìíîæåñòâà Ej ;

ii. åñëè H1(Ej) = +∞, òî íàéä¼òñÿ âîçðàñòàþùèé âûïóê-
ëûé ââåðõ íåëèïøèöåâûé ìîäóëü íåïðåðûâíîñòè φj(t) äëÿ
êîòîðîãî Htφj(t)(Ej) = 0 è â òî÷êàõ ζ ∈ Ej ôóíêöèè
P (z) è Q(z) óäîâëåòâîðÿþò óñëîâèþ Ã¼ëüäåðà ñ ôóíêöè-
åé φj(t).

3◦. Âûðàæåíèå
∂Q

∂x
− ∂P

∂y
ñóììèðóåìî â R (îòíîñèòåëüíî ïëîñêîé

ìåðû Ëåáåãà).

Òîãäà äëÿ ïðÿìîóãîëüíèêà R âåðíà ôîðìóëà Ãðèíà.

Äëÿ ñîêðàùåíèÿ çàïèñè òî÷êè (x, y) áóäóò èíîãäà îáîçíà÷àòüñÿ z, z = x+iy.
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Ð.Ôåñê ïðåäïîëàãàë âûïîëíåíèå óñëîâèé 1◦, 2◦i è 3◦. Â ðàáî-
òå [2] îí ïîñòðîèë, ïðèìåð, ïîêàçûâàþùèé, ÷òî óñëîâèå òîãî, ÷òî
èñêëþ÷èòåëüíîå ìíîæåñòâî E èìååò σ-êîíå÷íóþ äëèíó íåâîçìîæíî
çàìåíèòü ïðåäïîëîæåíèåì, ÷òî Hrα(E) = 0 ïðè íåêîòîðîì α > 1.

Â íàñòîÿùåé ðàáîòå ïîñòðîåí ïðèìåð, ïîêàçûâàþùèé, ÷òî óñëî-
âèå 2◦ii íà ìàññèâíîñòü èñêëþ÷èòåëüíîãî ìíîæåñòâà ïî Õàóñäîðôó
íåâîçìîæíî çàìåíèòü ïðåäïîëîæåíèåì, ÷òî Htφj(t)(Ej) < +∞. Äåé-
ñòâèòåëüíî, äëÿ ïðîèçâîëüíîãî âûïóêëîãî ââåðõ íåëèïøèöåâà ìîäó-
ëÿ íåïðåðûâíîñòè φ(t) â åäèíè÷íîì êâàäðàòå S ïîñòðîåíî çàìêíóòîå
ìíîæåñòâî E ⊂ S êîíå÷íîé ïîëîæèòåëüíîé tφ(t)-ìåðû Õàóñäîðôà è
ôóíêöèè P (x, y) è Q(x, y) èç êëàññà Íèêîëüñêîãî�Ã¼ëüäåðà Hφ(S),
èìåþùèå íóëåâîé äèôôåðåíöèàë íà ìíîæåñòâå S \ E, äëÿ êîòîðûõ∫

∂S+

P dx+Qdy ̸= 0 =

∫∫
S

(
∂Q

∂x
− ∂P

∂y

)
dx dy.
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ÍÅÐÀÂÅÍÑÒÂÎ ÕÀÐÍÀÊÀ ÄËß ÓÐÀÂÍÅÍÈß
(p, q)-ËÀÏËÀÑÀ ÐÀÂÍÎÌÅÐÍÎ

ÂÛÐÎÆÄÀÞÙÅÃÎÑß ÍÀ ×ÀÑÒÈ ÎÁËÀÑÒÈ1
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Ðàññìîòðèì â îãðàíè÷åííîé îáëàñòè D ⊂ Rn, ãäå n ⩾ 2, ýëëèïòè-
÷åñêîå óðàâíåíèå

div
(
ωε(x)|∇u|p(x)−2∇u

)
= 0 (1)

1 Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ ÂëÃÓ (ïðîåêò
FZUN-2023-0004).
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ñ äâóõôàçíûì êóñî÷íî-ïîñòîÿííûì ïîêàçàòåëåì p(x) è íåîòðèöà-
òåëüíûì âåñîì ωε. Ïðåäïîëàãàåòñÿ, ÷òî îáëàñòü D ðàçäåëåíà ãèïåð-
ïëîñêîñòüþ Σ = {x : xn = 0} íà ÷àñòè D(1) = D ∩ {x : xn > 0} è
D(2) = D ∩ {x : xn < 0}, è

p(x) =

{
q â D(1),
p â D(2),

1 < q < p, (2)

à âåñ òàêîâ, ÷òî

ωε(x) =

{
ε, xn > 0,
1, xn < 0,

ε ∈ (0, 1]. (3)

Äëÿ îïðåäåëåíèÿ ðåøåíèÿ, ââåä¼ì êëàññ ôóíêöèé

Wloc(D) = {u : u ∈W 1
1,loc(D), |∇u|p(x)ωε ∈ L1

loc(D)},

ãäå W 1
1 (D) � êëàññè÷åñêîå ïðîñòðàíñòâî Ñîáîëåâà. Ïîä ðåøåíèåì

óðàâíåíèÿ (1) ïîíèìàåòñÿ ôóíêöèÿ u ∈ Wloc(D), äëÿ êîòîðîé ñïðà-
âåäëèâî èíòåãðàëüíîå òîæäåñòâî∫

D

ωε(x)|∇u|p(x)−2∇u · ∇φdx = 0 (4)

íà ôèíèòíûõ ïðîáíûõ ôóíêöèÿõ φ ∈Wloc(D).
Åñëè p = q = 2, òî äëÿ óðàâíåíèÿ (1) îòñóòñòâèå êëàññè÷åñêîãî

íåðàâåíñòâà Õàðàíàêà ñ ïîñòîÿííîé, íåçàâèñÿùåé îò ε, óñòàíîâëåíî
â ðàáîòå [1], à ðàáîòå [2] ïðèâåä¼í àíàëîã íåðàâåíñòâà Õàðíàêà ñ
ïîñòîÿííîé íå çàâèñÿùåé îò ε.

Äëÿ ôîðìóëèðîâêè ðåçóëüòàòîâ îáîçíà÷èì ÷åðåç BR îòêðûòûé
øàð ðàäèóñà R, ãäå R ⩽ 1, ñ öåíòðîì íà Σ òàêîé, ÷òî B4R ⊂ D è
M = 1+sup

D′
u, ãäå D′ ⊂ D êàêàÿ-ëèáî ñòðîãî âíóòðåííÿÿ ïîäîáëàñòü

îáëàñòè D, ñîäåðæàùàÿ øàð B4R è D(2)
R = D(2) ∩BR.

Äëÿ ïîñòîÿííûõ ïîêàçàòåëåé p è q èç (2) â ðàáîòå [3] óñòàíîâëåíî
îòñóòñòâèå êëàññè÷åñêîãî íåðàâåíñòâà Õàðíàêà (3) â øàðàõ ñ öåí-
òðîì íà ðàçäåëÿþùåé ãèïåðïëîñêîñòè Σ âñëó÷àå ωε(x) ≡ 1 è ïðè-
âåä¼í àíàëîã íåðàâåíñòâà Õàðíàêà, à ðàáîòå [4] äëÿ óðàâíåíèÿ (1) ñ
âåñîì èç (3) ïîëó÷åí àíàëîã íåðàâåíñòâà Õàðíàêà

inf
BR

u+R ⩾ C sup
B−

R

u, (5)
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ãäå B−
R = {x ∈ BR : xn < −R

2 } è ïîñòîÿííàÿ C íå çàâèñèò îò ε.
Íàñòîÿùåå ñîîáùåíèå ïîñâÿùåíî îáîáùåíèþ ðåçóëüòàòà [4] äëÿ

óðàâíåíèÿ (1) ñ âåñîì èç (2) è

p− q = h > 0. (6)

Òåîðåìà 1. Ïóñòü u � íåîòðèöàòåëüíîå â øàðå B4R ðåøåíèå
óðàâíåíèÿ (1) è âûïîëíåíî óñëîâèå (6). Òîãäà ñóùåñòâóåò ïîëîæè-
òåëüíûå ïîñòîÿííûå ν(p, q, h) è K(n, p, q, h) òàêèå, ÷òî ñïðàâåäëèâî
íåðàâåíñòâî

inf
D

(2)
R

u+MRν ⩾ K sup
D

(2)
R

u, (7)

ãäå ν = O(h) è K → ∞ ïðè h→ 0.
Îöåíêà (7) ÿâëÿåòñÿ àíàëîãîì êëàññè÷åñêîãî íåðàâåíñòâà Õàðíà-

êà â ïîëóøàðå D(2)
R . Ñëåäñòâèåì îöåíîê (5) è (7) ÿâëÿåòñÿ ñëåäóþùåå

óòâåðæäåíèå
Òåîðåìà 2. Ïóñòü u � íåîòðèöàòåëüíîå â øàðå B4R ðåøåíèå

óðàâíåíèÿ (1) è âûïîëíåíî óñëîâèå (6), òî ñïðàâåäëèâà îöåíêà

inf
BR

u+MRν ⩾ K sup
D

(2)
R

u,

ãäå ν è K èìåþò òîò æå ñìûñë, ÷òî è â òåîðåìå 1.
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ÎÏÒÈÌÈÇÀÖÈß ÑÈÑÒÅÌ ÂÛÑÎÊÎÉ
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mail@tolstykh.com

Ðàññìàòðèâàþòñÿ íîâûå ýêñòðåìàëüíûå ìåòîäû ïåðâîãî ïîðÿäêà
äëÿ ìèíèìèçàöèè öåëåâûõ ôóíêöèé è ôóíêöèîíàëîâ J(u). Óïðàâî-
ëåíèå u ∈ Rn èëè u(τ) ∈ L2(S), ãäå τ � ïðîñòðàíñòâåííî-âðåìåííàÿ
ïåðåìåííàÿ. Ðàçìåðíîñòü n âåêòîðà u ìîæåò áûòü âûñîêîé èëè áåñ-
êîíå÷íîé, êîãäà óïðàâëåíèå � ôóíêöèÿ u(τ).

Ðàññìîòðèì ìåòîä êîëëèíåàðíûõ ãðàäèåíòîâ (ÌÊÃ) [1] äëÿ
óïðàâëåíèÿ u ∈ Rn:

uk+1 = uk + bkdk, bk =

(
1− ⟨∇J(uk∗), dk⟩

⟨∇J(uk), dk⟩

)−1

, k = 0, 1 . . . ,

Ðèñ. 1 Ìèíèìèçàöèÿ ÌÊÃ.

ãäå dk = (uk∗ − uk) � íà-
ïðàâëåíèå ìèíèìèçàöèè äëÿ
êîòîðîãî ãðàäèíòû ∇J(uk) è
∇J(uk∗) êîëëèíåàðíûå. Øà-
ãîâûé ìíîæèòåëü bk ∈ R íà-
õîäèòñÿ èç ïðåäïîëîæåíèÿ
êâàäðàòè÷íîñòè îäíîìåðíîé
ôóíêöèè J(uk + bdk). Â ýòèõ
óñëîâèÿõ øàã ÌÊÃ ñîâïàäà-
åò ñ øàãîì ìåòîäà Íüþòîíà
ñ ãåññèàíîì H:

bkdk = −H−1∇Jk.

Ïðèáëèçèòåëüíîå çíà÷å-
íèå òî÷êè uk∗ ìîæíî íàéòè â îêðåñòíîñòè uk ïîäèòåðàöèÿìè ìåòîäà
ñîïðÿæ¼ííûõ ãðàäèåíòîâ (ðåøåíèå ñèñòåìû n ëèíåéíûõ óðàâíåíèé
â âèäå óñëîâèÿ êîëëèíåàðíîñòè ãðàäèåíòîâ). Èç-çà âû÷èñëèòåëüíûõ
ïîãðåøíîñòåé â uk∗ , ïðàêòè÷åñêóþ ðåàëèçàöèþ ÌÊÃ ñëåäóåò îòíå-
ñòè ê ñåìåéñòâó óñå÷¼ííûõ (truncated) ìåòîäîâ Íüþòîíà.

Íà ðèñ. 1 ïîêàçàíà ñóòü ìåòîäà íà ïðèìåðå ìèíèìèçàöèè êâàä-
ðàòè÷íîé ôóíêöèè ïðè n = 2 èç òð¼õ íà÷àëüíûõ ÷¼ðíûõ òî÷åê u0.
Ñåðûå òî÷êè � ïîäèòåðàöèè. Ïîñëå âûáîðà dk â îêðåñòíîñòè u0 (íå
áîëåå äâóõ ïîäèòåðàöèé) ïîòðåáîâàëñÿ âñåãî îäèí øàã ê u∗, êàê è
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â ìåòîäå Íüþòîíà. Íàïðèìåð, ïðè n = 1000 ÌÊÃ òðåáóåò 1�3 èòå-
ðàöèè ñ îòíîñèòåëüíî íåáîëüøèì êîëè÷åñòâîì ïîäèòåðàöèé. Äðóãèå
íàãëÿäíûå òåñòû ìèíèìèçàöèè êàê êâàäðàòè÷íûõ, òàê è íåêâàäðà-
òè÷íûõ ìíîãîýêñòðåìàëüíûõ ôóíêöèé ïîñðåäñòâîì ÌÊÃ â ñðàâíå-
íèè ñ äðóãèìè ýêñòðåìàëüíûìè ìåòîäàìè ìîæíî íàéòè â [2].

Ïðàêòè÷åñêàÿ ðåàëèçàöèÿ ÌÊÃ ïî ñêîðîñòè ñõîäèìîñòè ìîæåò
íåìíîãî óñòóïàòü ìåòîäó Íüþòîíà âòîðîãî îïðÿäêà. Ïî ñðàâíåíèþ
ñ òðàäèöèîííûìè ìåòîäàìè ïåðâîãî ïîðÿäêà, ÌÊÃ ÿâëÿåòñÿ î÷åíü
ýêîíîìè÷íûì ïî êîëè÷åñòâó âû÷èñëåíèé J è ∇J áëàãîäàðÿ ôîðìó-
ëå bk êâàäðàòè÷íîãî øàãà. ÌÊÃ íå òðåáóåò çàòðàòíûõ âû÷èñëåíèé
øàãîâîãî ìíîæèòåëÿ ïîñðåäñòâîì ëèíåéíîãî ïîèñêà.

Ïðè n→ ∞ âû÷èñëåíèå êîëëèíåàðíîñòè ãðàäèåíòîâ ìåòîäîì ñî-
ïðÿæ¼ííûõ ãðàäèåíòîâ ñòàíîâèòñÿ íåîáîñíîâàííûì. Çàäàäèì dk =

−
−−−−−→
αk∇Jk , ãäå ñòðåëêà îçíà÷àåò âåêòîðèçàöèþ, à êîìïîíåíòû âåêòîðà

αki = |(uk∗i − uki )/∇iJ
k| � ýòî ïàðàìåòð ðåãóëèðîâàíèÿ íàïðàâëåíèÿ

ñïóñêà îòíîñèòåëüíî ãðàäèåíòà. Î÷åâèäíî, ÷òî î ñîâïàäåíèè ñ ÌÊÃ
ìîæíî ãîâîðèòü òîëüêî åñëè ∇iJ

k ̸= 0 ∀i, k è â ñëó÷àÿõ, êîãäà ÌÊÃ
äåëàåò øàãè, óäîâëåòâîðÿþùèå αk ∈ En+. Êðîìå ýòîãî, íåîáõîäèìà
ýâðèñòèêà äëÿ îïðåäåëåíèÿ (uk∗i − uki ).

Ðàññìîòðèì äàëåå áåñêîíå÷íîìåðíûé âàðèàíò ìåòîäà ñ ðóãóëè-
ðóåìûì íàïðàâëåíèåì ñïóñêà (ÌÐÍÑ) äëÿ êâàäðàòè÷íûõ (çà÷àñòóþ
äîñòàòî÷íî ïðîñòî âûïóêëûõ) J(u) [3�5]:

uk+1(τ) = uk(τ) + bkα(τ)∇J(uk; τ), k = 0, 1 . . .

Çäåñü ìîæíî âûáðàòü

α(τ) = δ/
∣∣∇J(u0; τ)∣∣ , sgn∇J(u0; τ) = const ∀τ,

ãäå δ � ïîëîæèòåëüíîå ÷èñëî, çàäàþùåå ãëóáèíó ïåðâîãî øàãà äëÿ
îáåñïå÷åíèÿ ðàâíîìåðíîãî èçìåíåíèÿ ôóíêöèè u0(τ) ê u1(τ).

Çàäà÷à ïàðàìåòðà α � ýòî íå ôîðìèðîâàíèå êîëëèíåàðíîñòè, ÷òî
íåâîçìîæíî ïðîêîíòðîëèðîâàòü â áåñêîíå÷íîìåðíîì ïðîñòðàíñòâå,
à áîëåå ñëàáîå òðåáîâàíèå � ôîðìèðîâàíèå ðàâíîìåðíîé íà S ñõîäè-
ìîñòè ê u∗(τ). Øàãîâûé ìíîæèòåëü bk, â îòëè÷èè îò ÌÊÃ, ñëåäóåò
âûáèðàòü èëè ìåòîäàìè ëèíåéíîãî ïîèñêà, èëè àäàïòèâíûìè ìåòî-
äàìè [6]. Îòìåòèì, ÷òî äëÿ îïðåäåëåíèÿ ∇J ∈ L2(S) îñîáåííî âàæíî
êîíòðîëèðîâàòü óñëîâèÿ óïðàâëÿåìîñòè [7].

Óâèäåòü ðàçëè÷èÿ ìåæäó òðàäèöèîííûì ãðàäèåíòíûì ìåòîäîì,
êîãäà α(τ) = 1, è ÌÐÍÑ ìîæíî íà ïðèìåðå ñèíòåçà îïòèìàëüíîãî
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ñîñòîÿíèÿ v∗ â çàäà÷å ñ ïðîñòåéøèì ïàðàáîëè÷åñêèì óðàâíåíèåì [3]:

J(u) =

∫ t1

t0

(
v(xa, t)− v∗(t)

)2
dt,

∂v

∂t
− λ

∂2v

∂x2
= 0, (x, t)

def
= τ ∈ (xa, xb)× (t0, t1) .

Óïðàâëåíèå çàäàíî â ïðàâîì ãðàíè÷íîì óñëîâèè: λ ∂v∂x = u íà S =

xb× (t0, t1) . Íà ëåâîé ãðàíèöå λ ∂v∂x = q íà xa× (t0, t1), ãäå q � çàäàí-
íûé ïîòîê v.

Ðèñ.2 Îïòèìèçàöèÿ ìåòîäîì íàèñêîðåéøåãî ñïóñêà

Ðèñ. 3. Îïòèìèçàöèÿ ÌÐÍÑ.

Íà ðèñ. 2 è 3 ïîêàçàíû ðåçóëüòàòû áåñêîíå÷íîìåðíîé îïòèìèçà-
öèè â âèäå ñõîäèìîñòè óïðàâëåíèé uk ê îïòèìóìó u∗ ãàäèåíòíûì ìå-
òîäîì íàèñêîðåéøåãî ñïóñêà è ÌÐÍÑ, ñîîòâåòñòâåííî. Òðàäèöèîí-
íûé íàèñêîðåéøèé ñïóñê ïðåêðàòèë ñõîäèìîñòü íà èòåðàöèè k = 42
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ñ ïëîõîé íåðàâíîìåðíîé íà S ñõîäèìîñòüþ. Â òîæå âðåìÿ ÌÐÍÑ ñ
ïàðàìåòðîì α(t) îáåñïå÷èë ðàâíîìåðíîå ïðèáëèæåíèå è äîñòèã âè-
çóàëüíî òî÷íîå îïòèìàëüíîå çíà÷åíèå u∗(t).

Ðàññìîòðåííûå ÌÊÃ è ÌÐÍÑ ìîæíî èñïîëüçîâàòü äëÿ ýôôåê-
òèâíîãî ðåøåíèÿ âûñîêî ðàçìåðíûõ è áåñêîíå÷íîìåðíûõ çàäà÷ îï-
òèìèçàöèè.
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Â ñîöèàëüíûõ ñåòÿõ èíôîðìàöèåé ÿâëÿåòñÿ óíèêàëüíàÿ ïóáëè-
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ñîöèàëüíîé ñåòè [1]. Ðàñïðîñòðàíåíèå èíôîðìàöèè ïðîèñõîäèò ïîä
äåéñòâèåì ãðàäèåíòà èíôîðìàöèè, ò.å. èç îáëàñòåé, ãäå èíôîðìà-
öèè áîëüøå, â îáëàñòè, ãäå åå ìåíüøå. Ïåðåäà÷à èíôîðìàöèè ìåæäó
ïîëüçîâàòåëÿìè èìååò ñëó÷àéíûé õàðàêòåð, àíàëîãè÷íî äèôôóçèè
ìîëåêóë â ñðåäå. Âìåñòî òîãî, ÷òîáû ñëåäèòü çà êàæäûì îòäåëü-
íûì ïîëüçîâàòåëåì è åãî äåéñòâèÿìè, ìû ðàññìàòðèâàåì ïëîòíîñòü
èíôîðìàöèè � óñðåäíåííóþ õàðàêòåðèñòèêó, ïîêàçûâàþùóþ ñðåä-
íåå êîëè÷åñòâî ðåïîñòîâ íà åäèíèöó ðàññòîÿíèÿ â ñåòè. Òîãäà äëÿ
îïèñàíèÿ ðàñïðåäåëåííîãî â ïðîñòðàíñòâå äèíàìè÷åñêîãî ïðîöåññà
äèôôóçèè èíôîðìàöèè ïðåäëàãàåòñÿ ñëåäóþùàÿ ìîäåëü:

∂v(x, t)

∂t
=

∂

∂x

(
p(x)

∂v(x, t)

∂x

)
+ h(x)r(x, t)θ(v(x, t)− ε).

Çäåñü x � ýòî êèáåð-äèñòàíöèÿ, ïðåäñòàâëÿþùàÿ ñîáîé êðàò÷àéøèé
ïóòü èç äðóæåñêèõ ñâÿçåé îò ïîëüçîâàòåëÿ-èñòî÷íèêà èíôîðìàöèè
ê ïðèåìíèêó [2], v(x, t) � ïëîòíîñòü èíôîðìàöèè â òî÷êå x â ìî-
ìåíò âðåìåíè t, îïðåäåëÿåò îòíîøåíèå êîëè÷åñòâà ðåïîñòîâ ê ðàññòî-
ÿíèþ x, p(x) � êîýôôèöèåíò äèôôóçèè èíôîðìàöèè, îïèñûâàþùèé
ñêîðîñòü ïðîíèêàíèÿ èíôîðìàöèè â ñåòü, θ � òåòà-ôóíêöèÿ Õåâè-
ñàéäà. Ñâîáîäíûé ÷ëåí h(x)r(x, t)θ(v(x, t) − ε) îòâå÷àåò çà ðàáîòó
ïðîñòðàíñòâåííî-ðàñïðåäåëåííîãî âíóòðåííåãî èñòî÷íèêà èíôîðìà-
öèè. Ôóíêöèÿ h(x) ïðåäñòàâëÿåò ñîáîé êîëè÷åñòâî ïîëüçîâàòåëåé,
ïîäåëèâøèõñÿ èíôîðìàöèåé, íà ðàññòîÿíèè x (ïðîïóñêíàÿ ñïîñîá-
íîñòü êëàñòåðà ñîöèàëüíîé ñåòè). Ïðè ýòîì íà ðàññòîÿíèè x = 0
ïðîïóñêíàÿ ñïîñîáíîñòü h(x) = 1, ïîñêîëüêó ðàñïðîñòðàíåíèå èí-
ôîðìàöèè íà÷èíàåòñÿ ñ îäíîãî ïîëüçîâàòåëÿ. Çàòóõàþùàÿ ôóíêöèÿ
r(x, t) � ñêîðîñòü, ñ êîòîðîé ïîëüçîâàòåëè áóäóò äåëèòüñÿ èíôîðìà-
öèåé. Äëÿ ó÷åòà àíèçîòðîïèè ñîöèàëüíîé ñåòè ïàðàìåòð r çàâèñèò íå
òîëüêî îò t, íî è îò x, ÷òî îçíà÷àåò ðàçíóþ ñêîðîñòü ðåàêöèè ïîëüçî-
âàòåëåé íà èíôîðìàöèþ íà ðàçíîì ðàññòîÿíèè. Ïðè ýòîì ïàðàìåòðû
h è r íà÷èíàþò ¾ðàáîòàòü¿ êîãäà â òî÷êå x ïîÿâëÿåòñÿ äîñòàòî÷íî
çíà÷èìàÿ âåëè÷èíà èíôîðìàöèè v(x, t) ⩾ ε, ãäå ε � ïîðîã çíà÷èìî-
ñòè èíôîðìàöèè.

Äëÿ ïðåäëîæåííîé ìîäåëè ïðåäëàãàåòñÿ ñïîëüçîâàòü ãðàíè÷íûå
óñëîâèÿ ïåðâîãî ðîäà. Íà ãðàíèöå xa = 0 (èñòî÷íèê èíôîðìàöèè)
v(xa, t) = 1. Ýòî îçíà÷àåò, ÷òî â èñòî÷íèêå èíôîðìàöèè ïëîòíîñòü
âñåãäà ðàâíà åäèíèöå (îäíà íîâîñòü íà äàííîì ðàññòîÿíèè). Íà ãðà-
íèöå xb (óäàëåííàÿ îáëàñòü) v(xb, t) = 0. Ýòî îçíà÷àåò, ÷òî íà áîëü-
øîì ðàññòîÿíèè îò èñòî÷íèêà ïëîòíîñòü èíôîðìàöèè ñòðåìèòñÿ ê
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íóëþ. Ýòî ìîæåò ìîäåëèðîâàòü ñèòóàöèþ, êîãäà èíôîðìàöèÿ íå äî-
ñòèãàåò óäàëåííûõ ÷àñòåé ñåòè, ëèáî å¼ âëèÿíèå òàì ïðåíåáðåæèìî
ìàëî. Íà÷àëüíîå óñëîâèå ñîîòâåòñòâóåò îòñóòñòâèþ îáñóæäàåìîé íî-
âîñòè â ñåòè â ìîìåíò t = 0: v(x, 0) = 0.

Äëÿ òîãî ÷òîáû ïðåäëîæåííàÿ ìîäåëü äèôôóçèè îòðàæàëà ðå-
àëüíîå ðàñïðîñòðàíåíèå èíôîðìàöèè â ñîöèàëüíîé ñåòè, íåîáõîäè-
ìà èäåíòèôèêàöèÿ ïàðàìåòðîâ äàííîé ìîäåëè íà îñíîâàíèè ýêñïå-
ðèìåíòàëüíûõ äàííûõ, ÷òî äàñò âîçìîæíîñòü îöåíèâàòü è êëàññè-
ôèöèðîâàòü êëàñòåðû ñîöèàëüíîé ñåòè ïî èäåíòèôèöèðîâàííûì ïà-
ðàìåòðàì.
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ÎÏÒÈÌÀËÜÍÀß ÝÊÑÒÐÀÏÎËßÖÈß
ÌÍÎÃÎ×ËÅÍÎÂ,

ÇÀÄÀÍÍÛÕ Ñ ÏÎÃÐÅØÍÎÑÒÜÞ
Òðåìáà÷ À.À. (Åêàòåðèíáóðã, ÈÌÌ ÓðÎ ÐÀÍ)

alex.trembach2015@yandex.ru

Èññëåäóåòñÿ çàäà÷à îïòèìàëüíîé ýêñòðàïîëÿöèè ìíîãî÷ëåíîâ,
çàäàííûõ ñ ïîãðåøíîñòüþ íà êîìïàêòå. Êðàòêî ïðèâåäåì ïîñòàíîâêó
ýòîé çàäà÷è, ïóñòü Pn � ïðîñòðàíñòâî ìíîãî÷ëåíîâ ñòåïåíè íå áîëåå
n, K � êîìïàêò êîìïëåêñíîé ïëîñêîñòè C, C(K) � ïðîñòðàíñòâî
íåïðåðûâíûõ íà K ôóíêöèé, R � ìíîæåñòâî âñåõ ôóíêöèîíàëîâ íà
C(K). Òîãäà âåëè÷èíà

Un(K, θ, z; δ) := sup{|Pn(z)− θfδ| : Pn ∈ Pn, fδ ∈ C(K),

∥Pn − fδ∥C(K) ⩽ δ},

ÿâëÿåòñÿ ïîãðåøíîñòüþ ýêñòðàïîëÿöèè â òî÷êó z ìåòîäîì θ ∈ R
ìíîãî÷ëåíîâ ñòåïåíè íå áîëåå ÷åì n, ïðèáëèæåííî çàäàííûõ (ñ ïî-
ãðåøíîñòüþ δ) íà êîìïàêòå K.

Â ñâîþ î÷åðåäü íàñ áóäåò èíòåðåñîâàòü ìåòîä ñ íàèìåíüøåé ïî-
ãðåøíîñòüþ � îïòèìàëüíûé ìåòîä ýêñòðàïîëÿöèè è, ñîîòâåòñòâåí-
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íî, åãî ïîãðåøíîñòü � âåëè÷èíà îïòèìàëüíîé ýêñòðàïîëÿöèè, êî-
òîðàÿ îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì

En(K, z, δ) := inf {Un(θ, z; δ) : θ ∈ R} , (1)

Çàäà÷à ñîñòîèò â âû÷èñëåíèè (1), è ÿâëÿåòñÿ êîíêðåòíûì âàðèàí-
òîì çàäà÷è îïòèìàëüíîãî âîññòàíîâëåíèÿ, áîëåå ïîäðîáíóþ èíôîð-
ìàöèþ ìîæíî íàéòè â [1; 2]

Óñòàíàâëèâàåòñÿ âçàèìîñâÿçü çàäà÷è îïòèìàëüíîé ýêñòðàïîëÿ-
öèè ñ çàäà÷åé ×åáûø¼âà î ìíîãî÷ëåíå, íàèìåíåå óêëîíÿþùåìñÿ îò
íóëÿ íà êîìïàêòå

τn(K) := inf

{
∥Pn∥C(K) : Pn(z) = zn +

n−1∑
k=0

pkz
k, pk ∈ C

}
.

Âûïèñàíî òî÷íîå ðåøåíèå çàäà÷è ýêñòðàïîëÿöèè ñ îòðåçêà K =
[−1, 1] íà âåùåñòâåííóþ ïðÿìóþ z ∈ R \ (−1, 1). Ïîëó÷åíî òî÷íîå
ðåøåíèå çàäà÷è îïòèìàëüíîé ýêñòðàïîëÿöèè ìíîãî÷ëåíîâ äëÿ ñëó-
÷àÿ, êîãäà êîìïàêò ÿâëÿåòñÿ ëåìíèñêàòîé � òåîðåìà 1.

Òåîðåìà 1. Ïóñòü Qn � ïðîèçâîëüíûé ìíîãî÷ëåí ñòåïåíè n ñ
åäèíè÷íûì ñòàðøèì êîýôôèöèåíòîì è s > 0, à L = L(Qn, s) :=
{ζ ∈ C : |Qn(ζ)| = s} � îïðåäåëÿåìàÿ èìè ëåìíèñêàòà, à D0 :=
{z ∈ C : |Qn(z)| < s} è D∞ := {z ∈ C : |Qn(z)| > s} � ëåìíèñêàò-
íûå îáëàñòè. Òîãäà äëÿ ïðîèçâîëüíûõ òî÷êè z ∈ C è δ > 0 ñïðàâåä-
ëèâû ðàâåíñòâà

En(L, z; δ) = max
{
1; s−1|Qn(z)|

}
δ =

{
δ, z ∈ D0,
s−1|Qn(z)|δ, z ∈ D∞;

Îïòèìàëüíûìè ìåòîäàìè â (1) ÿâëÿþòñÿ

ΘD0,j
f =

∫
Lj

PD0,j
(z, ζ) f(ζ) |dζ| â ñëó÷àå z ∈ D0,j , j = 1,m,

ΘD∞f =

∫
L

PD∞(z, ζ)
Qn(z)

Qn(ζ)
f(ζ) |dζ| â ñëó÷àå z ∈ D∞,

ãäå D0,j , j = 1,m, 1 ⩽ m ⩽ n � êîìïîíåíòû ñâÿçíîñòè D0, à Lj =
∂D0,j � èõ ãðàíèöû. PG � ÿäðî Ïóàññîíà îáëàñòè G. (ñì. [3, Ãë.6,
�6])
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Áëèçêèé îïòèìàëüíûé ìåòîä(èíòåãðàë Ïóàññîíîâñêîãî òèïà) âîç-
íèê ðàíåå â ðàáîòå [4].
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ÎÃÐÀÍÈ×ÅÍÍÎÑÒÜ ÂÅÑÎÂÛÕ
×ÀÑÒÍÎ-ÈÍÒÅÃÐÀËÜÍÛÕ ÎÏÅÐÀÒÎÐÎÂ

ÑÎ ÑËÀÁÎÉ ÎÑÎÁÅÍÍÎÑÒÜÞ, ÏÎÐÎÆÄÅÍÍÎÉ
ÎÁÎÁÙÅÍÍÛÌ ÑÄÂÈÃÎÌ ÏÓÀÑÑÎÍÀ
Í.È. Òðóñîâà (Ëèïåöê, ËÃÏÓ èìåíè Ï.Ï.

Ñåìåíîâà-Òÿí-Øàíñêîãî)
trusova.nat@gmail.com

Ïóñòü x = (xα, xα) ∈ D = Dxα ×Dxα � êîíå÷íûé ïàðàëëåëåïèïåä
â Rn, α è α � ìóëüòèèíäåêñû, ñîñòîÿùèå èç m è (n−m) ðàçëè÷íûõ
íàòóðàëüíûõ ÷èñåë, äîïîëíÿþùèõ äðóã äðóãà äî íàáîðà (1, 2, · · · , n).

Âåñîâûå ÷àñòíî-èíòåãðàëüíûå îïåðàòîðû (âåñîâûå ×-È îïåðà-
òîðû) ââåäåíû â äèññåðòàöèè [1], èìåþò ñëåäóþùèé âèä:

(Kαu)(x) =

∫
Dtα

kα(x; tα)u(tα, xα)

m∏
i=1

t
γαi
αi dtαi ,

ãäå k = kα(x; tα) � ÿäðî âåñîâîãî ×È-îïåðàòîðà è

dµγα(tα) =

m∏
i=1

t
γαi
αi dtαi

, γαi
> −1 ,

α = (α1, . . . , αm), 1 ⩽ m < n . Ìåðà dµγα(tα) íàçûâàåòñÿ èíòå-
ãðàëüíîé ìåðîé Ëåáåãà�Êèïðèÿíîâà. ×èñëî m+ |γ| (âîîáùå ãîâîðÿ,
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äðîáíîå) áóäåì íàçûâàòü òðàíñöåíäåíòíîé ðàçìåðíîñòüþ åâêëèäî-
âîé îáëàñòè èíòåãðèðîâàíèÿ Dtα [2].

Ïðîñòðàíñòâî Ëåáåãà ñ ìåðîé dµγ (γi> −1) áóäåì îáîçíà÷àòü
Lγp(D).

Ïóñòü p > 1 è q > 1. ×åðåç Lγ(p,q)(Dtα , Dx)=L
γ
p(Dtα ;L

γ
q (Dxα

))

îáîçíà÷èì àíèçîòðîïíîå ïðîñòðàíñòâî ôóíêöèé ñ íîðìîé

∥f∥Lγ
(p,q)

=

 ∫
Dxα

( ∫
Dtα

|f(xα; tα)|qdµγ(tα)
)p/q

dµγ(xα)


1/p

.

×åðåç T xα
tα áóäåì îáîçíà÷àòü îáîáùåííûé ñäâèã Ïóàññîíà [3]:

T xα
tα f(x, tα)=

m∏
i=1

Tαi
tαi
f(x, tα),

T
xαi
tαi

f(x, tα) =

= C(γ)

π∫
0

f(x,
√
t2αi

+x2αi
− 2xαi

tαi
cosβi, t

αi) sinγi−1 βi dβi ,

ãäå tα = (tαi , t
αi), tαi = (tα1 , . . . , tαi−1 , tαi+1 , . . . , tαm).

Òåîðåìà. Ïóñòü p > 1, 1
p + 1

p′ = 1 è ïóñòü u∈Lγ(p,p2)(Dtα , Dxα).

Åñëè 0 < λ < m+|γ|
p , òî kα ∈ L

(γα, γα, γα)
(p′, p, pp′) (Dtα , Dxα , Dxα). Ïðè ýòîì

ñïðàâåäëèâà îöåíêà:
∥Kαu∥Lγ

p(D) ⩽

⩽ ∥kα∥L(γα, γα, γα)

(p′ , p , pp′) (Dtα×Dxα×Dxα
)
. ∥u∥

L
(γα, γα)

(p, p2)
(Dtα×Dxα

)
.
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ÐÅØÅÍÈÅ ÇÀÄÀ×È ÊÎØÈ ÄËß
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ ÓÐÀÂÍÅÍÈß ÂÒÎÐÎÃÎ
ÏÎÐßÄÊÀ Â ÁÀÍÀÕÎÂÎÌ ÏÐÎÑÒÐÀÍÑÒÂÅ1

Â.È. Óñêîâ (Âîðîíåæ, ÂÃËÒÓ)
vum1@yandex.ru

Ðàññìîòðèì çàäà÷ó Êîøè:

d2u

dt2
= A

du

dt
+Bu(t) + f(t), (1)

u(0) = u0 ∈ X,
du

dt
(0) = u1 ∈ X, (2)

ãäå A,B � îãðàíè÷åííûå ñòàöèîíàðíûå ëèíåéíûå îïåðàòîðû, äåé-
ñòâóþùèå â áàíàõîâîì ïðîñòðàíñòâå X, f(t) � çàäàííàÿ ôóíêöèÿ ñî
çíà÷åíèÿìè â X; t ∈ T = [0; tk].

Ïîä ðåøåíèåì çàäà÷è (1), (2) ïîäðàçóìåâàåòñÿ ôóíêöèÿ u(t) ∈ X,

äâàæäû äèôôåðåíöèðóåìàÿ; òàêàÿ, ÷òî
du

dt
∈ X; óäîâëåòâîðÿþùàÿ

(1), (2) â T.
Öåëü ðàáîòû: íàéòè ðåøåíèå çàäà÷è (1), (2) â àíàëèòè÷åñêîì âè-

äå.
Áóäåì ïðåäïîëàãàòü, ÷òî ôóíêöèÿ f(t) äîñòàòî÷íîå êîëè÷åñòâî

ðàç äèôôåðåíöèðóåìà. Ïîëó÷åí ñëåäóþùèé ðåçóëüòàò.
Òåîðåìà 1. Ðåøåíèå çàäà÷è (1), (2) ðàâíî

u(t) = D(1)(t)u1 +D(0)(t)u0 +Ψ(t), (3)

ãäå îïåðàòîðû D(1)(t), D(0)(t) è ôóíêöèÿ Ψ(t) îïðåäåëÿþòñÿ ïî ôîð-
ìóëàì:

C
(1)
0 = C

(0)
1 = K

(0)
0 = K

(1)
1 = K

(0)
1 = Φ0 = Φ1 = O, C

(0)
0 = C

(1)
1 = I,

C
(1)
n+1 = AC(1)

n +BC
(1)
n−1, C

(0)
n+1 = AC(0)

n +BC
(0)
n−1,

K
(n−1)
n+1 = I, n = 1, 2, . . . , K

(n−2)
n+1 = AK(n−2)

n , n = 2, 3, . . . ,

K
(j)
n+1 = AK(j)

n +BK
(j)
n−1, n = 3, 4, . . . , j = 0, 1, . . . , n− 3,

1 Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà �
24-21-20012, https://rscf.ru/project/24-21-20012/.
© Óñêîâ Â.È., 2025
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Φn =

n−2∑
j=0

K(j)
n

djf

dtj
(0), n = 2, 3, . . . ,

D(1)(t) =

∞∑
n=0

tn

n!
C(1)
n , D(0)(t) =

∞∑
n=0

tn

n!
C(0)
n , Ψ(t) =

∞∑
n=0

tn

n!
Φn.

Äîêàçàòåëüñòâî. Ðàçëîæèì ðåøåíèå u(t) â ðÿä Ìàêëîðåíà:

u(t) =
∞∑
n=0

tn

n!

dnu

dtn
(0), è âû÷èñëèì çíà÷åíèÿ

dnu

dtn
(0), n = 2, 3, . . .. Ïðè

n = 2, âçÿâ â (1) t = 0, ïîëó÷èì
d2u

dt2
(0) = Au1+Bu0+f(0) = C

(1)
2 u1+

C
(0)
2 u0+Φ2. Ïîêàæåì, ÷òî

dnu

dtn
(0) = C

(1)
n u1+C

(0)
n u0+Φn, n = 0, 1, . . ..

Ïóñòü ïðè n = N âûïîëíåíî
dNu

dtN
(0) = C

(1)
N u1 + C

(0)
N u0 + ΦN . Ïðî-

äèôôåðåíöèðóåì (1) n ðàç. Òîãäà ïðè n = N + 1 ïîñëå ïðèâåäåíèÿ
ïîäîáíûõ ïîëó÷èì

dN+1u

dtN+1
(0) = A

dNu

dtN
(0) +B

dN−1u

dtN−1
(0) +

dN−1f

dtN−1
(0) =

= A(C
(1)
N +BC

(1)
N−1)u

1 +A(C
(0)
N +BC

(0)
N−1)u

0+

+

N−3∑
j=0

(AK
(j)
N +BK

(j)
N−1)

djf

dtj
(0) +A

(N−2)
N

dN−2f

dtN−2
(0) +

dN−1f

dtN−1
(0) =

= C
(1)
N+1u

1 + C
(0)
N+1u

0 +ΦN+1.

Ïîäñòàâèâ ýòî âûðàæåíèå â ðàçëîæåíèå, ïîëó÷èì ôîðìóëó (3).
Ïðèìåð. Ðàññìîòðèì çàäà÷ó (1), (2) ñ îïåðàòîðàìè A,B : R2 →

R2 A =

(
2 3
1 4

)
, B =

(
0 −2
−3 1

)
, ôóíêöèåé f(t) ≡ O, è íà÷àëüíûìè

âåêòîðàìè u0 =

(
0
−5

)
, u1 =

(
2
3

)
.

Ïî ôîðìóëå (3), îãðàíè÷èâøèñü ÷àñòè÷íîé ñóììîé äî t4 âêëþ-
÷èòåëüíî, ðåøåíèå çàäà÷è ðàâíî

u(t) ≈

 71

6
t4 +

67

6
t3 +

23

2
t2 + 2t

77

8
t4 +

28

3
t3 +

9

2
t2 + 3t− 5

 .
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ÔÐÅÉÌËÅÒÛ ÍÀ ÃÐÓÏÏÀÕ ÂÈËÅÍÊÈÍÀ
Þ.À. Ôàðêîâ (Ìîñêâà, ÐÀÍÕèÃÑ)

farkov-ya@ranepa.ru

Ïî äàííîìó öåëîìó p ⩾ 2 ãðóïïà Âèëåíêèíà G ñ îïåðàöèÿìè ⊕
è ⊖, äèñêðåòíàÿ ïîäãðóïïà H ⊂ G è àâòîìîðôèçì A : G → G
îïðåäåëÿþòñÿ êàê â [1] (ïðè p = 2 ãðóïïà G ñîâïàäàåò ñ ëîêàëüíî
êîìïàêòíîé ãðóïïîé Êàíòîðà). Ïóñòü Ψ = {ψ(1), . . . , ψ(r)} ⊂ L2(G),
ãäå r ⩾ p− 1. Äëÿ ëþáûõ j ∈ Z è h ∈ H ïîëîæèì

ψ
(ν)
j h (x) := pj/2ψ(ν)(Ajx⊖ h), 1 ⩽ ν ⩽ r, x ∈ G.

Ñèñòåìà ôóíêöèé

X(Ψ) := {ψ(ν)
j,h : 1 ⩽ ν ⩽ r, j ∈ Z, h ∈ H}

íàçûâàåòñÿ íîðìàëèçîâàííûì æ¼ñòêèì ôðåéìëåòîì äëÿ L2(G), åñ-
ëè ðàâåíñòâî

∥f∥2 =
∑

g∈X(Ψ)

|⟨f , g⟩|2

ñïðàâåäëèâî äëÿ ëþáîé ôóíêöèè f ∈ L2(G) ( ñì., íàïðèìåð, [2]). Â
äîêëàäå áóäåò ñôîðìóëèðîâàíî îáîáùåíèå íà ôðåéìëåòû òåîðåìû
3.3 èç [3] è ïîêàçàíî, ÷òî ïî êàæäîé ñòóïåí÷àòîé ìàñøòàáèðóþùåé
ôóíêöèè ñ êîìïàêòíûì íîñèòåëåì íà ãðóïïå G ìîæíî ïîñòðîèòü
íîðìàëèçîâàííûé æ¼ñòêèé ôðåéìëåò äëÿ L2(G). Ïîäðîáíîå èçëîæå-
íèå ñîîòâåòñòâóþùåãî ìåòîäà äàíî â [4], ãäå îòìå÷åíû âîçìîæíîñòè
åãî îáîáùåíèé äëÿ ëîêàëüíûõ ïîëåé è M−ìíîæåñòâ.
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Ïóñòü E � âåùåñòâåííîå áàíàõîâî ïðîñòðàíñòâî; I,O � ñîîò-
âåòñòâåííî òîæäåñòâåííûé è íóëåâîé îïåðàòîðû â ïðîñòðàíñòâå
E; L(E) � âåùåñòâåííàÿ áàíàõîâà àëãåáðà îãðàíè÷åííûõ ëèíåé-
íûõ îïåðàòîðîâ, îïðåäåë¼ííûõ íà E ñî çíà÷åíèÿìè â E; GL(E) ={
A ∈ L(E) : ∃A−1 ∈ L(E)

}
; G(E) � ìíîæåñòâî çàìêíóòûõ ëèíåéíûõ

îïåðàòîðîâ, äåéñòâóþùèõ â ïðîñòðàíñòâå E; P (E) ={
A ∈ G(E) : D(A) = E

}
; C ( [0,∞) ;E) � ëèíåéíîå ïðîñòðàíñòâî

íåïðåðûâíûõ íà [0 ,∞)ôóíêöèé ñî çíà÷åíèÿìè â E; C2 ( [0 ,∞) ;E )
� ëèíåéíîå ïðîñòðàíñòâî äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìûõ
íà [0 ,∞) ôóíêöèé ñî çíà÷åíèÿìè â E. Íàïîìíèì, ÷òî L(E) ⊂ G(E),
òî÷íåå L(E) ⊂ P (E)([1, ñ. 208]).

Ðàññìàòðèâàåòñÿ óðàâíåíèå

x′′(t) +Bx′(t) + Cx(t) = f(t), 0 ⩽ t <∞, (1)

è ñîîòâåòñòâóþùåå åìó îäíîðîäíîå óðàâíåíèå

x′′(t) +Bx′(t) + Cx(t) = 0, 0 ⩽ t <∞. (2)

Ïîä ðåøåíèåì óðàâíåíèÿ ïîíèìàåòñÿ åãî ñèëüíîå ðåøåíèå, ò.å. ôóíê-
öèÿ x(t) ∈ C2 ( [0,∞) ;E), óäîâëåòâîðÿþùàÿ ýòîìó óðàâíåíèþ. Åñòå-
ñòâåííî, ÷òî ëþáîå ðåøåíèå x(t) óðàâíåíèÿ äîëæíî óäîâëåòâîðÿòü
ñëåäóþùèì óñëîâèÿì: x(t) ∈ D(C), x′(t) ∈ D(B) ïðè êàæäîì
t ∈ [0 ,∞) .

Ñëó÷àé B,C ∈ L(E) èçó÷åí â [2 � 6]. Â äàííîé ðàáîòå ïðåäïîëà-
ãàåòñÿ, ÷òî

1) îïåðàòîð B1 = −2−1B ÿâëÿåòñÿ ãåíåðàòîðîì ïîëóãðóïïû U(t)
êëàññà C0;

2) îïåðàòîð C èìååò âèä C = 4−1
(
B2 + F 2

)
, ãäå F ∈ GL(E);

3) f(t) ∈ C ( [0,∞) ;E).

© Ôîìèí Â.È., 2025
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Â ñèëó óñëîâèÿ 1) èìååì D (Bm1 ) = E, ∀m ∈ N, è îïåðàòîð B1

çàìêíóò ([7, ñ. 90, 95]). Ñëåäîâàòåëüíî, â ñèëó ðàâåíñòâà D (Bm) =
D (Bm1 ) ïîëó÷àåì D (Bm) = E, ∀m ∈ N, â ÷àñòíîñòè, D (B) = E è
îïåðàòîð B = −2B1 çàìêíóò êàê ïðîèçâåäåíèå çàìêíóòîãî îïåðàòî-
ðà íà ñêàëÿð. Òàêèì îáðàçîì, B ∈ P (E).

Ïîêàæåì, ÷òî â ñëó÷àå íåïðåðûâíîé îáðàòèìîñòè îïåðàòîðà B
ñïðàâåäëèâî âêëþ÷åíèå C ∈ P (E). Äëÿ ýòîãî ïîíàäîáÿòñÿ ñëåäóþ-
ùèå äâà óòâåðæäåíèÿ.

Çàìå÷àíèå 1. Ëþáîé íåïðåðûâíî îáðàòèìûé ëèíåéíûé îïåðà-
òîð A : D(A) ⊂ E → E çàìêíóò.

Äåéñòâèòåëüíî, ñîãëàñíî îïðåäåëåíèþ íåïðåðûâíî îáðàòèìîãî
îïåðàòîðà R(A) = E è ∃A−1 ∈ L(E), ñëåäîâàòåëüíî, â ñèëó âêëþ-
÷åíèÿ L(E) ⊂ G(E) îïåðàòîð A−1 çàìêíóò, çíà÷èò, A =

(
A−1

)−1

çàìêíóò êàê îïåðàòîð, îáðàòíûé çàìêíóòîìó îïåðàòîðó ([1, ñ. 210]).
Çàìå÷àíèå 2.Êâàäðàò ëþáîãî íåïðåðûâíî îáðàòèìîãî ëèíåéíî-

ãî îïåðàòîðà A : D(A) ⊂ E → E ÿâëÿåòñÿ çàìêíóòûì îïåðàòîðîì.
Äåéñòâèòåëüíî, ñîãëàñíî îïðåäåëåíèþ çàìêíóòîãî îïåðàòîðà

íóæíî óáåäèòüñÿ â ñëåäóþùåì:

xn ∈ D
(
A2
)
, n ∈ N;xn → x,A2xn → y ⇒ x ∈ D

(
A2
)
, y = A2x.

Â ñèëó âêëþ÷åíèÿ D
(
A2
)

⊂ D (A) èìååì xn ∈ D (A), n ∈ N.
Ïîêàæåì, ÷òî èç óñëîâèÿ A2xn → y ñëåäóåò ïðåäåëüíûé ïåðåõîä
Axn → A−1y. Èìååì:

∥∥Axn −A−1y
∥∥ =

∥∥A−1
(
A2xn

)
−A−1y

∥∥ =∥∥A−1
(
A2xn − y

)∥∥ ⩽
∥∥A−1

∥∥ ∥∥A2xn − y
∥∥→ 0, ñëåäîâàòåëüíî,∥∥Axn −A−1y

∥∥ → 0, ò.å. Axn → A−1y. Èòàê, xn ∈ D (A), n ∈ N;
xn → x, Axn → A−1y, çíà÷èò, â ñèëó çàìêíóòîñòè îïåðàòîðà A
(ñì. çàìå÷àíèå 1) èìååì x ∈ D (A) è A−1y = Ax. Çàìåòèì, ÷òî
A−1y ∈ D(A). Òîãäà Ax ∈ D (A), ò.å. x ∈ D

(
A2
)
è y = A2x. Ñïðàâåä-

ëèâîñòü çàìå÷àíèÿ 2 óñòàíîâëåíà.
Â ñèëó óñëîâèÿ 2) èìååì D (C) = D

(
B2
)
∩D

(
F 2
)
= D

(
B2
)
∩E =

D
(
B2
)
, ñëåäîâàòåëüíî, D (C) = D (B2) = E. Îïåðàòîð C ìîæíî çà-

ïèñàòü â âèäå C = B2
1 + F 2

1 , ãäå F1 = 2−1F . Çàìåòèì, ÷òî â ñèëó
âêëþ÷åíèÿ F ∈ GL(E) ñóùåñòâóåò F−1

1 = 2F−1 ∈ L(E). Îïåðàòîð
B íåïðåðûâíî îáðàòèì, ò.å. ∃B−1 ∈ L(E). Òîãäà ∃B−1

1 = −2B−1 ∈
L(E), ò.å. îïåðàòîð B1 íåïðåðûâíî îáðàòèì. Ñëåäîâàòåëüíî, â ñèëó
çàìå÷àíèÿ 2 îïåðàòîð B2

1 çàìêíóò. Òîãäà îïåðàòîð C = B2
1 + F 2

1 çà-
ìêíóò êàê ñóììà çàìêíóòîãî ëèíåéíîãî îïåðàòîðà è îãðàíè÷åííîãî
ëèíåéíîãî îïåðàòîðà ([1, ñ. 209]). Ïîêàçàíî, ÷òî C ∈ P (E).

Çàìå÷àíèå 3. Äëÿ ïîñòðîåíèÿ äâóïàðàìåòðè÷åñêîãî ñåìåéñòâà
ðåøåíèé óðàâíåíèÿ (1) äîñòàòî÷íî íàéòè äâóïàðàìåòðè÷åñêîå ñå-
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ìåéñòâî ðåøåíèé óðàâíåíèÿ (2) è íåêîòîðîå ÷àñòíîå ðåøåíèå óðàâ-
íåíèÿ (1) è ðàññìîòðåòü èõ ñóììó.

Âèä ðåøåíèé óðàâíåíèÿ (2) îïðåäåëÿåòñÿ âèäîì êîðíåé ñîîòâåò-
ñòâóþùåãî õàðàêòåðèñòè÷åñêîãî îïåðàòîðíîãî óðàâíåíèÿ

Λ2 +BΛ + C = O. (3)

Â ñâîþ î÷åðåäü âèä êîðíåé óðàâíåíèÿ (3) îïðåäåëÿåòñÿ âèäîì îïåðà-
òîðíîãî äèñêðèìèíàíòà∆ = B2−4C. Ñëó÷àè íóëåâîãî è ïîçèòèâíîãî
îïåðàòîðíîãî äèñêðèìèíàíòà ðàññìîòðåíû â [8,9]. Â äàííîé ðàáîòå
èçó÷àåòñÿ ñëó÷àé íåãàòèâíîãî îïåðàòîðíîãî äèñêðèìèíàíòà. Ýòèì
îáóñëîâëåí ñïåöèàëüíûé ïîäáîð îïåðàòîðíîãî êîýôôèöèåíòà C.

Â ñèëó óñëîâèÿ 2) èìååì ∆ = −F 2 (îïåðàòîðíûé äèñêðèìèíàíò
òàêîãî âèäà óñëîâèìñÿ íàçûâàòü íåãàòèâíûì). Çíà÷èò, óðàâíåíèå (3)
èìååò êîìïëåêñíî ñîïðÿæ¼ííûå êîðíè

Λ1,2 =
−B ±

√
∆

2
=

−B ± JF

2
= B1 ± JF1, (4)

ãäå J = (O, I) � ìíèìàÿ îïåðàòîðíàÿ åäèíèöà (ìàòåðèàë î íåîãðà-
íè÷åííûõ è ïîëóîãðàíè÷åííûõ êîìïëåêñíûõ îïåðàòîðàõ èçëîæåí â
[10]; êîððåêòíîñòü ïðèìåíåíèÿ ôîðìóëû (4) îáîñíîâàíà â [11]).

Ïóñòü H ∈ L(E), H ôèêñèðîâàí. Ïðè ïîñòðîåíèè ðåøåíèé
óðàâíåíèé (1), (2) ïîòðåáóþòñÿ îïåðàòîðíûå ôóíêöèè âèäà cosHt,
sinHt : R → L(E), îïðåäåëÿåìûå ñóììàìè àáñîëþòíî ñõîäÿùèõñÿ
ðÿäîâ:

cosHt =

∞∑
k=0

(−1)kt2kH2k

(2k)!
, sinHt =

∞∑
k=0

(−1)kt2k+1H2k+1

(2k + 1)!
. (5)

Îïðåäåëåíèÿ (5) êîððåêòíû, èáî êàê èçâåñòíî ([12, ñ. 129]), èç àáñî-
ëþòíîé ñõîäèìîñòè ðÿäà ñ ÷ëåíàìè èç áàíàõîâà ïðîñòðàíñòâà ñëå-
äóåò åãî ñõîäèìîñòü, â ÷àñòíîñòè, èç àáñîëþòíîé ñõîäèìîñòè ðÿäà ñ
÷ëåíàìè èç àëãåáðû L(E) ñëåäóåò åãî ñõîäèìîñòü. Èçâåñòíî ([6, 13]),
÷òî cosHt, sinHt áåñêîíå÷íî äèôôåðåíöèðóåìû íà R è äëÿ ëþáîãî
m ∈ N ñïðàâåäëèâû ôîðìóëû

(cosHt)
(m)

=

{
(−1)lHm sinHt, m = 2l − 1,
(−1)lHm cosHt, m = 2l;

(sinHt)
(m)

=

{
(−1)l+1Hm cosHt, m = 2l − 1,

(−1)lHm sinHt, m = 2l.
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Îïåðàòîðíàÿ ôóíêöèÿ C(t) = cosHt ÿâëÿåòñÿ áåñêîíå÷íî äèôôåðåí-
öèðóåìîé êîñèíóñ îïåðàòîð-ôóíêöèåé (ÊÎÔ) ñ ïðîèçâîäÿùèì îïå-
ðàòîðîì A = −H2. Âûïîëíèìîñòü ñâîéñòâà

C (t+ s) + C (t− s) = 2C (t)C (s) , ∀t, s ∈ R,

èç îïðåäåëåíèÿ ÊÎÔ äîêàçàíà ñ ïîìîùüþ ñëåäóþùèõ ôîðìóë îïå-
ðàòîðíîé òðèãîíîìåòðèè ([14]): äëÿ ëþáûõ X1, X2 ∈ L(E), óäîâëå-
òâîðÿþùèõ óñëîâèþ X1X2 = X2X1,

cos (X1 +X2) = cosX1 cosX2 − sinX1 sinX2,

cos (X1 −X2) = cosX1 cosX2 + sinX1 sinX2.

Íàïîìíèì, ([15, ñ. 132]), ÷òî îïåðàòîðíûå ôóíêöèè cosX, sinX :
L(E) → L(E) îïðåäåëÿþòñÿ ñóììàìè àáñîëþòíî ñõîäÿùèõñÿ ðÿäîâ:

cosX =

∞∑
k=0

(−1)kX2k

(2k)!
, sinX =

∞∑
k=0

(−1)kX2k+1

(2k + 1)!
.

Àññîöèèðîâàííàÿ ñ ÊÎÔ C(t) = cosHt ñèíóñ îïåðàòîð-ôóíêöèÿ
(ÑÎÔ) S (t), ò.å. îïåðàòîðíàÿ ôóíêöèÿ, îïðåäåëÿåìàÿ íà E ðàâåí-
ñòâîì

S (t)x =

t∫
0

cos (Hτ)xdτ,

ïðåäñòàâèìà â ñëó÷àå H ∈ GL(E) â âèäå S (t) = H−1 sinHt.
Ïðè âûïîëíåíèè íåêîòîðûõ äîïîëíèòåëüíûõ óñëîâèé ïîñòðîåíî

äâóïàðàìåòðè÷åñêîå ñåìåéñòâî ðåøåíèé óðàâíåíèÿ (2):

x(t) = U(t) ((cosF1t)x+ (sinF1t) y) , (6)

ãäå x, y � ïðîèçâîëüíûå ýëåìåíòû ñîîòâåòñòâåí-
íî èç ìíîæåñòâ D1, D2; D1 = D (B) ∩ M1 ∩ N1,
M1 =

{
h ∈ E : (cosF1t)h ∈ D

(
B2
)
, t ∈ [0,∞)

}
, N1 =

{h ∈ E : (F1 sinF1t)h ∈ D (B) , t ∈ [0,∞)}; D2 = M2 ∩ N2 ∩ Ω2,
M2 = {h ∈ E : (F1 cosF1t)h ∈ D (B) , t ∈ [0,∞)},
N2 =

{
h ∈ E : (sinF1t)h ∈ D

(
B2
)
, t ∈ [0,∞)

}
,

Ω2 = {h ∈ E : F1h ∈ D (B)}.
Ñåìåéñòâî ðåøåíèé (6) ìîæíî çàïèñàòü â âèäå

x(t) = U(t) (C(t)x+ F1S(t)y)

346



ãäå S(t) = F−1
1 sinF1t � ÑÎÔ, àññîöèèðîâàííàÿ ñ ÊÎÔ C(t) = cosF1t.

Ðåøåíèå çàäà÷è Êîøè äëÿ óðàâíåíèÿ (2) ñ íà÷àëüíûìè óñëîâèÿ-
ìè

x(0) = x0, x′(0) = x′0 (7)

â ïðåäïîëîæåíèè, ÷òî íà÷àëüíûå çíà÷åíèÿ x0, x′0 óäîâëåòâîðÿþò ñëå-
äóþùèì óñëîâèÿì:

x0 ∈ D1, Bx0 ∈ F1 (D2) , x′0 ∈ F1 (D2) , (8)

ïîëó÷àåòñÿ èç ñåìåéñòâà ðåøåíèé (6) ïðè çíà÷åíèÿõ ïàðàìåòðîâ

x = x0, y = F−1
1

(
x′0 + 2−1Bx0

)
, (9)

ò.å. èìååò âèä

x(t) = U(t)
(
(cosF1t)x0 + (sinF1t)F

−1
1

(
x′0 + 2−1Bx0

))
.

Ïðè íåêîòîðûõ äîïîëíèòåëüíûõ óñëîâèÿõ íà ôóíêöèþ f(t) íàé-
äåíî ÷àñòíîå ðåøåíèå x∗(t) óðàâíåíèÿ (1):

x∗(t) =

t∫
0

U (t− τ) (sinF1 (t− τ))F−1
1 f (τ) dτ, (10)

óäîâëåòâîðÿþùåå íóëåâûì íà÷àëüíûì óñëîâèÿì x∗(0) = 0, x′∗(0) = 0.
Èñïîëüçóÿ ðàâåíñòâî H sinHµ = (sinHµ)H, ∀µ ∈ R, ïðè H = F1,

µ = t − τ , à òàêæå ñëåäóþùèé èçâåñòíûé ôàêò ([16, ñ. 55]): åñëè
P ∈ L(E), T ∈ GL(E) è PT = TP , òî PT−1 = T−1P , ðåøåíèå x∗(t)
ìîæíî çàïèñàòü â âèäå

x∗(t) =

t∫
0

U (t− τ)S (t− τ) f (τ) dτ.

Â ñèëó çàìå÷àíèÿ 3 è ôîðìóë (6), (10) óðàâíåíèå (1) èìååò äâó-
ïàðàìåòðè÷åñêîå ñåìåéñòâî ðåøåíèé

x(t) = U (t) ((cosF1t)x+ (sinF1t) y)+

+

t∫
0

U (t− τ) (sinF1 (t− τ))F−1
1 f (τ) dτ, (11)
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ãäå x, y � ïðîèçâîëüíûå ýëåìåíòû ñîîòâåòñòâåííî èç ìíîæåñòâ D1,
D2.

Ðåøåíèå çàäà÷è Êîøè (1), (7) ïðè âûïîëíåíèè óñëîâèé (8) ïî-
ëó÷àåòñÿ èç ñåìåéñòâà ðåøåíèé (11) ïðè çíà÷åíèÿõ ïàðàìåòðîâ x, y,
çàäàâàåìûõ ðàâåíñòâàìè (9), ò.å. èìååò âèä

x(t) = U(t)
(
(cosF1t)x0 + (sinF1t)F

−1
1

(
x′0 + 2−1Bx0

))
+

+

t∫
0

U (t− τ) (sinF1 (t− τ))F−1
1 f (τ) dτ.

Ó÷èòûâàÿ âàæíóþ ðîëü x∗(t) ïðè ïîñòðîåíèè äâóïàðàìåòðè÷å-
ñêîãî ñåìåéñòâà ðåøåíèé óðàâíåíèÿ (1) è ðåøåíèÿ çàäà÷è Êîøè (1),
(7), óñëîâèìñÿ íàçûâàòü x∗(t) ôóíäàìåíòàëüíûì ÷àñòíûì ðåøåíèåì
óðàâíåíèÿ (1). Òàêèì îáðàçîì, ïî îïðåäåëåíèþ, ôóíäàìåíòàëüíîå
÷àñòíîå ðåøåíèå óðàâíåíèÿ (1) ýòî åãî ðåøåíèå, óäîâëåòâîðÿþùåå
íóëåâûì íà÷àëüíûì óñëîâèÿì.
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Î ÏÎËÓÃÐÓÏÏÀÕ ÊËÀÑÑÀ C0

Â.È. Ôîìèí (Òàìáîâ, ÒÃÓ èì. Ã.Ð. Äåðæàâèíà)
vasiliyfomin@bk.ru

Ïóñòü E � áàíàõîâî ïðîñòðàíñòâî; L(E)� áàíàõîâà àëãåáðà îãðà-
íè÷åííûõ ëèíåéíûõ îïåðàòîðîâ, îïðåäåë¼ííûõ íà E ñî çíà÷åíèÿìè
â E; R+ = (0 ,∞), R̄+ = [0 ,∞); C

(
R̄+ ;E

)
� ëèíåéíîå ïðîñòðàíñòâî

íåïðåðûâíûõ íà R̄+ ôóíêöèé ñî çíà÷åíèÿìè â E; U(s), s ∈ R̄+ �
ïîëóãðóïïà êëàññà C0 îïåðàòîðîâ èç L(E) ñ ïðîèçâîäÿùèì îïåðàòî-
ðîì A. Íàïîìíèì ([1, ñ.90, 95]), ÷òî ìíîæåñòâî D

(
Ak
)
ïëîòíî â E

ïðè ëþáîì k ∈ N è îïåðàòîð A çàìêíóò.
Ñîãëàñíî îïðåäåëåíèþ ïîëóãðóïïû êëàññà C0 èìååì: U(s) ñèëü-

íî íåïðåðûâíà, ò.å. ïðè ëþáîì ôèêñèðîâàííîì x ∈ E ñïðàâåäëèâî
âêëþ÷åíèå U(s)x ∈ C

(
R̄+ ;E

)
. Ñëåäîâàòåëüíî, äëÿ ëþáûõ ôèêñè-

ðîâàííûõ x ∈ E, t ∈ R+ îïðåäåë¼í ýëåìåíò

y = yx,t =

t∫
0

U(τ)xdτ. (1)

Èçâåñòíî ([1, ñ. 94, 95]), ÷òî

yx,t ∈ D (A) , ∀x ∈ E, t ∈ R+ (2)

è ìíîæåñòâî Ω = {yx,t : x ∈ E, t ∈ R+} ïëîòíî â E. Òàêèì îáðàçîì,
ïðè ëþáîì ôèêñèðîâàííîì t ∈ R+ ðàâåíñòâî (1) çàäà¼ò îïåðàòîð
Jt, îïðåäåë¼ííûé íà E ñî çíà÷åíèÿìè â D (A): Jtx = yx,t, ∀x ∈ E.
Îïåðàòîð Jt ëèíååí. Ýòî ñëåäóåò èç ëèíåéíîñòè îïåðàòîðîâ U(s), s ∈
R̄+ è ñîîòâåòñòâóþùèõ ñâîéñòâ èíòåãðàëà Ðèìàíà äëÿ íåïðåðûâíûõ
àáñòðàêòíûõ ôóíêöèé ([2, ñ.265]).

Ïîêàæåì, ÷òî

yAx,t = Ayx,t, ∀x ∈ D (A) , t ∈ R+. (3)

Ïóñòü x ∈ D (A), t ∈ R+; x, t ôèêñèðîâàíû. Èñïîëüçóÿ îïðåäåëåíèå
(1), ðàâåíñòâî U(s)Ax = AU(s)x, ∀x ∈ D (A), s ∈ R̄+ ([3, ñ.17]), çà-
ìêíóòîñòü îïåðàòîðà A è òîò ôàêò, ÷òî çàìêíóòûé îïåðàòîð ìîæíî
âûíîñèòü çà çíàê èíòåãðàëà ([4, ñ.28]), ïîëó÷àåì

yAx,t =

t∫
0

U(τ)Axdτ =

t∫
0

AU(τ)xdτ = A

t∫
0

U(τ)xdτ = Ayx,t.

© Ôîìèí Â.È., 2025
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Ðàâåíñòâî (3) óñòàíîâëåíî.
Òåîðåìà 1. Äëÿ ëþáûõ m ∈ N, x ∈ D (Am), t ∈ R+ ñïðàâåäëèâî

âêëþ÷åíèå
yx,t ∈ D

(
Am+1

)
. (4)

Äîêàçàòåëüñòâî. Ïðèìåíèì ìåòîä ìàòåìàòè÷åñêîé èíäóêöèè.
Ïóñòü t ∈ R+, t ôèêñèðîâàíî. Ïðè m = 1 èìååì x ∈ D (A), çíà÷èò,
îïðåäåë¼í ýëåìåíò Ax ∈ E. Â ñèëó (2) yAx,t ∈ D (A), ñëåäîâàòåëüíî,
â ñèëó (3) Ayx,t ∈ D (A); êðîìå òîãî, â ñèëó (2) yx,t ∈ D (A). Èç ïî-
ñëåäíèõ äâóõ âêëþ÷åíèé ïîëó÷àåì yx,t ∈ D

(
A2
)
. Âêëþ÷åíèå (4) ïðè

m = 1 óñòàíîâëåíî. Ïóñòü âêëþ÷åíèå (4) ñïðàâåäëèâî ïðè m = k:
äëÿ ëþáîãî x ∈ D

(
Ak
)

yx,t ∈ D
(
Ak+1

)
. (5)

Ïîêàæåì åãî ñïðàâåäëèâîñòü ïðèm = k+1: äëÿ ëþáîãî x ∈ D
(
Ak+1

)
yx,t ∈ D

(
Ak+2

)
. (6)

Ïóñòü x ∈ D
(
Ak+1

)
. Â ñèëó âêëþ÷åíèÿ D

(
Ak+1

)
⊂ D

(
Ak
)
èìååì

x ∈ D
(
Ak
)
, ñëåäîâàòåëüíî, ñïðàâåäëèâî âêëþ÷åíèå (5). Â ñèëó (2)

yAx,t ∈ D (A), çíà÷èò, â ñèëó (3)

Ayx,t ∈ D (A) . (7)

Â ñèëó (5), (7) ñïðàâåäëèâî âêëþ÷åíèå (6). Òåîðåìà äîêàçàíà.
Òåîðåìà 1 ïîëåçíà òåì, ÷òî óòî÷íÿÿ ìåñòîíàõîæäåíèå ýëåìåíòîâ

x, ìû, òåì ñàìûì, óòî÷íÿåì ìåñòîíàõîæäåíèå ýëåìåíòîâ yx,t.
Â ñèëó òåîðåìû 1 ðàâåíñòâî (1) ïðè ëþáûõ ôèêñèðîâàííûõ m ∈

N, t ∈ R+ çàäà¼ò ëèíåéíûé îïåðàòîð Jt,m, îïðåäåë¼ííûé íà D (Am)
ñî çíà÷åíèÿìè â D

(
Am+1

)
: Jt,mx = yx,t, ∀x ∈ D (Am).

Óòâåðæäåíèå òåîðåìû 1 â ñëó÷àå m = 1 ïîíàäîáèëîñü àâòîðó ïðè
ïîñòðîåíèè ÷àñòíîãî ðåøåíèÿ ëèíåéíîãî íåîäíîðîäíîãî äèôôåðåí-
öèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ çàìêíóòûìè îïåðàòîðíûìè
êîýôôèöèåíòàìè â áàíàõîâîì ïðîñòðàíñòâå.
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Íåêîòîðûå çàäà÷è ìàòåìàòè÷åñêîé ôèçèêè, äèôôåðåíöèàëüíûõ
óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ [1] ïðèâîäÿòñÿ ê óðàâíåíèþ âèäà

φ(x)− λKφ(x) = f(x). (1)

Çäåñü D = {x : ai < xi < bi, i = 1, n} � êîíå÷íûé ïàðàëëåëåïèïåä
â Rn, α, α � ìóëüòèèíäåêñû, äîïîëíÿþùèå äðóã äðóãà äî ïîëíîãî
ìóëüòèèíäåêñà (1, 2, . . . , n); m � ðàçìåðíîñòü ïàðàëëåëåïèïåäà Dα

(1 ⩽ m ⩽ n) è ÷àñòíî-èíòåãðàëüíûé îïåðàòîð ñî ñëàáîé îñîáåííî-
ñòüþ îïðåäåëÿåòñÿ ðàâåíñòâîì

(K(m)
α u)(x) =

∫
Dα

κα(x; tα)u(tα;xᾱ) dtα, (2)

ñ ÿäðîì

κα =
kα(x; tα)

|xα − tα|β
, β < m.

Óðàâíåíèå (1) îáû÷íî íàçûâàþò ÷àñòíî-èíòåãðàëüíûì óðàâíåíè-
åì, òàê êàê íåèçâåñòíàÿ ôóíêöèÿ èíòåãðèðóåòñÿ ïî ÷àñòè ïåðåìåí-
íûõ. Ðàçëè÷íûå ñâîéñòâà òàêèõ óðàâíåíèé è ñîîòâåòñòâóþùèõ èì
îïåðàòîðîâ â R2 èçó÷åíû â [1]. Ðàíåå ×È-îïåðàòîðû â ïðîñòðàíñòâàõ
íåïðåðûâíûõ ôóíêöèé íà R2 èçó÷àëèñü â ðàáîòå [2], ãäå áûëè ïîëó-
÷åíû óñëîâèÿ îáðàòèìîñòè îäíîìåðíûõ ÷àñòíî-èíòåãðàëüíûõ îïå-
ðàòîðîâ. Â äàííîé ðàáîòå èçó÷àëèñü óñëîâèÿ îáðàòèìîñòè äëÿ m-
ìåðíûõ ÷àñòíî-èíòåãðàëüíûõ îïåðàòîðîâ ñî ñëàáîé îñîáåííîñòüþ â
ïðîñòðàíñòâå íåïðåðûâíûõ ôóíêöèé.

© Ôðîëîâà Å.Â., 2025

352



×åðåç C(D) îáîçíà÷èì ïðîñòðàíñòâî íåïðåðûâíûõ ôóíêöèé ñ
sup-íîðìîé, à ôóíêöèþ kα(x; tα) áóäåì íàçûâàòü L1-íåïðåðûâíîé,
åñëè îíà ÿâëÿåòñÿ íåïðåðûâíîé ïðè êàæäîì x ôóíêöèåé ñî çíà÷åíè-
ÿìè â ïðîñòðàíñòâå L1, ò.å. âûïîëíåíû óñëîâèÿ:
∀ε > 0 ∃δ > 0 òàêîå, ÷òî èç íåðàâåíñòâà |x′ − x′′| < δ ñëåäóåò íåðà-
âåíñòâî ∫

Dα

|k(x′′; tα)− k(x′; tα)|dtα < ε;

è L1-îãðàíè÷åííîé, åñëè

sup
x∈D

∫
Dα

|k(x; tα)|dtα = K <∞.

Ñîîòâåòñòâóþùåå ïðîñòðàíñòâî ôóíêöèé, çàäàííûõ íà ïàðàëëå-
ëåïèïåäå D, ñ íîðìîé

∥kα∥CL1
= sup
x∈D

∫
Dα

|kα(x; tα)| dtα

îáîçíà÷èì CL1 = C(D; L1(Dα)).
Çàìåòèì, ÷òî äëÿ L1-íåïðåðâûíîé è L1-îãðàíè÷åííîé ôóíêöèè

kα(x; tα) ôóíêöèÿ
kα(x;tα)

|xα−tα|β , β < m òàêæå L1-íåïðåðâûíà è L1-îãðà-
íè÷åíà. Ïðîñòðàíñòâî CL1 ÿâëÿåòñÿ àíèçîòðîïíûì ïðîñòðàíñòâîì
ôíêöèé.

Òåîðåìà 1. Ïóñòü ôóíêöèÿ kα(x; tα) L1-íåïðåðâûíà è L1-îãðà-
íè÷åíà, òîãäà óðàâíåíèå (1) îäíîçíà÷íî ðàçðåøèìî â C(D) ïðè óñëî-

âèè îáðàòèìîñòè îïåðàòîðà K
(m)
α è åãî ðåøåíèå èìååò âèä èñõîä-

íîãî îïåðàòîðà.

Óñëîâèÿ îáðàòèìîñòè îïåðàòîðà K(m)
α çàâèñÿò îò ïðîñòðàíñòâà,

â êîòîðîì îí èçó÷àåòñÿ. Ñïåêòðàëüíûå ñâîéñòâà òàêèõ îïåðàòîðîâ
â äâóìåðíîì ñëó÷àå èçó÷àëèñü â [2]. Àíàëîãè÷íûå óñëîâèÿ îñòàþòñÿ
ñïðàâåäëèâûìè è â ìíîãîìåðíîì ñëó÷àå.

Ëèòåðàòóðà
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ÏóñòüM � ôóíêöèÿ íà êîìïëåêñíîé ïëîñêîñòè C ñî çíà÷åíèÿìè
â âåùåñòâåííîé ïðÿìîé R èëè å¼ ðàñøèðåíèè R := R∪{±∞}. Ëþáóþ
ôóíêöèþ Z : C → N0 := {0, 1, 2, . . . ,+∞} íàçûâàåì ðàñïðåäåëåíèåì
òî÷åê íà C. Åñëè äëÿ öåëîé, ò.å. ãîëîìîðôíîé íà C, ôóíêöèè f ñ
ðàñïðåäåëåíèåì êîðíåé

Zerof : z 7−→
z∈C

sup

{
p ∈ R

∣∣∣∣ lim sup
z ̸=w→z

|f(w)|
|w − z|p

< +∞
}

∈ N0

íà C èç íåðàâåíñòâ ln |f | ⩽ M è Zerof ⩾ Z íà C ñëåäóåò, ÷òî f = 0,
ò.å. Zerof = +∞, òî Z � ðàñïðåäåëåíèå åäèíñòâåííîñòè ïî M . Â
ïðîòèâíîì ñëó÷àå Z � ðàñïðåäåëåíèå íååäèíñòâåííîñòè ïî M . Åñëè
ñ÷èòàþùàÿ ðàäèàëüíàÿ ôóíêöèÿ

Zr : t 7−→
t⩾0

∑
|z|⩽t

Z(z) ∈ R+
:=
{
x ∈ R

∣∣ x ⩾ 0
}
,

ïðèíèìàåò çíà÷åíèå +∞, òî ïî îäíîé èç òåîðåì Âåéåðøòðàññà Z �
ðàñïðåäåëåíèå åäèíñòâåííîñòè ïî ëþáîé ôóíêöèè M : C → R. Ïî-
ýòîìó äàëåå Zr(R+) ⊂ R+, è, íå óìàëÿÿ îáùíîñòè, Z(0) = 0. Òàêæå
òðåáóåì êîíå÷íîñòè èíòåãðàëüíûõ ñðåäíèõ

M⊙r
0 : r 7−→

r∈R+

∫ 2π

0

M(reiθ)
dθ

2π

ôóíêöèè M ïî îêðóæíîñòÿì ðàäèóñà r ñ öåíòðîì â íóëå.
Ñëåäóþùàÿ òåîðåìà ñóùåñòâåííî ðàçâèâàåò [1; òåîðåìà 1].
Òåîðåìà 1. Åñëè òî÷íàÿ âåðõíÿÿ ãðàíü

sup
0⩽r<R<+∞

1

max
{
M⊙r

0 , 1
}(∫ R

r

Zr(t)

t
dt−M⊙R

0

)
(1)

ðàâíà +∞, òî Z � ðàñïðåäåëåíèå åäèíñòâåííîñòè ïî M . Îáðàòíî,
åñëè (1) < +∞, òî äëÿ ëþáîé óáûâàþùåé íà R+ âûïóêëîé ôóíêöèè

1 Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ïðîåêò � 24-21-00002).
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d > 0 íàéä¼òñÿ ÷èñëî Ad > 0, äëÿ êîòîðîãî Z � ðàñïðåäåëåíèå
íååäèíñòâåííîñòè ïî ëþáîé ôóíêöèè, íå ìåíüøåé ôóíêöèè

z 7−→
z∈C

Ad
d(|z|)

M
⊙(1+d(|z|))|z|
0 . (2)

Çàçîð ìåæäó ôóíêöèÿìè M è (2) â òåîðåìå 1 ìîæåò áûòü äî-
âîëüíî âåëèê. Äëÿ ñòåïåííîé ôóíêöèè èìååò ìåñòî ñëåäóþùåå ñóùå-
ñòâåííîå óòî÷íåíèå íàøåãî ðåçóëüòàòà [2; òåîðåìà 1], ðàçîáðàííîãî
â [3; òåîðåìà 3.3.1] ñ äåòàëüíîé èñòîðèåé âîïðîñà.

Òåîðåìà 2. Ïóñòü 0 < ρ ∈ R è 0 < b ∈ R. Åñëè âåëè÷èíà

sup
R⩾0

(∫ R

0

Zr(t)

t
dt− bRρ

)
(3)

ðàâíà +∞, òî Z � ðàñïðåäåëåíèå åäèíñòâåííîñòè ïî ëþáîé ôóíê-
öèè M(z) ⩽

z∈C
b|z|ρ. Îáðàòíî, åñëè (3) < +∞, òî Z � ðàñïðåäåëåíèå

íååäèíñòâåííîñòè ïî ëþáîé ôóíêöèè M , íå ìåíüøåé ôóíêöèè

z 7−→
z∈C

P (ρ)b|z|ρ, ãäå P (ρ) :=

πρ ïðè ρ ⩾ 1
2 ,

πρ

sinπρ
ïðè ρ ⩽ 1

2 .

Êîíñòàíòà Ïýëè P (ρ) çäåñü òî÷íà.
Íîâûå ïðîäâèæåíèÿ â ðàçâèòèè óïîìÿíóòûõ âûøå ïðåäûäóùèõ

ðåçóëüòàòîâ â òåîðåìàõ 1, 2, óñòàíîâëåííûõ â 2024 ã., äîñòèãíóòû íà
îñíîâå íàøèõ íåäàâíèõ îáùèõ ðåçóëüòàòîâ èç [4].
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øèêîâà, Á.Í. Õàáèáóëëèí // Óôèìñê. ìàòåì. æóðí. � 2024. � Ò. 16,
� 3. � 69�77.

355



ÀÍÀËÎÃ ÒÅÎÐÅÌ ÒÈÏÀ ÂÈÕÌÀÍÍÀ
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Â ðàáîòå ïðèâåäåíû ðÿä óòâåðæäåíèé, äàþùèõ êðèòåðèé àáñî-
ëþòíîé p�ñóììèðóåìîñòè (1 ⩽ p < ∞) â ïðîñòðàíñòâå èçìåðèìûõ
ïî Ëåáåãó êîíå÷íûõ ïî÷òè âñþäó íà îòðåçêå [0, 1] ôóíêöèé. Óñòàíîâ-
ëåíà òåîðåìà òèïà Âèõìàííà î ñóììèðóåìîñòè, ò.å. ïîëó÷åíû àíà-
ëîãè êëàññè÷åñêèõ òåîðåì î ñóììèðóåìîñòè â ïðîñòðàíñòâå M(S, µ),
ãäå S = [0, 1] è µ � ìåðà Ëåáåãà, à ìíîæåñòâî M(S, µ) ñîñòîèò èç
èçìåðèìûõ ïî÷òè âñþäó êîíå÷íûõ íà îòðåçêå [0, 1] ôóíêöèé.

Ïóñòü ξk(t) (k = 1, 2, . . .)� èçìåðèìûå ôóíêöèè è A = (αnk) �
÷èñëîâàÿ ìàòðèöà. Ââåäåì â ðàññìîòðåíèå ïðåîáðàçîâàíèå âèäà

ηn(T ) =

∞∑
k=0

αnkξk(t) (1)

Îïðåäåëåíèå 1. Ãîâîðÿò, ÷òî ïîñëåäîâàòåëüíîñòü èçìåðèìûõ
ôóíêöèé fn(x) (n = 1, 2, . . .) ñõîäèòñÿ ïî ìåðå ê ôóíêöèè F (x), åñëè
äëÿ ëþáîãî σ > 0

lim
n→∞

µ(x : |fn(x)− F (x)| ⩾ σ) = 0.

Îïðåäåëåíèå 2. Ãîâîðÿò, ÷òî ïîñëåäîâàòåëüíîñòü χ = ξk�
ñóììèðóåìà ïî ìåðå ìåòîäîì A èëè A�ñóììèðóåìà ïî ìåðå, åñëè
ñõîäèòñÿ ïî ìåðå ïîñëåäîâàòåëüíîñòü y(t) = (ηn(t)), êîòîðàÿ îïðåäå-
ëåíà ðàâåíñòâîì (1).

Ïðîñòðàíñòâî âñåõ A�ñóììèðóåìûõ ïî ìåðå ïîñëåäîâàòåëüíî-
ñòåé áóäåì îáîçíà÷àòü ÷åðåç FA(M):

FA(M) = χ = (ξk) : (ηn(t))ñõîäèòñÿ ïî ìåðå.

Â ÷àñòíîñòè,

F oA(M) = χ = (ξk) : ηn(t) → θïî ìåðå.

Ìýääîêñ [1] ðàññìàòðèâàë ñóììèðóåìîñòü ïî ìåðå ïîñëåäîâàòåëü-
íîñòåé òàêèõ èçìåðèìûõ ïî÷òè âñþäó êîíå÷íûõ ôóíêöèÿ ξk, äëÿ
êîòîðûõ íàéäåòñÿ èçìåðèìàÿ ïî÷òè âñþäó êîíå÷íàÿ ôóíêöèÿ φ(t),
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òàêàÿ, ÷òî |ξk(t)| ⩽ φ(t). Âèõìàíí [2] ïîëó÷èë ðÿä ðåçóëüòàòîâ ïî
âîïðîñàì ñóììèðóåìîñòè â ïðîñòðàíñòâå M(S, µ), ãäå S = [0, 1] è µ
� ìåðà Ëåáåãà, à ìíîæåñòâî M(S, µ) ñîñòîèò èç èçìåðèìûõ ïî÷òè
âñþäó êîíå÷íûõ íà îòðåçêå [0, 1] ôóíêöèé.

Òåïåðü ïðèâîäèì îñíîâíûå ðåçóëüòàòû äîêëàäà, êîòîðûå óñòà-
íàâëèâàþò íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ A�ñóììèðóåìîñòè
ïî ìåðå âñå ñõîäÿùèåñÿ ïî ìåðå ê íóëþ ïîñëåäîâàòåëüíîñòè.

Òåîðåìà 1. Ïóñòü A ÿâëÿåòñÿ ìàòðèöåé êîíå÷íîãî òèïà è
F = FA(R). Òîãäà äëÿ âêëþ÷åíèÿ FA(M) ⊃ F 0(M) íåîáõîäèìî è
äîñòàòî÷íî, ÷òîáû áûëè âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

lim
n→∞

αnk = αk; lim
n→∞

∑
k

αnk = αk; sup
n→∞

∑
k

|αnk| <∞. (2)

Êðîìå òîãî, ñóùåñòâóåò íàòóðàëüíîå ÷èñëî L òàêîå, ÷òî ÷èñëî
îòëè÷íûõ îò íóëÿ ýëåìåíòîâ ëþáîé ñòðîêè ìàòðèöè A íå ïðåâîñ-
õîäèò ÷èñëà L.

Òåîðåìà 2. Ïóñòü A ÿâëÿåòñÿ ìàòðèöåé êîíå÷íîãî òèïà è
αk = 0 (k = 1, 2, . . .). Òîãäà äëÿ âêëþ÷åíèÿ F 0

A(M) ⊃ F 0(M) íåîáõî-
äèìî è äîñòàòî÷íî, ÷òîáû áûëè âûïîëíåíû óñëîâèÿ (2)

Åñëè E � ëîêàëüíî âûïóêëîå ïðîñòðàíñòâî (â ÷àñòíîñòè ïðî-
ñòðàíñòâî Ôðåøå), òî âêëþ÷åíèå FA(E) ⊃ F [E] äëÿ ìåòîäà A ðàâíî-
ñèëüíî âêëþ÷åíèþ FA(R) ⊃ F . Îòñþäà ñëåäóåò, ÷òî ýòî óòâåðæäå-
íèå íå âåðíî äëÿ íåêîòîðûõ íåëîêàëüíî âûïóêëûõ ïðîñòðàíñòâ, â
÷àñòíîñòè, äëÿ ïðîñòðàíñòâà M(S,Σ, µ). Ïîýòîìó áîëüøèíñòâî ðå-
çóëüòàòîâ òåîðèè ñóììèðóåìîñòè ÷èñëîâûõ ïîñëåäîâàòåëüíîñòåé íå
ïåðåíîñÿòñÿ íà ñóììèðóåìîñòü ïî ìåðå.
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Â ïîñëåäíèå äåñÿòèëåòèÿ àêòèâíî èçó÷àþòñÿ íå÷åòêî ñëó÷àéíûå
âåëè÷èíû (Í.Ñ.Â.) [1�3] â ñâÿçè ñ ðàçëè÷íûìè ïðèëîæåíèÿìè. Êàê
èçâåñòíî îäíîé èç âàæíåéøèõ õàðàêòåðèñòèê âåùåñòâåííûõ ñëó÷àé-
íûõ âåëè÷èí ÿâëÿåòñÿ êîâàðèàöèÿ ìåæäó íèìè. Â äàííîé ðàáîòå
ââîäèòñÿ íîâîå îïðåäåëåíèå êîâàðèàöèè Í.Ñ.Â., îòëè÷àþùååñÿ îò
èçâåñòíûõ [1�3] ðÿäîì ïîëåçíûõ ñâîéñòâ. Â êà÷åñòâå ïðèëîæåíèÿ
ðàññìîòðåíà çàäà÷à îá îïòèìàëüíîé ëèíåéíîé ðåãðåññèè Í.Ñ.Â.

Ïóñòü J � ìíîæåñòâî íå÷åòêèõ ÷èñåë, îáëàäàþùèõ ñòàíäàðò-
íûìè ñâîéñòâàìè [4], (Ω,Σ,P) � âåðîÿòíîñòíîå ïðîñòðàíñòâî, ãäå
Ω � ìíîæåñòâî ýëåìåíòàðíûõ ñîáûòèé, Σ � σ-àëãåáðà, ñîñòîÿùàÿ
èç ïîäìíîæåñòâ ìíîæåñòâà Ω, P � âåðîÿòíîñòíàÿ ìåðà. Îòîáðàæå-
íèå X̃ : Ω → J íàçûâàþò íå÷åòêî ñëó÷àéíîé âåëè÷èíîé, åñëè åãî α-
èíäåêñû XL(ω, α), XR(ω, α) êâàäðàòè÷íî ñóììèðóåìûå íà Ω× [0, 1].

Ââåäåì ñëó÷àéíûå âåëè÷èíû

Xm(ω) =
1

2

1∫
0

(
XR(ω, α) +XL(ω, α)

)
dα,

Xr(ω) =
1

2

1∫
0

(
XR(ω, α)−XL(ω, α)

)
dα.

(1)

îïðåäåëÿþùèå öåíòð Xm(ω) è ðàäèóñ Xr(ω) Í.Ñ.Â. X̃ ñîîòâåòñòâåí-
íî.

Äàäèì ñëåäóþùåå îïðåäåëåíèå êîâàðèàöèè Í.Ñ.Â. X̃ è Ỹ

cov2(X̃, Ỹ ) = cov(Xm, Ym) + cov(Xr, Yr), (2)

Ïðè ýòîì äèñïåðñèÿ D(X̃) = cov(X̃, X̃). Ñïðàâåäëèâî
Óòâåðæäåíèå 1. Ïóñòü X̃ è Ỹ � Í.Ñ.Â. Òîãäà:
1) cov(X̃, Ỹ ) = cov(Ỹ , X̃);
2) cov(X̃ + Z̃, Ỹ ) = cov(X̃, Ỹ ) + cov(X̃, Z̃);
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3) cov(λX̃ + Ũ , µỸ + Ṽ ) = λµ cov(X̃, Ỹ ) (∀ Ũ , Ṽ ∈ J, ∀λ, µ ∈
R, λµ ⩾ 0);

4) D(λX̃ + Ṽ ) = λ2D(X̃);
5) D(X̃ + Ỹ ) = D(X̃) +D(Ỹ ) + 2cov(X̃, Ỹ );

6) |cov(X̃, Ỹ )| ⩽
√
D(X̃)

√
D(Ỹ ).

Ðàññìîòðèì âîïðîñ îá îïòèìàëüíîé ëèíåéíîé àïïðîêñèìàöèè
(ïðîãíîçèðóåìîé) Í.Ñ.Â. Ỹ ïî ñèñòåìå (ïðîãíîçèðóþùèõ) Í.Ñ.Â.
X̃1, X̃2, . . . , X̃n.

Îáîçíà÷èì ÷åðåç Ym(ω) è Yr(ω) ñðåäíèå è ðàçìàõè íå÷åòêî ñëó-
÷àéíîé âåëè÷èíû Ỹ , à ÷åðåç Xi,m(ω) è Xi,r(ω) ñðåäíèå è ðàçìàõè
íå÷åòêî ñëó÷àéíûõ âåëè÷èí X̃i, i = 1, . . . , n.

Ðàññìîòðèì çàäà÷ó îá àïïðîêñèìàöèè Í.Ñ.Â. Ỹ ëèíåéíûìè êîì-
áèíàöèÿìè

∑n
i=1 βiX̃i ñ âåùåñòâåííûìè êîýôôèöèåíòàìè βi, i =

1, . . . , n, ïî êðèòåðèþ ìèíèìèçàöèè ñëåäóþùåãî âûðàæåíèÿ:

F (β1, . . . , βn) = D

(
Ym(ω)−

n∑
i=1

βiXi,m(ω)

)
+

+D

(
Yr(ω)−

n∑
i=1

βiXi,r(ω)

)
→ min,

(3)

ãäå βi ∈ R, i = 1, . . . , n, à D îçíà÷àåò äèñïåðñèþ ñîîòâåòñòâóþùåé
âåùåñòâåííîé ñëó÷àéíîé âåëè÷èíû.

Òåîðåìà 1. Ïóñòü äàíû Í.Ñ.Â. Ỹ è Í.Ñ.Â. X̃1, X̃2, . . . , X̃n.
Ïóñòü X̃i ïîïàðíî íåêîððåëèðîâàíû îòíîñèòåëüíî (2) è èìåþò äèñ-
ïåðñèè D2(X̃i) = σ2

i ̸= 0, à βi � ïðîèçâîëüíûå âåùåñòâåííûå ÷èñëà.
Òîãäà çàäà÷à (3) èìååò åäèíñòâåííîå ðåøåíèå, êîòîðîå ïðåäñòàâè-
ìî â âèäå:

β∗
i =

cov2(Ỹ , X̃i)

σ2
i

, i = 1, . . . , n. (4)

Ñëåäñòâèå 1. Â óñëîâèÿõ òåîðåìû 1 òå îïòèìàëüíûå êîýô-
ôèöèåíòû β∗

i , êîòîðûå ñîîòâåòñòâóþò íåîòðèöàòåëüíûì êîâàðèà-
öèÿì cov2(Ỹ , X̃i) ⩾ 0, íåîòðèöàòåëüíû, à òå îïòèìàëüíûå êîýô-
ôèöèåíòû β∗

i , êîòîðûå ñîîòâåòñòâóþò îòðèöàòåëüíûì êîâàðèàöèÿì
cov2(Ỹ , X̃i) < 0, îòðèöàòåëüíû.

Îïðåäåëèì êîýôôèöèåíò êîððåëÿöèè ìåæäó Í.Ñ.Â. Ỹ è Z̃ ôîð-
ìóëîé

359



k(Ỹ , Z̃) =
cov2(Ỹ , Z̃)√
D2(Ỹ )

√
D2(Z̃)

. (5)

Îòìåòèì, ÷òî ñîãëàñíî ñâîéñòâó 6) êîâàðèàöèè äëÿ êîýôôèöèåí-
òà êîððåëÿöèè (5) ñïðàâåäëèâî íåðàâåíñòâî |k(Ỹ , Z̃)| ⩽ 1. Ïðè ýòîì
èìååò ìåñòî ñëåäóþùàÿ

Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1, ïðè÷åì
D2(Ỹ ) ̸= 0 è cov2(Ỹ , X̃i) ⩾ 0, i = 1, . . . , n. Òîãäà îöåíêà

∑n
i=1 β

∗
i X̃i,

ãäå β∗
i îïðåäåëåíû ôîðìóëàìè (4), èìååò ìàêñèìàëüíûé êîýôôèöè-

åíò êîððåëÿöèè (5) ïî ñðàâíåíèþ ñ äðóãèìè ëèíåéíûìè îöåíêàìè
âèäà

∑n
i=1 βiX̃i ïðè βi ⩾ 0, i = 1, . . . , n.

Â êà÷åñòâå äðóãîãî ïðèëîæåíèÿ ìîæíî ðàññìîòðåòü çàäà÷ó î ïðå-
îáðàçîâàíèè íå÷åòêî ñëó÷àéíîãî ñèãíàëà (Í.Ñ.Ñ.) ëèíåéíîé äèíàìè-
÷åñêîé ñèñòåìîé. Òàêîãî ðîäà çàäà÷à èññëåäîâàíà â íåäàâíåé ðàáîòå
îäíîãî èç àâòîðîâ [5]. Â íåé ïî ÷èñëîâûì õàðàêòåðèñòèêàì âõîäíîãî
Í.Ñ.Ñ. (îæèäàíèþ è êîâàðèàöèîííîé ôóíêöèè), à òàêæå ïàðàìåò-
ðàì ñèñòåìû îïðåäåëåíû ñîîòâåòñòâóþùèå õàðàêòåðèñòèêè âûõîä-
íîãî Í.Ñ.Ñ.

Èñïîëüçóÿ ïðåäëîæåííûé âûøå ïîäõîä, ìîæíî ïî äðóãèì õàðàê-
òåðèñòèêàì, à èìåííî öåíòðó è ðàäèóñó âõîäíîãî Í.Ñ.Ñ., à òàêæå
ïàðàìåòðàì ñèñòåìû îïðåäåëèòü öåíòð, ðàäèóñ è êîâàðèàöèîííóþ
ôóíêöèþ âûõîäíîãî Í.Ñ.Ñ.
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Â [1] èññëåäîâàëîñü êëàññè÷åñêîå ðåøåíèå ïî ìåòîäó Ôóðüå ñìå-
øàííîé çàäà÷è äëÿ âîëíîâîãî óðàâíåíèÿ:

∂2u(x, t)

∂t2
=
∂2u(x, t)

∂x2
− q(x)u(x, t), x ∈ [0, 1], t ⩾ 0, (1)

u(0, t) = u(1, t) = 0, (2)

u(x, 0) = φ(x), u
′

t(x, 0) = 0. (3)

Ñ÷èòàåì, ÷òî q(x) è φ(x) êîìïëåêñíîçíà÷íûå ôóíêöèè, q(x) ∈ L[0, 1],
φ(x), φ′(x) àáñîëþòíî íåïðåðûâíû è φ(0) = φ(1) = 0.

Â [1] áûë ïîëó÷åí ñëåäóþùèé ðåçóëüòàò î êëàññè÷åñêîì ðåøåíèè
Òåîðåìà 1. Åñëè u(x, t) êëàññè÷åñêîå ðåøåíèå çàäà÷è (1)-(3), òà-

êîå, ÷òî ∂2u(x,t)
∂t2 ∈ L[QT ] ïðè ëþáîì T > 0, QT = [0, 1] × [0, T ], òî

îíî åäèíñòâåííî è

u(x, t) = A(x, t) =

∞∑
n=0

an(x, t).

Çäåñü a0(x, t) =
1
2 [φ̃(x+ t) + φ̃(x− t)], φ̃(x) íå÷åòíîå 2-ïåðèîäè÷åñêîå

ïðîäîëæåíèå φ(x) íà âñþ îñü,

an(x, t) = −1

2

∫ t

0

dτ

∫ x+t−τ

x−t+τ
q̃(η)an−1(η, τ) dη, n ⩾ 1,

q̃(η) � ÷åòíà, 2-ïåðèîäè÷íà è q̃(η) = q(η) ïðè η ∈ [0, 1].
Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.
Òåîðåìà 2. Ïóñòü a � íàòóðàëüíîå ÷èñëî. Òîãäà ïðè (x, t) ∈

[−a, a]× [0, T ] èìåþò ìåñòî îöåíêè:

|an(x, t)| ⩽
tn

n!
∥q∥n1 (m+ a)n∥φ∥∞, n ⩾ 1,

ãäå ∥q∥1 � íîðìà q(x) â L[0, 1], ∥φ∥∞ � íîðìà φ(x) â L∞[0, 1], m �
òàêîå íàòóðàëüíîå ÷èñëî, ÷òî m− 1 ⩽ T ⩽ m.

© Õðîìîâ À.Ï., 2025

361



Òåîðåìà 3. Ðÿä A(x, t) ñõîäèòñÿ àáñîëþòíî è ðàâíîìåðíî â ëþ-
áîé îãðàíè÷åííîé îáëàñòè ïåðåìåííûõ x, t èç (−∞,∞)× [0,∞]

Ýòà òåîðåìà îáîñíîâûâàåò çàêîííîñòü Çàìå÷àíèÿ 1 èç [1].
Ïðèâëåêàåì òåïåðü ðàáîòó [2]. Ñ åå ïîìîùüþ ïîëó÷àåòñÿ
Òåîðåìà 4. Ñóììà ðÿäà A(x, t) ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíè-

åì çàäà÷è (1)�(3).
Ðàññìîòðèì ñëåäóþùóþ ñìåøàííóþ çàäà÷ó:

∂2u(x, t)

∂t2
=
∂2u(x, t)

∂x2
− q̃(x)u(x, t), x, t ∈ [−a, a]× [0, T ], (4)

u(0, t) = u(1, t) = 0, (5)

u(x, 0) = φ̃(x), u
′

t(x, 0) = 0. (6)

Çäåñü q̃(x) è φ̃(x) òå æå, ÷òî è â òåîðåìå 1.
Òåîðåìà 5. Ñóììà ðÿäà A(x, t) ÿâëÿåòñÿ ðåøåíèåì

çàäà÷è (4)�(6).
Òåîðåìû 4 è 5 äîïîëíÿþò ñîîòâåòñòâóþùèå ðåçóëüòàòû ðàáî-

òû [1].
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Íà áàçå ìîäèôèêàöèè îïåðàòîðà Ëàíäàó, ïðåäëîæåííîé
À.Ï. Õðîìîâûì, ñòðîèòñÿ ïîñëåäîâàòåëüíîñòü ïîëèíîìèàëüíûõ
ñïëàéíîâ ðàçëè÷íûõ ñòåïåíåé, àïïðîêñèìèðóþùàÿ íåïðåðûâíóþ
ôóíêöèþ íà îòðåçêå.

Ïóñòü f(x) ∈ C[0, 1] çàäàíà íàáîðîì åå çíà÷åíèé f̂ = {fi}n0 ,
fi = f(xi), i = 0, ..., n, xi+1 = xi +

1
n .
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Ïîñòðîèì óêàçàííóþ ïîñëåäîâàòåëüíîñòü ñ ïîìîùüþ îïåðàòîðà:

Tnφ =

{
Tn2φ, x ∈ [0, 12 ],

Tn1φ, x ∈ [ 12 , 1],
(1)

ãäå

Tn1φ = (n+ 1)

∫ x

0

(1− (x− t))nφ(t) dt,

Tn2φ = (n+ 1)

∫ 1

x

(1− (t− x))nφ(t) dt.

Çíà÷åíèÿ ýòîãî îïåðàòîðà ñ÷èòàåì ýëåìåíòàìè ïðîñòðàíñòâà L∞[0, 1]
ñ íîðìîé:

∥ · ∥L∞[0,1] = max
{
∥ · ∥C[0, 12 ]

, ∥ · ∥C[ 12 ,1]

}
.

Îïåðàòîð (1) ïîñòðîåí À.Ï. Õðîìîâûì íà áàçå ïðåäëîæåííîãî èì
îïåðàòîðà:

Knφ =
n+ 1

2

∫ 1

0

(1− |x− t|)nφ(t) dt,

êîòîðûé ìîæíî ðàññìàòðèâàòü êàê ìîäèôèêàöèþ îïåðàòîðà Ëàíäàó:

K̃nφ =
1

2Jn

∫ 1

0

(
1− (x− t)2

)n
φ(t) dt, (2)

Jn =

∫ 1

0

(
1− t2

)n
dt,

èìåþùóþ áîëåå ïðîñòóþ êîíñòðóêöèþ, ÷åì (2) (ñì. [1]). Îïåðàòîð
Kn, êàê è K̃n, äàåò ðàâíîìåðíûå ïðèáëèæåíèÿ ê íåïðåðûâíûì ôóíê-
öèÿì òîëüêî íà ëþáîì âíóòðåííåì îòðåçêå èç [0,1]. Îïåðàòîð (1)
ââîäèòñÿ ñ öåëüþ óñòðàíèòü ýòîò íåäîñòàòîê, è ðàíåå èñïîëüçîâàëñÿ
àâòîðîì äëÿ ðåøåíèÿ íåêîððåêòíûõ çàäà÷ [1].

Òåîðåìà 1. Äëÿ ëþáîé φ(x) ∈ C[0, 1] âûïîëíÿåòñÿ ñõîäèìîñòü:

∥Tnφ− φ∥L∞[0,1]
→ 0, n→ ∞.

Òåïåðü ñòðîèì ñïëàéíû ïî ñõåìå èç ðàáîòû [2], ãäå ïîëó÷åí íîâûé
êëàññ ïîëèíîìèàëüíûõ A-ñïëàéíîâ íà áàçå ðàçðûâíîãî îïåðàòîðà
Ñòåêëîâà.

Ïðèìåíÿåì îïåðàòîð Tn ê Lnf̂ : (Lnf̂(xi) = fi, i = 0, ..., n).
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Òåîðåìà 2. Ôóíêöèÿ TnLnf̂ïðåäñòàâëÿåò ñîáîé ïîëèíîìèàëü-
íûé ñïëàéí ñòåïåíè n+2, ðàçðûâíûé â òî÷êå x = 1

2 . Êîýôôè-
öèåíòû åãî âûðàæàþòñÿ ÷åðåç çíà÷åíèÿ fk, ãäå k = i, ..., n äëÿ
x ∈ [0, 12 ], k = 0, ..., i + 1 äëÿ x ∈ [ 12 , 1], è âû÷èñëÿþòñÿ èç ïðåä-
ñòàâëåíèé:

Tn1Lnf̂ = (n+ 1)
{i−1∑
j=0

∫ xj+1

xj

(1− (x− t))n(ajt+ bj) dt+

+

∫ x

xi

(1− (x− t))n(ait+ bi) dt
}
;

Tn2Lnf̂ = (n+ 1)
{∫ xi+1

x

(1− (t− x))n(ait+ bi) dt+

+

n−1∑
j=i+1

∫ xj+1

xj

(1− (t− x))n(ajt+ bj) dt
}
;

ïðè x ∈ [xi, xi+1]; ai = n(fi+1 − fi), bi = n(fixi+1 − fi+1xi).
Òåîðåìà 3. Äëÿ ëþáîé f(x) ∈ C[0, 1] âûïîëíÿåòñÿ ñõîäèìîñòü:

∥TnLnf̂ − f∥L∞[0,1]
→ 0, n→ ∞.

Ïóñòü âìåñòî f̂ çàäàí íàáîð f̂δ òàêîé, ÷òî ∥f̂δ − f̂∥En+1
⩽ δ, ãäå

En+1 � åâêëèäîâî ïðîñòðàíñòâî ñ íîðìîé ∥f̂∥En+1 = (
∑n
i=0 f

2
i )

1
2 ,

ëèáî ∥f̂∥En+1
= max

i
|fi|.

Òåîðåìà 4. Äëÿ ëþáîé f(x) ∈ C[0, 1] âûïîëíÿåòñÿ ñõîäèìîñòü:

∥TnLnf̂δ − f∥L∞[0,1] → 0, n→ ∞, δ → 0. (3)

Åñëè íîðìà â En+1, òàêîâà, ÷òî ñõîäèìîñòü (3) íå âûïîëíÿåòñÿ,
òî ìîæíî äîáèòüñÿ ýòîé ñõîäèìîñòè, ñîãëàñóÿ n ñ δ (ñì. [2]).

Ëèòåðàòóðà
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ëàñòüþ çíà÷åíèé â çàäà÷àõ ïðèáëèæåíèÿ è âîññòàíîâëåíèÿ íåïðå-
ðûâíûõ ôóíêöèé / À.Ï. Õðîìîâ, Ã.Â. Õðîìîâà // Æóðíàë âû÷èñ.
ìàòåì. è ìàòåì. ôèçèêè � 2013. � Ò.53, �10. � Ñ. 1603�1609.

2. Õðîìîâà Ã.Â. Ðàçðûâíûé îïåðàòîð Ñòåêëîâà è ïîëèíîìèàëü-
íûå ñïëàéíû // Ñîâðåìåííûå ïðîáëåìû òåîðèè ôóíêöèé è èõ ïðè-
ëîæåíèÿ: Ñàðàòîâñêèé óíèâåðñèòåò. � 2024. � Âûï.22 : Ìàòåðèàëû
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Î ÑÏÅÊÒÐÅ ÑÒÅÏÅÍÅÉ ÊÎÍÅ×ÍÎÌÅÐÍÎÃÎ
ÎÏÅÐÀÒÎÐÀ ÔÐÅÄÃÎËÜÌÀ
Æ.Ò. Õóñåíîâà (Áóõàðà, ÁóõÃÓ)

j.t.husenova@buxdu.uz

Â ýòîé çàìåòêå äëÿ êîíå÷íîìåðíîãî îïåðàòîðà Ôðåäãîëüìà T ,
äåéñòâóþùåãî â ãèëüáåðòîâîì ïðîñòðàíñòâå L2[−π;π], îïðåäåëåí Tn
äëÿ ëþáîãî íàòóðàëüíîãî ÷èñëà n. Íàéäåíû êîíå÷íîìåðíûå è áåñêî-
íå÷íîìåðíûå ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà Tn.

Â ãèëüáåðòîâîì ïðîñòðàíñòâå L2[−π;π] ðàññìîòðèì èíòåãðàëü-
íûé îïåðàòîð âèäà

(Tif)(x) = vi(x)

∫ π

−π
vi(t)f(t)dt, i = 1,m,

ãäå vi(·), i = 1,m � âåùåñòâåííîçíà÷íûå ëèíåéíî íåçàâèñèìûå íåïðå-
ðûâíûå ôóíêöèè, îïðåäåëåííûå íà îòðåçêå [−π;π].

Ïóñòü
T := T1 + · · ·+ Tm.

Òîãäà ïî îïðåäåëåíèþ èìååò ìåñòî ðàâåíñòâî

(Tf)(x) =

m∑
i=1

vi(x)

∫ π

−π
vi(t)f(t)dt.

Îïåðàòîð T, îïðåäåëåííûé â ãèëüáåðòîâîì ïðîñòðàíñòâå
L2[−π;π], íàçûâàåòñÿ n-ìåðíûì îïåðàòîðîì Ôðåäãîëüìà [1] è ýòî
ëèíåéíûé, îãðàíè÷åííûé è ñàìîñîïðÿæåííûé îïåðàòîð.

Òåîðåìà 1. ×èñëî λ = 0 ÿâëÿåòñÿ áåñêîíå÷íî êðàòíûì ñîá-
ñòâåííûì çíà÷åíèåì îïåðàòîðà T .

×òîáû îïðåäåëèòü íåíóëåâûå ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà T
ââåäåì ôóíêöèþ

∆(λ) := det (λδij − (vi, vj)) , δij :=

{
1, åñëè i = j,
0, åñëè i ̸= j.

Îáû÷íî ôóíêöèÿ ∆(·) íàçûâàåòñÿ îïðåäåëèòåëåì Ôðåäãîëüìà
îïåðàòîðà T .

© Õóñåíîâà Æ.Ò., 2025
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Ñëåäóþùàÿ òåîðåìà óñòàíàâëèâàåò ñâÿçü ìåæäó ñîáñòâåííûìè
çíà÷åíèÿìè îïåðàòîðà T è íóëÿìè ôóíêöèè ∆(·).

Òåîðåìà 2. ×èñëî λ ̸= 0 ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì îïå-
ðàòîðà T òîãäà è òîëüêî òîãäà, êîãäà ∆(λ) = 0.

Èç òåîðåì 1-2 ïîëó÷àåì ñëåäóþùèå óòâåðæäåíèÿ:

σess(T ) = {0}, σdisc(T ) = {λ ̸= 0 : ∆(λ) = 0},

σ(T ) = σpp(T ) = {0} ∪ {λ ̸= 0 : ∆(λ) = 0}.
Òàêèì îáðàçîì, T - îïåðàòîð ñ ÷èñòî òî÷å÷íûì ñïåêòðîì.
Ïðè ñëåäóþùèõ èññëåäîâàíèÿõ äëÿ óäîáñòâà ïðåäïîëîæèì, ÷òî

(vi, vj) = 0, i ̸= j, i, j = 1,m. (1)

Òîãäà ôóíêöèþ ∆(·) ìîæíî çàïèñàòü â ñëåäóþùåì âèäå:

∆(λ) = (λ− ∥v1∥2)(λ− ∥v2∥2) · · · (λ− ∥vm∥2)

è ñîãëàñíî òåîðåì 1 è 2 èìååì

σ(T ) = σpp(T ) = {0, ∥v1∥2, ∥v2∥2, ..., ∥vm∥2}.

Ìîæíî ëåãêî ïðîâåðèò, ÷òî åñëè âûïîëíÿåòñÿ óñëîâèå (1), òî äëÿ
ëþáîãî íàòóðàëüíîãî n ⩾ 2 èìååò ìåñòî ðàâåíñòâî

(Tnf)(x) =

m∑
i=1

∥vi∥2(n−1)vi(x)

∫ π

−π
vi(t)f(t)dt.

Èìååò ìåñòî ñëåäóþùàÿ òåîðåìà.
Òåîðåìà 3. Åñëè óñëîâèå (1) âûïîëíåíî, òî äëÿ ïðîèçâîëüíîãî

íàòóðàëüíîãî ÷èñëà n ⩾ 2 îïåðàòîð Tn èìååò ÷èñòî òî÷å÷íûé
ñïåêòð è

σ(Tn) = σpp(T
n) =

{
0, ∥v1∥2n, ∥v2∥2n, ..., ∥vm∥2n

}
.

Òåîðåìà 3 âàæíà ïðè èçó÷åíèè ÷èñëîâîé îáëàñòè çíà÷åíèé îïå-
ðàòîðà T è åãî ñòåïåíåé [2].

Ëèòåðàòóðà
1. Êîëìîãîðîâ À.Í. Ýëåìåíòû òåîðèè ôóíêöèé è ôóíêöèîíàëü-

íîãî àíàëèçà / À.Í.Êîëìîãîðîâ, Ñ.Â.Ôîìèí. � 7-å èçä. � Ì. : Ôèç-
ìàòëèò, 2009. � 570 ñ.

2. Bahronov B.I. On the numerical range of a Friedrichs model with
rank two perturbation: threshold analysis technique / B.I.Bahronov,
T.H.Rasulov // AIP Conference Proceedings. � 2023. �2764 (1), �
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Ñ×ÅÒÍÎ ÀÏÏÐÎÊÑÈÌÀÒÈÂÍÎ ÊÎÌÏÀÊÒÍÛÅ
ÌÍÎÆÅÑÒÂÀ

È.Ã. Öàðüêîâ (Ìîñêâà, ÌÃÓ, ìåõàíèêî-ìàòåìàòè÷åñêèé
ôàêóëüòåò, Öåíòð ôóíäàìåíòàëüíîé è ïðèêëàäíîé ìàòåìàòèêè)

tsar@mech.math.msu.su

Â ýòîé ðàáîòå ìû èçó÷èì ñâîéñòâà ÷åáûøåâñêèõ ìíîæåñòâ, ñî-
ñòîÿùèõ èõ íå áîëåå, ÷åì ñ÷åòíîãî îáúåäèíåíèÿ àïïðîêñèìàòèâíî
êîìïàêòíûõ ìíîæåñòâ.

Íàì ïîíàäîáÿòñÿ ñëåäóþùèå îáîçíà÷åíèÿ. Äëÿ ïðîèçâîëüíîãî
ìíîæåñòâà M â íåêîòîðîì ëèíåéíîì íîðìèðîâàííîì ïðîñòðàíñòâå
X ÷åðåç ϱ(y,M) îáîçíà÷èì ðàññòîÿíèå äî ìíîæåñòâà M, ò.å. âåëè÷è-
íó

inf
z∈M

∥z − y∥ (y ∈ X).

×åðåç PMx îáîçíà÷èì ìíîæåñòâî âñåõ áëèæàéøèõ òî÷åê èç M äëÿ
x ∈ X, ò.å. ìíîæåñòâî

{y ∈M | ∥y − x∥ = ϱ(x,M)}.

Îòîáðàæåíèå PM íàçûâàþò ìåòðè÷åñêîé ïðîåêöèåé íà ìíîæåñòâî
M . Â ñëó÷àå, êîãäà PMx îäíîòî÷å÷íî äëÿ âñåõ òî÷åê x ∈ X, ìíîæå-
ñòâî M íàçûâàþò ÷åáûøåâñêèì. ×åðåç

B(x, r) = {y ∈ X | ∥y − x∥ ⩽ r} è S(x, r) = {y ∈ X | ∥y − x∥ = r}

îáîçíà÷èì ñîîòâåòñòâåííî øàð è ñôåðó ñ öåíòðîì x ðàäèóñà r ⩾ 0.
Â ñëó÷àå x = 0 è r = 1 áóäåì âìåñòî óêàçàííûõ îáîçíà÷åíèé ïè-
ñàòü åäèíè÷íûå øàð è ñôåðó: B è S ñîîòâåòñòâåííî. ×åðåç B̊(x, r)
îáîçíà÷èì îòêðûòûé øàð â ëèíåéíîì íîðìèðîâàííîì ïðîñòðàíñòâå
(X, ∥ · ∥) ñ öåíòðîì x ðàäèóñà r, ò.å. ìíîæåñòâî {y ∈ X | ∥y−x∥ < r}.
Äëÿ ïðîèçâîëüíûõ x ∈ X è δ > 0 ðàññìîòðèì òàêæå ìåòðè÷åñêèå
δ-ïðîåêöèè P δMx è P̊

δ
Mx, ïðåäñòàâëÿþùèå ñîáîé ñîîòâåòñòâåííî ìíî-

æåñòâà {y ∈ M | ∥y − x∥ ⩽ ϱ(x,M) + δ} = M ∩ B(x, ϱ(x,M) + δ)
è {y ∈ M | ∥y − x∥ < ϱ(x,M) + δ} = M ∩ B̊(x, ϱ(x,M) + δ). Äëÿ
ïðîèçâîëüíîãî ìíîæåñòâà M ⊂ X ÷åðåç diamM îáîçíà÷èì äèàìåòð
ìíîæåñòâà M , ò.å. âåëè÷èíó

sup
a,b∈M

∥a− b∥.

© Öàðüêîâ È.Ã., 2025
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Âïåðâûå çàäà÷à î ñâÿçè àïïðîêñèìàòèâíîé êîìïàêòíîñòè è ÷å-
áûøåâñêèõ ìíîæåñòâ áûëà ðàññìîòðåíà â ðàáîòå Í.Â. Åôèìîâà è
Ñ.Á. Ñòå÷êèíà. Íåïóñòîå ïîäìíîæåñòâî M èç (X, ∥ · ∥) íàçûâàåò-
ñÿ àïïðîêñèìàòèâíî êîìïàêòíûì, åñëè ëþáàÿ òî÷êà x ∈ X ÿâ-
ëÿåòñÿ òî÷êîé àïïðîêñèìàòèâíîé êîìïàêòíîñòè (x ∈ AC(M)), ïî-
ñëåäíåå îçíà÷àåò, ÷òî äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè {vn} ⊂ X:
∥vn − x∥ → ϱ(x,M) (n → ∞) ñóùåñòâóåò ïîäïîñëåäîâàòåëüíîñòü
{vnk

}, ñõîäÿùàÿñÿ â X ê íåêîòîðîé òî÷êå v0 ∈ M . Îòìåòèì, ÷òî
â ýòîì ñëó÷àå v0 ∈ PM (x).

Îòìåòèì, ÷òî äëÿ àïïðîêñèìàòèâíî êîìïàêòíûõ ìíîæåñòâ M
âûïîëíÿåòñÿ óñëîâèå cm(P δM (x)) → 0 ïðè δ → 0+, à, åñëè äîïîë-
íèòåëüíî, M � ÷åáûøåâñêîå ìíîæåñòâî, òî diamP δM (x) → 0 ïðè
δ → 0+, ÷òî îòðàæàåò âàæíîå ñâîéñòâî òàêèõ ìíîæåñòâ, à èìåí-
íî, ñâîéñòâî óñòîé÷èâîñòè íàèëó÷øåãî ïðèáëèæåíèÿ, ÷òî áåçóñëîâ-
íî âàæíî â ÷èñëåííûõ ìåòîäàõ. Ðåøàòü ñîîòâåòñòâóþùèå çàäà÷è ìû
áóäåì â êëàññå ïðîñòðàíñòâ (CLUR). Áóäåì ïèñàòü X ∈ (CLUR), åñ-
ëè äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè {sn} ⊂ X: ∥sn∥ → 1 (n → ∞) è
òî÷êè s ∈ S èç óñëîâèÿ∥∥∥s+ sn

2

∥∥∥→ 1 (n→ ∞)

âûòåêàåò, ÷òî ñóùåñòâóåò ïîäïîñëåäîâàòåëüíîñòü {snk
}, ñõîäÿùàÿñÿ

ê íåêîòîðîé òî÷êå s0 ∈ S. Åñëè æå èç ýòîãî óñëîâèÿ âûòåêàåò, ÷òî
ïîñëåäîâàòåëüíîñòü {sn} ñõîäèòñÿ ê òî÷êå s, òî ïðîñòðàíñòâî X íà-
çûâàåòñÿ ëîêàëüíî ðàâíîìåðíî âûïóêëûì, è â ýòîì ñëó÷àå ïèøóò,
÷òî X ∈ (LUR). Îòìåòèì, ÷òî (LUR) = (CLUR) ∩ (R), ãäå ÷åðåç
(R) îáîçíà÷àþò êëàññ ñòðîãî âûïóêëûõ ïðîñòðàíñòâ (ò.å. òàêèõ ïðî-
ñòðàíñòâ, â êîòîðûõ ñôåðà S íå ñîäåðæèò íåòðèâèàëüíûõ îòðåçêîâ).

Ìíîæåñòâî íàçûâàåòñÿ B-ëèíåéíî ñâÿçíûì (B̊-ëèíåéíî ñâÿç-
íûì), åñëè åãî ëþáîå íåïóñòîå ïåðåñå÷åíèå ñ çàìêíóòûì (îòêðûòûì)
øàðîì ÿâëÿåòñÿ ëèíåéíî ñâÿçíûì ìíîæåñòâîì. Îòìåòèì, ÷òî åñëè
ìíîæåñòâî ÿâëÿåòñÿ B-ëèíåéíî ñâÿçíûì ìíîæåñòâîì, òî îíî ÿâëÿåò-
ñÿ è B̊-ëèíåéíî ñâÿçíûì ìíîæåñòâîì, è, êîíå÷íî, ëèíåéíî ñâÿçíûì.

Òåîðåìà 1. Ïóñòü X ∈ (CLUR) � áàíàõîâî ïðîñòðàíñòâî, M =⋃
n∈N

Mn, ãäå Mn � àïïðîêñèìàòèâíî êîìïàêòíîå ìíîæåñòâî â X.

Òîãäà, åñëè M � ÷åáûøåâñêîå ìíîæåñòâî, òî M àïïðîêñèìàòèâíî
êîìïàêòíî.

Ñëåäñòâèå 1. Ïóñòü X ∈ (CLUR) � áàíàõîâî ïðîñòðàíñòâî,

M =
∞⋃
n=1

Mn, ãäå Mn � àïïðîêñèìàòèâíî êîìïàêòíîå ìíîæåñòâî â
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X (n ∈ N). Òîãäà, åñëè M � ÷åáûøåâñêîå ìíîæåñòâî, òî ìåòðè÷å-
ñêàÿ ïðîåêöèÿ PM íåïðåðûâíîå îòîáðàæåíèå íà X.

Ñëåäñòâèå 2. Ïóñòü X ∈ (CLUR) � áàíàõîâî ïðîñòðàíñòâî,

M =
∞⋃
n=1

Mn, ãäå Mn � àïïðîêñèìàòèâíî êîìïàêòíîå ìíîæåñòâî

â X (n ∈ N), è M � ÷åáûøåâñêîå ìíîæåñòâî. Òîãäà ìíîæåñòâî M
ÿâëÿåòñÿ B-ëèíåéíî ñâÿçíûì, à åñëè äîïîëíèòåëüíî X � ãëàäêîå
ïðîñòðàíñòâî, òî M âûïóêëî.

Ñëåäñòâèå 3. Ïóñòü X ∈ (CLUR) � áàíàõîâî ïðîñòðàíñòâî,

M =
∞⋃
n=1

Ln, ãäå Ln � ïëîñêîñòè ñóùåñòâîâàíèÿ (n ∈ N), è íè îä-

íà èç íèõ íå ñîäåðæèò äðóãóþ. Òîãäà ìíîæåñòâî M íå ÿâëÿåòñÿ
÷åáûøåâñêèì.

Ê ÀÏÏÐÎÊÑÈÌÀÒÈÂÍÎÉ ÓÏÐÀÂËßÅÌÎÑÒÈ
ËÈÍÅÉÍÛÕ ÍÅÑÒÀÖÈÎÍÀÐÍÛÕ ÑÈÍÃÓËßÐÍÎ

ÂÎÇÌÓÙÅÍÍÛÕ ÑÈÑÒÅÌ1

Î.Á. Öåõàí (Ãðîäíî, ÃðÃÓ)
tsekhan@grsu.by

The work was supported by state program of scienti�c research of
the Republic of Belarus ¾Convergence-2025¿.

Ðàññìîòðèì ëèíåéíóþ íåñòàöèîíàðíóþ ñèíãóëÿðíî âîçìóùåí-
íóþ ñèñòåìó óïðàâëåíèÿ (ËÍÑÂÑ)

ż(t) = A (t, µ) z(t) +B (t, µ)u(t), t ∈ T = [t0, t1], z(t0) = z0. (1)

Çäåñü µ � ïàðàìåòð, µ ∈ (0, µ0], µ0 ≪ 1, z′(t) =
(
x′(t), y′(t)

)
∈ Rn,

′ � ñèìâîë òðàíñïîíèðîâàíèÿ, n = n1 + n2, x ∈ Rn1 � âåêòîð
ìåäëåííûõ ïåðåìåííûõ, y(t) ∈ Rn2 � âåêòîð áûñòðûõ ïåðåìåííûõ,
z′0 = (x′0, y

′
0) , x0 ∈ Rn1 , y0 ∈ Rn2 , u(t), t ∈ T, � ñêàëÿðíàÿ ôóíêöèÿ

óïðàâëåíèÿ, M(t, µ) =
[
M0(t) + µ−1M1(t)

]
, M ∈ {A,B}, A0(t) =(

A1(t) A2(t)
0 0

)
, A1(t) =

(
0 0

A3(t) A4(t)

)
, B0(t) =

(
B1(t)

0

)
, B1(t) =

(
0

B2(t)

)
,

Ai(t) ∈ Rn1×ni , Ai+2(t) ∈ Rn2×ni , Bi(t) ∈ Rni , i = 1, 2, � íåïðåðûâ-
íûå íà T ìàòðè÷íûå ôóíêöèè.

Ïóñòü F (t, µ) � êàêàÿ-ëèáî ôóíäàìåíòàëüíàÿ ìàòðèöà ñèñòåìû
ż(t) = A (t, µ) z(t).

1 Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà îáðàçîâàíèÿ
Ðåñïóáëèêè Áåëàðóñü â ðàìêàõ ðåàëèçàöèè ÃÏÍÈ ¾Êîíâåðãåíöèÿ-2025¿.
© Öåõàí Î.Á., 2025

369



Îïðåäåëåíèå 1. ËÍÑÂÑ (1) èìååò êëàññ k íà îòêðûòîì ìíî-
æåñòâå ∆ ⊂ T , åñëè n−âåêòîð-ôóíêöèÿ F−1(t, µ)B(t, µ) k ðàç íåïðå-
ðûâíî äèôôåðåíöèðóåìà íà ∆.

Ïóñòü detA4(t) ̸= 0, t ∈ T . Ñ ËÍÑÂÑ (1) ñâÿçàíû [1] íåçà-
âèñÿùèå îò ïàðàìåòðà µ íåñòàöèîíàðíàÿ ¾ìåäëåííàÿ¿, ïîäñèñòåìà
dx(t)

dt
= As(t)x(t) + Bs(t)u(t), x ∈ Rn1 , u ∈ R, t ∈ T, As(t)

∆
=

A1(t) − A2(t)A
−1
4 (t)A3(t), Bs(t)

∆
= B1(t) − A2(t)A

−1
4 (t)B2(t), è σ-

ïàðàìåòðè÷åñêîå (σ ∈ T ) ñåìåéñòâî ñòàöèîíàðíûõ ¾áûñòðûõ¿ ïîä-

ñèñòåì
dỹ(τ)

dτ
= A4(σ)ỹ(τ) +B2(σ)ũ(τ), ỹ ∈ Rn2 , ũ ∈ R, τ = t−σ

µ .

Ïóñòü çàôèêñèðîâàíà íåêîòîðàÿ δ-ïîñëåäîâàòåëüíîñòü ôóíêöèé
(δi) [2; 3 ñòð. 237] è σ ∈ T . Îáîçíà÷èì ÷åðåç U(i)σ(µ), µ ∈ (0, µ0],
ìíîæåñòâî ñêàëÿðíûõ ¾ïñåâäîèìïóëüñíûõ¿ ôóíêöèé [4], îáðàçóþ-
ùèõ ïîñëåäîâàòåëüíîñòü (uiσ(t, µ)) ¾áûñòðûõ¿ [4] óïðàâëåíèé âèäà

uiσ(t, µ) =
n−1∑
j=0

aj(µ)δ
(j)
i (t− σ), t ∈ T, ãäå aj(µ) � ïîëèíîìû ïî µ.

Îïðåäåëåíèå 2. Ïðè ôèêñèðîâàííîì µ ËÍÑÂÑ (1) àïïðîê-
ñèìàòèâíî óïðàâëÿåìà îòíîñèòåëüíî ïîñëåäîâàòåëüíîñòè (uiσ(t, µ))
óïðàâëåíèé èç U(i)σ(µ), åñëè îíà èìååò êëàññ n−1 íà îòêðûòîì ìíî-
æåñòâå ∆ ⊃ T è äëÿ ëþáûõ σ ∈ T , z0 ∈ Rn è ε > 0 íàéäåòñÿ íîìåð
i0(z0, ε), òàêîé ÷òî ðåøåíèå ËÍÑÂÑ (1) óäîâëåòâîðÿåò íåðàâåíñòâó
||z(σ;µ, z0, uiσ(·, µ))|| ⩽ ε äëÿ ëþáîãî i > i0.

Ïî ïàðàìåòðàì Ai(t), Bi(t), i = 0, 1, ËÍÑÂÑ (1) îïðåäåëèì n-
âåêòîð-ôóíêöèè qji (t), ïî ïàðàìåòðàì As(t), Bs(t), A4(t), B2(t) åå ïîä-
ñèñòåì � n1- è n2-âåêòîð-ôóíêöèè qsi(t), qfi(t), è ìàòðèöû Q̄(t) =

{qsi(t), i = 0, n1 − 1}, Q̃(t) = {qfi(t), i = 0, n2 − 1}.
Àíàëîãè÷íî [5,6] äîêàçàí ñëåäóþùèé ðåçóëüòàò.
Òåîðåìà. Åñëè ôóíêöèè qji (t), i = 0, n− 1, j = 0, i, íåïðåðûâíî-

äèôôåðåíöèðóåìû íà T , òî ËÍÑÂÑ (1) èìååò êëàññ n−1 äëÿ ëþáîãî
µ > 0. Åñëè ê òîìó æå rank Q̄(t) = n1, rank Q̃(t) = n2, äëÿ ëþáîãî
t ∈ T , òî ËÍÑÂÑ (1) àïïðîêñèìàòèâíî óïðàâëÿåìà íà T ïðè âñåõ
äîñòàòî÷íî ìàëûõ µ ∈ (0, µ0].
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ÈÑÑËÅÄÎÂÀÍÈÅ ÑËÀÁÎÉ ÐÀÇÐÅØÈÌÎÑÒÈ
ÍÀ×ÀËÜÍÎ-ÊÐÀÅÂÎÉ ÇÀÄÀ×È ÄËß ÑÈÑÒÅÌÛ

ÍÀÂÜÅ-ÑÒÎÊÑÀ ÍÀ ÎÑÍÎÂÅ ÌÅÒÎÄÀ
ÏÀÐÀÁÎËÈ×ÅÑÊÎÉ ÐÅÃÓËßÐÈÇÀÖÈÈ

Ì.Â. ×èðîâà (Âîðîíåæ, ÂÃÓ)
rita.chirova@yandex.ru

Ïóñòü Ω ⊂ R3 � îãðàíè÷åííàÿ, ëîêàëüíî�ëèïøèöåâà îáëàñòü.
Íà îòðåçêå âðåìåíè [0, T ], 0 < T < ∞, ðàññìàòðèâàåòñÿ íà÷àëüíî�
êðàåâàÿ çàäà÷à äëÿ ñèñòåìû Íàâüå�Ñòîêñà:

∂u

∂t
+

3∑
i=1

ui
∂u

∂xi
− ν∆u+∇p = f, (x, t) ∈ Ω× [0, T ]; (1)

div u = 0, (x, t) ∈ Ω× [0, T ]; (2)

Â íà÷àëüíûé ìîìåíò âðåìåíè çàäàåòñÿ:

u|t=0(x) = a(x), x ∈ Ω, (3)

è íà ãðàíèöå:
u|∂Ω = 0. (4)

Èñêîìûì ðåøåíèåì ÿâëÿåòñÿ âåêòîð-ôóíêöèÿ ñêîðîñòè u è ôóíêöèÿ
äàâëåíèÿ p(x, t). Âíåøíèå ñèëû îïðåäåëÿþòñÿ ôóíêöèåé f = f(x, t),
à ν � ïîëîæèòåëüíûé êîýôôèöèåíò âÿçêîñòè.

Ñëåäóþùèå ïðîñòðàíñòâà ïîòðåáóþòñÿ äëÿ ââåäåíèÿ ïîíÿòèÿ
ñëàáîãî ðåøåíèÿ. V = {u(x) = (u1, u2, u3) ∈ C∞

0 (Ω)3 : div u = 0},

© ×èðîâà Ì.Â., 2025
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ïðè÷åì òàêèå ïðîñòðàíñòâà íàçûâàþò ïðîñòðàíñòâàìè ñîëåíîèäàëü-
íûõ ôóíêöèé. V 0 � çàìûêàíèå V ïî íîðìå L2(Ω)

3, V 1 � çàìûêàíèå
V ïî íîðìå H1(Ω)3.

Â ïðîñòðàíñòâå W0 = {u : u ∈ L2(0, T ;V
1) ∩ L∞(0, T ;V 0), u′ ∈

L4/3(0, T ;V
−1) + L1(0, T, V

0)} ñôîðìóëèðóåì óòâåðæäåíèå î ñëàáîé
ðàçðåøèìîñòè ïåðâîíà÷àëüíîé çàäà÷è ïðè íåêîòîðûõ óñëîâèÿõ íà
ïðàâóþ ÷àñòü ñèñòåìû (1).

Äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ñëàáîãî ðåøåíèÿ èñïîëüçóåò-
ñÿ àïïðîêñèìàöèîííî�òîïîëîãè÷åñêèé ìåòîä, ïðåäëîæåííûé â [1] è
ðàçâèòûé â [2]�[5], ââîäèòñÿ àïïðîêñèìàöèîííàÿ çàäà÷à, ïóòåì äî-
áàâëåíèÿ ê èñõîäíîé çàäà÷å íîâîãî ÷ëåíà ε∆2u:

∂u

∂t
+

3∑
i=1

vi
∂u

∂xi
− ν∆u+ ε∆2u+∇p = f,

div u = 0,

u(0) = a,

u|∂Ω = ∆u|∂Ω = 0.

è äîêàçûâàåòñÿ å¼ ðàçðåøèìîñòü, à çàòåì äåëàåòñÿ ïðåäåëüíûé ïå-
ðåõîä.

Ñôîðìóëèðóåì îñíîâíóþ òåîðåìó.
Òåîðåìà 1. Ïóñòü f = f1 + f2, f1 ∈ L2(0, T ;V

−1), f2 ∈ L1(0, T ;
V 0), a ∈ V 0. Òîãäà íà÷àëüíî-êðàåâàÿ çàäà÷à (1)�(4) èìååò, ïî êðàé-
íåé ìåðå, îäíî ñëàáîå ðåøåíèå u ∈W0.
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ÈÑÑËÅÄÎÂÀÍÈÅ ÀÑÈÌÏÒÎÒÈÊ ÐÅØÅÍÈÉ
ÍÅÎÄÍÎÐÎÄÍÛÕ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ

ÓÐÀÂÍÅÍÈÉ ÂÒÎÐÎÃÎ ÏÎÐßÄÊÀ
Â ÍÅÐÅÇÎÍÀÍÑÍÎÌ ÑËÓ×ÀÅ
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Ðàññìîòðèì íåîäíîðîäíûõ óðàâíåíèé 2-ãî ïîðÿäêà âèäà:(
−r2 d

dr

)2

u+ a1(r)

(
−r2 d

dr

)
u+ a0(r)u = f(r), (1)

ãäå r � êîìïëåêñíàÿ ïåðåìåííàÿ, a0(r), a1(r) � ãîëîìîðôíûå ôóíê-
öèè è óäîâëåòâîðÿþùèå a01 ̸= 0, a00 = 0, a1 (r) = a01 +

∑∞
i=1 a

i
1r
i,

a0 (r) =
∑∞
i=1 a

i
0r
i. f (r) = exp

(
α
r

)
rσ
∑∞
i=0 Cir

i, f(r) � ðåñóðãåíòíàÿ
ôóíêöèÿ. Îñíîâíîé ñèìâîë H0 (p) = p2 + a01p = p

(
p+ a01

)
ïðèâîäèò-

ñÿ ñ ðàáîòû [1]. ×èñëî pj � êîðíè ïîëèíîìà H0(p). Ðàññìàòðèâàåòñÿ
íåðåçîíàíñíûé ñëó÷àé, êîãäà α íå ñîâïàäàåò ñ êîðíÿìè ïîëèíîìà
H0(p). Íà îñíîâå ðåçóëüòàòà [2] äàåì ñëåäóþùóþ òåîðåìó.

Òåîðåìà 1. Ïóñòü ïîëèíîì H0(p) èìååò ïðîñòûå êîðíè, òîãäà
àñèìïòîòèêà ðåøåíèÿ íåîäíîðîäíîãî óðàâíåíèÿ (1) èìååò âèä

u (r) ≈
2∑
j=1

exp
(pj
r

)
rσj

∞∑
i=0

bji r
i + exp

(α
r

)
rσ

∞∑
i=0

Bir
i, (2)

ãäå ñóììà áåðåòñÿ ïî îáúåäèíåíèþ âñåõ êîðíåé ïîëèíîìà H0(p).
×èñëà σj è b

j
i îïðåäåëÿþòñÿ òàê æå, êàê è â îäíîðîäíîì ñëó÷àå.

Öåëüþ äàííîé ðàáîòå ÿâëÿåòñÿ âû÷èñëåíèå êîýôôèöèåíòîâ Bi â
àñèìïòîòèêàõ (2).
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Â ïåðâîì ñëó÷àå a01 ̸= 0, òîãäà àñèìïòîòèêà ðåøåíèÿ èìååò âèä
(2), íàøà çàäà÷à ñîñòîèò â òîì, ÷òîáû íàéòè êîýôôèöèåíòû Bi, i =
0, 1, 2, 3, . . ., âõîäÿùèå â àñèìïòîòèêó.

Òåîðåìà 2.Êîýôôèöèåíòû Bi, i ∈ N0 â àñèìïòîòèêè (2) ñîîò-
âåòñòâóþùèå ïðîñòîìó êîðíþ îïðåäåëÿþòñÿ èç ñèñòåìû óðàâíå-
íèé

B0 =
C0

α2 + a01α
;B1 =

C1 + (2ασ − a11α+ a01σ − a10)B0

α2 + a01α
;

B2 =
1

α2 + a01α
(C2 + (a01 + 2α+ 2ασ − a11α+ a01σ − a10)B1+

+(−σ − σ2 − a21α+ a11σ − a20)B0;

B3 =
1

α2 + a01α
(C3 + (2a01 + 4α+ 2ασ − a11α+ a01σ − a10)B2+

+(−2 + a11 − 3σ − σ2 − a21α+ a11σ − a20)B1+

+(−a31α+ a21σ − a30)B0);

Bm =
1

α2 + a01α
(Cm + ((m− 1)

(
a01 + 2α

)
+ 2ασ − a11α+ a01σ−

−a10)Bm−1 + ((m− 2)(m− 1) + (m− 2)
(
a11 − 2σ

)
− σ − σ2−

−a21α+ a11σ − a20)Bm−2 + ((m− 3) a21 − a31α+ a21σ − a30)Bm−3+

+ · · ·+ (−am−1
1 α+ am−2

1 σ − am−1
0 )B1+

+(−am1 α+ am−1
1 σ − am0 )B0,m ∈ N,m ⩾ 4.

Äàííàÿ ñèñòåìà ðàçðåøèìà, ò.ê. íà çíàìåíàòåëå ñòîÿò íåíóëåâûå
ýëåìåíò α ̸= 0, α ̸= −a01.

Ïóñòü òåïåðü a01 = 0, òîãäà ðàññìîòðèì ñèòóàöèþ êðàòíûõ êîð-
íåé.

Òåîðåìà 3.Ëþáîå íåîäíîðîäíîå óðàâíåíèå ìëàäøèõ âûðîæäå-
íèÿõ ñ êðàòíûì êîðíåì ìîæíî ïðèâåñòè ëèáî ê âèäó óðàâíåíèÿ
Ôóêñîâà òèïà, ëèáî ê âèäó óðàâíåíèÿ ñ ïðîñòûìè êîðíÿìè è åãî
àñèìïòîòèêà ðåøåíèÿ áóäåò èìååò âèä

u (r) =

2∑
j=1

exp

(
pj

r
1
2

)
r

σj
2

∞∑
i=0

bji r
i
2 + exp

(
A

r
1
2

)
rσ

∞∑
i=0

Bir
i
2 , (3)

ãäå p1 = 2
√
a00, p2 = −2

√
a00.
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ÀÏÏÐÎÊÑÈÌÀÖÈß ÂÅÐÎßÒÍÎÑÒÈ ÐÀÇÎÐÅÍÈß
Â ÌÎÄÅËÈ ÊÐÀÌÅÐÀ-ËÓÍÄÁÅÐÃÀ ÌÅÒÎÄÀÌÈ

ÒÅÉËÎÐÀ È ËÀÃÐÀÍÆÀ
Ä.Ñ. Øàáàëèí (Ìîñêâà, ÌÃÓ)

danilshabalin2002@mail.ru

Â ìîäåëè Êðàìåðà-Ëóíäáåðãà êàïèòàë ñòðàõîâîé êîìïàíèè U(t)

îïèñûâàåòñÿ ïðîöåññîì U(t) = u + ct −
∑N(t)
i=1 Xi, ãäå u > 0 � íà-

÷àëüíûé êàïèòàë, c � ñêîðîñòü ïîñòóïëåíèÿ ïðåìèé; N(t) � ïóàññî-
íîâñêèé ïðîöåññ ñ èíòåíñèâíîñòüþ λ, õàðàêòåðèçóþùèé êîëè÷åñòâî
èñêîâ ê ìîìåíòó âðåìåíè t; Xi � íåçàâèñèìûå îäèíàêîâî ðàñïðåäå-
ë¼ííûå ïîëîæèòåëüíûå ñëó÷àéíûå âåëè÷èíû ñ ôóíêöèåé ðàñïðåäå-
ëåíèÿ F (x), ïðåäñòàâëÿþùèå ðàçìåðû óáûòêîâ.

Îñíîâíàÿ çàäà÷à òåîðèè ðèñêà ñîñòîèò â íàõîæäåíèè âåðîÿòíîñòè
ðàçîðåíèÿ ψ(x), îïðåäåëÿåìîé êàê

ψ(u) = P
(
inf
t⩾0

U(t) < 0 | U(0) = u
)
.

Èçâåñòíî [1, ñòð. 79], ÷òî âåðîÿòíîñòü íåðàçîðåíèÿ φ(x) = 1−ψ(x)
â óñëîâèÿõ ÷èñòîé ïðèáûëè: c = (1+θ)λµ , ãäå µ = EX1 <∞ è θ > 0,
óäîâëåòâîðÿåò ñëåäóþùåìó óðàâíåíèþ âîññòàíîâëåíèÿ:

φ(u) = φ(0) +
λ

c

∫ u

0

φ(x)F (u− x)dx, ãäå φ(0) =
θ

1 + θ
(1)

è F (x) = 1− F (x). Äëÿ ïðèáëèæ¼ííîãî ðåøåíèÿ óðàâíåíèÿ (1) ðàñ-
ñìàòðèâàþòñÿ äâà ïîäõîäà, ñâÿçàííûõ ñ ðàçëîæåíèåì ïîäûíòåãðàëü-
íûõ ôóíêöèé â ðÿä Òåéëîðà è èõ àïïðîêñèìàöèåé ñ ïîìîùüþ èíòåð-
ïîëÿöèîííûõ ïîëèíîìîâ.

Èíòåðïîëÿöèîííûé ìíîãî÷ëåí Ëàãðàíæà Ln−1(x) ñòåïåíè n− 1,
ïðèáëèæàþùèé ôóíêöèþ f(x) íà îòðåçêå [a, b], çàäà¼òñÿ êàê

Ln−1(x) =

n∑
i=1

f (xi) Φi(x), ãäå Φi(x) =

n∏
j=1, j ̸=i

x− xj
xi − xj

,
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à {xi}ni=1 ⊆ [a, b] ñåòêà óçëîâ. Åñëè èíòåðïîëèðîâàòü ôóíêöèþ
F (u − x), òî óðàâíåíèå (1) ñâîäèòñÿ ê ëèíåéíîìó äèôôåðåíöèàëü-
íîìó óðàâíåíèþ (ÄÓ) ñ ïîñòîÿííûìè êîýôôèöèåíòàìè:

φ(n)(u) =
λ

c

(
Ln−1(0)φ

(n−1) + L
(1)
n−1(0)φ

(n−2) + . . . + L
(n−1)
n−1 (0)φ

)
(u).

Ðåøåíèå ïîëíîñòüþ îïðåäåëÿåòñÿ çàäàííûìè ðåêóððåíòíûìè íà-
÷àëüíûìè óñëîâèÿìè (2) è ïðèáëèæåííî âîñïðîèçâîäèò ðåøåíèå
óðàâíåíèÿ (1) íà èíòåðâàëå [a, b].

φ(n)(0) =
λ

c
φ(n−1)(0)− λ

c

n−1∑
k=1

F (k)(0)φ(n−k−1)(0), n ∈ N. (2)

Ïðè èíòåðïîëÿöèè φ(u) ôîðìèðóåòñÿ ñèñòåìà ëèíåéíûõ óðàâíåíèé
âèäà Aφ∗ = b, ãäå ìàòðèöà A = (aij)

n
i,j=1 îïðåäåëÿåòñÿ ýëåìåíòàìè

aij = δij −
λ

c

∫ ui

0

F (ui − x)Φj(x)dx, ãäå δij � ñèìâîë Êðîíåêåðà,

âåêòîð φ∗ = (φ∗
1, φ

∗
2, . . . , φ

∗
n)
T , è âåêòîð b =

(
θ

1+θ , . . . ,
θ

1+θ

)T
.

Âî âòîðîì ïîäõîäå èññëåäóåòñÿ èíòåðïîëÿöèÿ ìíîãî÷ëåíàìè Òåé-
ëîðà â òî÷êå x0. Òàê ïðè ðàçëîæåíèè ôóíêöèè F (u−x) â 0 óðàâíåíèå
ïðèíèìàåò âèä ëèíåéíîãî ÄÓ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè:

φ(n)(u) =
λ

c

(
φ(n−1) − F (1)(0)φ(n−2) − . . . − F (n−1)(0)φ

)
(u).

Â ñëó÷àå çàìåíû φ(u − x) â òî÷êå u íà ìíîãî÷ëåí Òåéëîðà, ñî-
ñòàâëÿåòñÿ íåëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå ñ ïåðåìåííûìè
êîýôôèöèåíòàìè:(

(−1)n+1φ(n)mn + (−1)nφ(n−1)mn−1 + . . . + φ(
c

λ
−m0)

)
(u) =

θ

µ
,

ãäåmn(u) =
1
n!

∫ u
0
xnF (x)dx. Äàëåå àíàëîãè÷íûì îáðàçîì ìîæíî âû-

âåñòè ñîîòâåòñòâóþùèå äèôôåðåíöèàëüíûå óðàâíåíèÿ äëÿ ðàçëîæå-
íèÿ â äðóãèõ òî÷êàõ, íàèáîëåå èíòåðåñíûìè èç êîòîðûõ ÿâëÿþòñÿ 0,
x è u.

Äîêëàä ïîñâÿù¼í àíàëèçó âûâåäåííûõ óðàâíåíèé, âêëþ÷àÿ èõ
ðåøåíèå â ñëó÷àå ìàëûõ ñòåïåíåé n. Îñíîâíîå âíèìàíèå óäåëÿåò-
ñÿ ñðàâíåíèþ ïîëó÷åííûõ ðåçóëüòàòîâ ñ ñóùåñòâóþùèìè ïðèáëèæå-
íèÿìè [1, ãëàâà 5, ïàðàãðàô 7], à òàêæå ñ ÿâíûìè ðåøåíèÿìè (1).
Ïðîâîäèòñÿ îöåíêà ïîãðåøíîñòåé ïðåäëîæåííûõ ïîäõîäîâ.
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Â ðàáîòå ðàññìàòðèâàåòñÿ âîçìîæíîñòü ïðèìåíåíèÿ ìåòîäà Ôó-
ðüå äëÿ íàõîæäåíèÿ ðåøåíèÿ ìîäåëè ìàëûõ ïîïåðå÷íûõ êîëåáàíèé
ñòðóíû, êîòîðàÿ ïîìåùåíà â âÿçêîóïðóãóþ ñðåäó ñ ëîêàëèçîâàííû-
ìè îñîáåííîñòÿìè:

ρ(x)
∂2u(x, t)

∂t2
=

∂

∂σ

(
p(x)

∂u

∂x

)
−

−β(x, t)

u(x, t)− t∫
0

Q(x, t, τ)u(x, τ) dτ

− γ(x, t)
∂u(x, t)

∂t
+ F (x, t)

(1)
ïðè íà÷àëüíî�êðàåâûõ óñëîâèÿõ

u(0, t) = u(l, t) = 0, u(x, 0) = φ0(x), u̇(x, 0) = φ1(x), (2)

êîòîðûå ïðèâîäÿò ê ïîòåðå ãëàäêîñòè ó ðåøåíèÿ.
Ôóíêöèÿ σ(x) ÿâëÿåòñÿ ñòðîãî âîçðàñòàþùåé ôóíêöèåé, ó êîòî-

ðîé ìíîæåñòâî òî÷åê ðàçðûâà S(σ) íå ïóñòî. Îòìåòèì, ÷òî â êàæäîé
òî÷êå ξ ∈ S(σ) óðàâíåíèå çàäàåòñÿ ñëåäóþùèì îáðàçîì:

ρ(ξ)
∂2u(ξ, t)

∂t2
=

∆
(
p∂u∂x

)
∆σ(ξ)

(ξ, t)−

−β(ξ, t)

u(ξ, t)− t∫
0

Q(ξ, t, τ)u(ξ, τ) dτ

− γ(ξ, t)
∂u(ξ, t)

∂t
+ F (ξ, t),

(3)

©Øàáðîâ Ñ.À., Áàõòèíà Æ.È., Ãðèäÿåâà Ò.Â., Ãîëîâàí¼âà Ô.Â., 2025

377



ãäå ∆ψ(x) = ψ(x+ 0)− ψ(x− 0) � ñêà÷îê ôóíêöèè ψ(x) â òî÷êå x.
Ðåøåíèå çàäà÷è (1)�(2) ìû èùåì â êëàññå E ôóíêöèé u(x, t),

íåïðåðûâíûõ ïî ñîâîêóïíîñòè ïåðåìåííûõ íà êâàäðàòå [0, l]× [0, T ],
êàæäàÿ èç êîòîðûõ ïðè ôèêñèðîâàííîì x èìååò íåïðåðûâíûå ÷àñò-
íûå ïðîèçâîäíûå ïî ïåðåìåííîé t äî âòîðîãî ïîðÿäêà âêëþ÷èòåëü-
íî; ïðè êàæäîì t ôóíêöèÿ u(x, t) àáñîëþòíî íåïðåðûâíà íà [0; l]
ïî ïåðåìåííîé x, ïðîèçâîäíàÿ ïî ïðîñòðàíñòâåííîé ïåðåìåííîé σ-
àáñîëþòíî íåïðåðûâíà íà [0, l].

Ñëåäóÿ êîíöåïöèè ðàáîò [1, 2], íàì óäîáíî ñ÷èòàòü óðàâíåíèå çà-
äàííûì íà ñïåöèàëüíîì ðàñøèðåííîì îòðåçêå [0, l], êîòîðîå ñòðîèòñÿ
ñëåäóþùèì îáðàçîì: îáîçíà÷èì ÷åðåç SA ìíîæåñòâî âñåõ òî÷åê, ãäå
σ(x) èìååò íåíóëåâûå ïðîñòûå ñêà÷êè, òî åñòü èìåþò íåñîâïàäàþùèå
ëåâûå è ïðàâûå ïðåäåëû. Âûáðîñèâ SA èç [0, l], çàìåíèì êàæäóþ òî÷-
êó ξ ∈ SA ïàðîé ñèìâîëîâ {ξ − 0, ξ + 0}. Ìíîæåñòâî, ïîëó÷åííîå èç
[0, l] çàìåíîé òî÷åê ξ ∈ SA íà ñîîòâåòñòâóþùèå ïàðû {ξ − 0, ξ + 0},
îáîçíà÷èì ÷åðåç [0, l](A).

Â ðàáîòå ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ âîçìîæíîñòè ïðèìåíå-
íèÿ ìåòîäà ðàçäåëåíèÿ ïåðåìåííûõ äëÿ íàõîæäåíèÿ ðåøåíèÿ èçó-
÷àåìîé ìàòåìàòè÷åñêîé ìîäåëè (1)�(2).
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Â ðàáîòå ìåòîä êîíå÷íûõ ýëåìåíòîâ àäàïòèðóåòñÿ äëÿ íàõîæäå-
íèÿ ïðèáëèæåííîãî ðåøåíèÿ ìàòåìàòè÷åñêîé ìîäåëè ïÿòîãî ïîðÿä-
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êà 
d
dσ [((−pu

′′′
xxµ)

′
x + ru′′xx)

′
x − gu′x] + uq = f ′0;

u(0) = u′x(0 = u′′xx(0) = 0);

u(f) = u′(f) = 0;

(1)

ïðè âûáîðå áàçèñíûõ ôóíêöèé ñîîòâåòñòâóþùèì îáðàçîì. Ïîëó÷åíû
îöåíêè áëèçîñòè ïðèáëèæåííîãî ðåøåíèÿ, íàéäåííîãî ñ ïîìîùüþ
ýòîãî ìåòîäà, è òî÷íîãî.

Ïðè ýòîì, íà ïðîòÿæåíèè âñåé ðàáîòû ìû ïðåäïîëàãàåì âûïîë-
íåííûìè ñëåäóþùèå óñëîâèÿ: 1) inf

[0;ξ1)
p(x) > 0; p(x) ≡ 0 íà [ξ1; l];

2) r(x) ⩾ 0 äëÿ âñåõ x ∈ [0; l]; inf
(ξ2;l]

r(x) > 0; 3) g(x) ⩾ 0 äëÿ âñåõ

x ∈ [0; l]; inf
(ξ1;ξ2)

g(x) > 0; 4) ôóíêöèè x, µ(x), p(x), π(x), g(x), q(x),

θ(x − ξi) (i = 1, 2) � σ�àáñîëþòíî íåïðåðûâíû íà [0; l], ãäå θ(x) �
ôóíêöèÿ Õåâèñàéäà, ðàâíàÿ 0, åñëè x < 0, è 1, åñëè x > 0.

Ìû ñ÷èòàåì, ÷òî óðàâíåíèå çàäàíî ïî÷òè âñþäó íà ðàñøèðåíèè
îòðåçêà [0, ℓ] â êîòîðîì êàæäàÿ òî÷êà ξ ðàçðûâà ôóíêöèè σ(x) çà-
ìåíåíà íà òðîéêó ñîáñòâåííûõ ýëåìåíòîâ {ξ − 0, ξ, ξ + 0}. Îáîçíà-
÷èì ÷åðåç S(σ) � ìíîæåñòâî òîåê ðàçðûâà ôóíêöèè σ(x). Ïóñòü
I = [0; ℓ]\S(σ), ãäå S(σ) � ìíîæåñòâî òî÷åê ðàçðûâà ôóíêöèè σ(x) è
ρ(x, y) = |σ(x)−σ(y)| � ìåòðèêà íà I. Åñëè S(σ) ̸= ∅, òî ìåòðè÷åñêîå
ïðîñòðàíñòâî (I, ρ) � íåïîëíîå. Îáîçíà÷èì ÷åðåç [0; ℓ]S � ñòàíäàðò-
íîå ïîïîëíåíèå (I, ρ) äî ïîëíîãî ìåòðè÷åñêîãî ïðîñòðàíñòâà. Â [0; ℓ]S
êàæäàÿ òî÷êà ξ ∈ S(σ) çàìåíåíà íà ïàðó ñîáñòâåííûõ ýëåìåíòîâ
{ξ − 0; ξ + 0}. Óðàâíåíèå (1) çàäàíî íà [0; ℓ]σ = [0; ℓ]S ∪ S(σ). Îòìå-
òèì, ÷òî äëÿ ïåðâîãî óðàâíåíèÿ â ξ1 � òî÷êå ñîåäèíåíèÿ ñòåðæíÿ,
ïîìåùåííîãî íà ¾äâîéíîå¿ óïðóãîå îñíîâàíèå è ðàñòÿíóòîé ñòðó-
íû, äîëæíû âûïîëíÿòüñÿ ÷åòûðå óñëîâèÿ: u(ξ1 − 0) = u(ξ1 + 0),
pu′′′xxµ(ξ1−0) = 0,

(
pu′′′xxµ

)′
x
(ξ1−0)−(ru′′xx) (ξ1−0) = 0,

(
pu′′′xxµ

)′′
xx

(ξ1−
0) − (ru′′xx)

′
x (ξ1 − 0) + gu′x(ξ1 − 0) − gu′x(ξ1 + 0) + u(ξ1)q(ξ1) = 0; à â

ξ2 � òî÷êå ñîåäèíåíèÿ íàòÿíóòîé ñòðóíû è ñòåðæíÿ òðè óñëîâèÿ:
u(ξ2 − 0) = u(ξ2 + 0), ru′′xx(ξ2 + 0) = 0, (ru′′xx)

′
x (ξ2 + 0) + gu′x(ξ2 −

0) − gu′x(ξ2 − 0) + u(ξ2)q(ξ2) = 0; â òî÷êàõ ξ ∈ S(σ)
⋂

(0; ξ1) äîëæíû
âûïîëíÿòüñÿ øåñòü óñëîâèé: u(ξ−0) = u(ξ+0), u′x(ξ−0) = u′x(ξ+0),
pu′′′xxµ(ξ − 0) = pu′′′xxµ(ξ + 0) = 0, (pu′′′xxµ)

′
x(ξ − 0) = (pu′′′xxµ)

′
x(ξ + 0),

−∆(pu′′′xxµ)
′′
xx(ξ) + ∆(ru′′xx)

′
x(ξ) −∆gu′x(ξ) + u(ξ)q(ξ) = 0, çäåñü è äà-

ëåå, ∆φ(x) = φ(x + 0) − φ(x − 0) � ïîëíûé ñêà÷îê ôóíêöèè φ(x) â
òî÷êå x; åñëè ξ ∈ S(σ)

⋂
(ξ1; ξ2), òî äâà óñëîâèÿ: u(ξ − 0) = u(ξ + 0),

−∆(gu′x)(ξ) + u(ξ)q(ξ) = 0; è, íàêîíåö, åñëè ξ ∈ S(σ)
⋂

(ξ2; ℓ), òî ÷å-
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òûðå óñëîâèÿ: u(ξ − 0) = u(ξ + 0), ru′′xµ(ξ − 0) = ru′′xµ(ξ + 0) = 0,
∆r(u′′xµ)

′
x(ξ)−∆(gu′x)(ξ) + u(ξ)q(ξ) = 0.

Ðåøåíèå çàäà÷è (1) ìû èùåì â êëàññå E: àáñîëþòíî íåïðåðûâíûõ
íà [0; ℓ] ôóíêöèé, ïåðâàÿ ïðîèçâîäíàÿ êîòîðûõ àáñîëþòíî íåïðåðûâ-
íû íà [0; l], ïåðâàÿ ïðîèçâîäíàÿ u′x(x) íåïðåðûâíî äèôôåðåíöèðóå-
ìàÿ íà [0; ξ1], u′′xx � µ�àáñîëþòíî íåïðåðûâíàÿ íà [0; ξ1], pu′′′xxµ(x) �
àáñîëþòíî íåïðåðûâíàÿ íà [0; ξ1]; −(pu′′′xxµ)

′
x(x) + ru′′xx(x) � àáñî-

ëþòíî íåïðåðûâíàÿ [0; ξ1], (−(pu′′′xxµ)
′
x+ ru′′xx)

′
x(x)− g(x)u(x) � àáñî-

ëþòíî íåïðåðûâíà íà [0; ξ1]; u′x(x) àáñîëþòíî íåïðåðûâíà íà [ξ2; l],
(ru′′xx)(x) � àáñîëþòíî íåïðåðûâíà íà [ξ2; ℓ]; (ru′′xx)

′
x(x) − g′xu � σ-

àáñîëþòíî íåïðåðûâíà íà [ξ2; ℓ]; u′x(x) � σ-àáñîëþòíî íåïðåðûâíà
íà [ξ1; ξ2].
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Ïîëó÷åíû íîâûå ñëó÷àè èíòåãðèðóåìûõ îäíîðîäíûõ ïî ÷àñòè
ïåðåìåííûõ äèíàìè÷åñêèõ ñèñòåì, â êîòîðûõ ìîæåò áûòü ñîîòâåò-
ñòâåííî âûäåëåíà ñèñòåìà íà êàñàòåëüíîì ðàññëîåíèè ê êîíå÷íîìåð-
íîìó ìíîãîîáðàçèþ. Ïðè ýòîì ñèëîâîå ïîëå ðàçäåëÿåòñÿ íà âíóò-
ðåííåå (êîíñåðâàòèâíîå) è âíåøíåå, êîòîðîå îáëàäàåò äèññèïàöèåé
ðàçíîãî çíàêà. Âíåøíåå ïîëå ââîäèòñÿ ñ ïîìîùüþ íåêîòîðîãî óíè-
ìîäóëÿðíîãî ïðåîáðàçîâàíèÿ è îáîáùàåò ðàíåå ðàññìîòðåííûå ïîëÿ.
Ïðèâåäåíû ïîëíûå íàáîðû êàê ïåðâûõ èíòåãðàëîâ, òàê è èíâàðèàíò-
íûõ äèôôåðåíöèàëüíûõ ôîðì (è ìàêñèìàëüíîãî ðàíãà, ÿâëÿþùèõñÿ
ïëîòíîñòüþ ìåðû ôàçîâîãî ïðîñòðàíñòâà, è ëèíåéíûõ, ïîçâîëÿþùèõ
ïîëó÷èòü ïåðâûå èíòåãðàëû).
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Íàõîæäåíèå äîñòàòî÷íîãî êîëè÷åñòâà òåíçîðíûõ èíâàðèàíòîâ
(íå òîëüêî àâòîíîìíûõ ïåðâûõ èíòåãðàëîâ), êàê èçâåñòíî [1, 2],
îáëåã÷àåò èññëåäîâàíèå, à èíîãäà ïîçâîëÿåò òî÷íî ïðîèíòåãðèðî-
âàòü ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé. Íàïðèìåð, íàëè÷èå èí-
âàðèàíòíîé äèôôåðåíöèàëüíîé ôîðìû ôàçîâîãî îáúåìà ïîçâîëÿåò
óìåíüøèòü êîëè÷åñòâî òðåáóåìûõ ïåðâûõ èíòåãðàëîâ. Äëÿ êîíñåðâà-
òèâíûõ ñèñòåì ýòîò ôàêò åñòåñòâåí, êîãäà ôàçîâûé ïîòîê ñîõðàíÿåò
îáúåì ñ ïîñòîÿííîé ïëîòíîñòüþ. Íî äëÿ ñèñòåì, îáëàäàþùèõ ïðèòÿ-
ãèâàþùèìè èëè îòòàëêèâàþùèìè ïðåäåëüíûìè ìíîæåñòâàìè, êîýô-
ôèöèåíòû èìåþùèõñÿ èíâàðèàíòîâ äîëæíû, âîîáùå ãîâîðÿ, âêëþ-
÷àòü ôóíêöèè, îáëàäàþùèå ñóùåñòâåííî îñîáûìè òî÷êàìè (ñì. òàê-
æå [3, 4, 5]). Íàø ïîäõîä ñîñòîèò â òîì, ÷òî äëÿ òî÷íîãî èíòåãðèðî-
âàíèÿ àâòîíîìíîé ñèñòåìû ïîðÿäêàm íàäî çíàòüm−1 íåçàâèñèìûé
òåíçîðíûé èíâàðèàíò. Ïðè ýòîì äëÿ äîñòèæåíèÿ òî÷íîé èíòåãðèðó-
åìîñòè ïðèõîäèòñÿ ñîáëþäàòü òàêæå ðÿä äîïîëíèòåëüíûõ óñëîâèé
íà ýòè èíâàðèàíòû.

Âàæíûå ñëó÷àè èíòåãðèðóåìûõ ñèñòåì ñ ìàëûì ÷èñëîì ñòåïåíåé
ñâîáîäû â íåêîíñåðâàòèâíîì ïîëå ñèë ðàññìàòðèâàëèñü â ðàáîòàõ
àâòîðà [5, 6]. Íàñòîÿùåå èññëåäîâàíèå ðàñïðîñòðàíÿåò ðåçóëüòàòû
ýòèõ ðàáîò íà áîëåå øèðîêèé êëàññ äèíàìè÷åñêèõ ñèñòåì.

Â äàííîé ðàáîòå ïðèâåäåíû ïåðâûå èíòåãðàëû, à òàêæå èíâà-
ðèàíòíûå äèôôåðåíöèàëüíûå ôîðìû êëàññîâ îäíîðîäíûõ ïî ÷àñòè
ïåðåìåííûõ äèíàìè÷åñêèõ ñèñòåì, â êîòîðûõ ìîæåò áûòü âûäåëåíà
ñèñòåìà ñ êîíå÷íûì ÷èñëîì ñòåïåíåé ñâîáîäû íà ñâîåì ôàçîâîì ìíî-
ãîîáðàçèè. Ïðè ýòîì ñèëîâîå ïîëå ðàçäåëÿåòñÿ íà âíóòðåííåå (êîí-
ñåðâàòèâíîå) è âíåøíåå, êîòîðîå îáëàäàåò òàê íàçûâàåìîé çíàêî-
ïåðåìåííîé äèññèïàöèåé. Âíåøíåå ïîëå ââîäèòñÿ ñ ïîìîùüþ íåêî-
òîðîãî óíèìîäóëÿðíîãî ïðåîáðàçîâàíèÿ è îáîáùàåò ñèëîâûå ïîëÿ,
ðàññìàòðèâàåìûå ðàíåå.
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Ïóñòü

P =

n∑
k,j=1

ak,j(x)DkDj +

n∑
k=1

ak(x)Dk + a0(x)

� ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð ñ âåùåñòâåííî àíàëè-
òè÷åñêèìè êîýôôèöèåíòàìè, îïðåäåëåííûé â îòêðûòîì ìíîæåñòâå
Ω ⊂ Rn, ak,j(x) = aj,k(x), Dk = 1

i
∂
∂xk

(îáîçíà÷åíèÿ ñì. [1]). Ïðåäïî-
ëîæèì, ÷òî êîýôôèöèåíòû ak,j(x) âåùåñòâåííîçíà÷íû è

(1) ìàòðèöà (ak,j(x))
n
k,j=1 èìååò ïîñòîÿííûé ðàíã ïðè x ∈ Ω;

(2) êâàäðàòè÷íàÿ ôîðìà Qx(ξ) =
∑n
k,j=1 ak,j(x)ξkξj íå ñòðîãî

çíàêîîïðåäåëåíà ξ ∈ T ∗
xΩ .

Åñëè êîýôôèöèåíòû ñòàðøåãî ñèìâîëà îïåðàòîðà óäîâëåòâîðÿ-
þò óñëîâèÿì (1) è (2), òî ìíîæåñòâî L(P ) = {(x, τ) ∈ TΩ |x ∈
Ω è ξ(τ) = 0 ïðè Qx(ξ) = 0} îáðàçóåò ïîäðàññëîåíèå â êàñàòåëüíîì
ðàññëîåíèè TΩ. ×åðåç L(P ) îáîçíà÷èì äèôôåðåíöèàëüíóþ ñèñòåìó,
ïîðîæäåííóþ L(P ), òî åñòü ïîäìîäóëü C∞-ñå÷åíèé ïîäðàññëîåíèÿ
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L(P ) ìîäóëÿ C∞-ñå÷åíèé T Ω êàñàòåëüíîãî ðàññëîåíèÿ TΩ. Äèôôå-
ðåíöèàëüíàÿ ñèñòåìà L(P ) ïîðîæäàåò â C∞-ìîäóëå T Ω ñå÷åíèé êà-
ñàòåëüíîãî ðàññëîåíèÿ ôèëüòðàöèþ C∞-ïîäìîäóëåé Hj , â êîòîðîé
ïåðâûé ýëåìåíò H1 = L(P ), à ïîñëåäóþùèå ïîäìîäóëè Hj+1 ïîðîæ-
äàþòñÿ âåêòîðíûìè ïîëÿìè èç L(P ) è êîììóòàòîðàìè âåêòîðíûõ
ïîëåé âèäà [L(P ),Hj ]. Äèôôåðåíöèàëüíóþ ñèñòåìó L(P ) íàçûâàþò
âïîëíå íåãîëîíîìíîé, åñëè íàéäåòñÿ òàêîå íàòóðàëüíîå ÷èñëîm, ÷òî
L(P ) = H1 ⊂ H2 ⊂ . . . ⊂ Hm = T Ω. Äîïîëíèòåëüíî ê óñëîâèÿì (1)
è (2) ïðåäïîëîæèì, ÷òî

(3) äèôôåðåíöèàëüíàÿ ñèñòåìà L(P ) âïîëíå íåãîëîíîìíà.

Ãîâîðÿò, ÷òî îáîáùåííûå ôóíêöèè u1(x) è u2(x) ∈ D′(Ω) ðàâíû íà
îòêðûòîì ìíîæåñòâå U ⊂ Ω, åñëè ⟨u1, φ⟩ = ⟨u2, φ⟩ äëÿ ëþáîé îñíîâ-
íîé ôóíêöèè φ(x) ∈ D(Ω) ñ íîñèòåëåì, ñîäåðæàùèìñÿ â U . Ãîâîðÿò,
÷òî ðîñòêè ôóíêöèé u1(x) è u2(x) ðàâíû â òî÷êå x0 ∈ Ω è ïèøóò
u1x0

∼= u2x0 , åñëè u1(x) = u2(x) â íåêîòîðîé îòêðûòîé îêðåñòíîñòè
òî÷êè x0.

Òåîðåìà 1. Ïóñòü îïåðàòîð P óäîâëåòâîðÿåò óñëîâèÿì (1), (2)
è (3). Òîãäà, åñëè u1x0

∼= u2x0 â íåêîòîðîé òî÷êå x0 ∈ Ω, òî u1(x) =
u2(x) â ëèíåéíî ñâÿçíîé êîìïîíåíòå Vx0 îòêðûòîãî ìíîæåñòâà
{x ∈ Ω |Pu1 = Pu2}, ñîäåðæàùåé x0.

Ãëàâíûé ñèìâîë îïåðàòîðà âòîðîãî ïîðÿäêà

L = D2
x1

+ (Dx2
− x1Dx3

)2 −Dx3
+ d(x), x = (x1, x2, x3) ∈ R3,

óäîâëåòâîðÿåò óñëîâèÿì (1) è (2). Äèôôåðåíöèàëüíàÿ ñèñòåìà L(P )
ïîðîæäàåòñÿ âåêòîðíûìè ïîëÿìè X1 = ∂

∂x1
è X2 = ∂

∂x2
− x1

∂
∂x3

. Ïî-

ñêîëüêó êîììóòàòîð [X1, X2] = − ∂
∂x3

, òî L(P ) = H1 ⊂ H2 = T R3,
òî åñòü äèôôåðåíöèàëüíàÿ ñèñòåìà L(P ), èíäóöèðîâàííàÿ ãëàâíûì
ñèìâîëîì îïåðàòîðà, âïîëíå íåãîëîíîìíà. Èç òåîðåìû 1 ñëåäóåò, ÷òî
ðàâåíñòâî íóëþ ðîñòêà ðåøåíèÿ óðàâíåíèÿ Lu = 0 â íåêîòîðîé òî÷-
êå âëå÷åò ðàâåíñòâî u = 0 â R3, åñëè êîýôôèöèåíò d(x) ÿâëÿåòñÿ
âåùåñòâåííî àíàëèòè÷åñêîé ôóíêöèåé. Åñëè ïîñëåäíåå óñëîâèå íà-
ðóøåíî, òî óòâåðæäåíèå íå âåðíî. Òî÷íåå

Òåîðåìà 2. Ñóùåñòâóåò êîýôôèöèåíò d(x) ∈ C∞(R3), òà-
êîé, ÷òî óðàâíåíèå Lu = 0 èìååò íåòðèâèàëüíîå ðåøåíèå u(x) ∈
C∞(R3), ðàâíîå íóëþ ïðè x1 ⩽ 0, íîñèòåëü êîòîðîãî ñîäåðæèò ãè-
ïåðïëîñêîñòü x1 = 0.

Òåîðåìû î ïðîäîëæåíèè ðåøåíèé ëèíåéíûõ óðàâíåíèé âûñîêîãî
ïîðÿäêà ñ âåùåñòâåííî àíàëèòè÷åñêèìè êîýôôèöèåíòàìè îïóáëèêî-
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âàíû â ñòàòüå [2]. Â ñòàòüå [3] ïîñòðîåí êîíòðïðèìåð ê ïðîäîëæåíèþ
äëÿ ñëó÷àÿ ãëàäêèõ êîýôôèöèåíòîâ.
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ÈÑÑËÅÄÎÂÀÍÈÅ ÑÏÅÊÒÐÀËÜÍÛÕ ÑÂÎÉÑÒÂ
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ ÎÏÅÐÀÒÎÐÀ

ÎÄÍÎÉ ÊÐÀÅÂÎÉ ÇÀÄÀ×È
Ñ ÔÓÍÊÖÈßÌÈ ÎÃÐÀÍÈ×ÅÍÍÎÉ ÂÀÐÈÀÖÈÈ1

À.Í. Øåëêîâîé (Âîðîíåæ, ÂÃÒÓ)
shelkovoj.aleksandr@mail.ru

Ïóñòü L2[0, 2π] � ãèëüáåðòîâî ïðîñòðàíñòâî êîìïëåêñíûõ èç-
ìåðèìûõ (êëàññîâ) ôóíêöèé, ñóììèðóåìûõ ñ êâàäðàòîì ìîäóëÿ

ñî ñêàëÿðíûì ïðîèçâåäåíèåì âèäà (x, y) = 1
2π

2π∫
0

x(τ)y(τ)dτ . ×å-

ðåç W 2
2 [0, 2π] îáîçíà÷èì ïðîñòðàíñòâî Ñîáîëåâà {x ∈ L2[0, 2π] :

x′ àáñîëþòíî íåïðåðûâíà, x′′ ∈ L2[0, 2π]}.
Ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíûé îïåðàòîð

L : D(L) ⊂ L2[0, 2π] → L2[0, 2π],

çàäàâàåìûé äèôôåðåíöèàëüíûì âûðàæåíèåì âèäà

(Ly)(t) = −ÿ(t) + y(t)

ñ îáëàñòüþ îïðåäåëåíèÿ D(L) = {x ∈W 2
2 [0, 2π], x(0) = x(2π), ẋ(0) =

ẋ(2π)} è íåëîêàëüíûìè êðàåâûìè óñëîâèÿìè

y(0) = y(2π) +

2π∫
0

a0(t)y(t)dt; y(1) = ẏ(2π) +

2π∫
0

a1(t)y(t)dt,

1 Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò � 19-01-
00732).
©Øåëêîâîé À.Í., 2025
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ãäå a0 è a1 � ôóíêöèè èç L2[0, 2π]. Ñ÷èòàåòñÿ, ÷òî ôóíêöèè a0 è a1
ÿâëÿþòñÿ ôóíêöèÿìè îãðàíè÷åííîé âàðèàöèè íà îòðåçêå [0, 2π].

Òàê êàê ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà L è åìó ñîïðÿæ�åííîãî
îïåðàòîðà L∗ ñâÿçàíû ñîîòíîøåíèåì λ = λ, òî äëÿ èññëåäîâàíèÿ
ñïåêòðà îïåðàòîðà L ðàññìàòðèâàåòñÿ ñîïðÿæ¼ííûé åìó îïåðàòîð

(L∗x)(t) = −ẍ(t) + x(t) − [ẋ(2π)a0(t) − x(2π)a1(t)] (1)

ñ êðàåâûìè óñëîâèÿìè x(0) = x(2π), ẋ(0) = ẋ(2π).
Ìåòîäîì èçó÷åíèÿ ñïåêòðàëüíûõ ñâîéñòâ äàííîãî êëàññà ÿâëÿåò-

ñÿ ìåòîä ïîäîáíûõ îïåðàòîðîâ, ðàññìàòðèâàåìûé â ðàáîòàõ [1-5].
Äëÿ èññëåäîâàíèÿ ñïåêòðàëüíûõ ñâîéñòâ ñîïðÿæ�åííîãî îïåðàòî-

ðà (1) ïðåäñòàâèì åãî â âèäå L∗x = Ax − Bx. Îïåðàòîð A ÿâëÿåòñÿ
ñàìîñîïðÿæ�åííûì îïåðàòîðîì ñ äèñêðåòíûì ñïåêòðîì, ñîáñòâåííîå
çíà÷åíèå êîòîðîãî λ0 = 1 ÿâëÿåòñÿ ïðîñòûì, à îñòàëüíûå ñîáñòâåí-
íûå çíà÷åíèÿ λn = n2 + 1, n ⩾ 1, äâóêðàòíû, ñîîòâåòñòâóþùèå
ñîáñòâåííûå ôóíêöèè e0(t) = 1√

2π
, e2n−1(t) = 1√

π
cosnt, e2n(t) =

1√
π
sinnt, n ∈ N, îáðàçóþò îðòîíîðìèðîâàííûé áàçèñ â L2[0, 2π].
Áóäåì ñ÷èòàòü îïåðàòîð A íåâîçìóù�åííûì îïåðàòîðîì, à îïåðà-

òîð B � âîçìóùåíèåì. Îïåðàòîð B çàäà�åòñÿ ñîîòíîøåíèåì

(Bx)(t) = ẋ(2π)a0(t) − x(2π)a1(t), x ∈ D(A), t ∈ [0, 2π].

Ìåòîäîì ïîäîáíûõ îïåðàòîðîâ ïîëó÷åíû îöåíêè ñîáñòâåííûõ
çíà÷åíèé, à òàêæå äîêàçàíà ñõîäèìîñòü ñïåêòðàëüíûõ ðàçëîæåíèé
èññëåäóåìîãî êëàññà îïåðàòîðîâ.
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ÄÂÅ ÔÎÐÌÓËÛ ÄËß ÏÐÅÎÁÐÀÇÎÂÀÍÈß ÌÅÉÅÐÀ:
ÍÎÂÛÅ ÄÎÊÀÇÀÒÅËÜÑÒÂÀ È ÎÁÎÁÙÅÍÈß

È.À. Øèëèí (Ìîñêâà, ÍÈÓ ÌÝÈ)
ilyashilin@li.ru

Íàéäåíû [1] ïðèíöèïèàëüíî íîâûå äîêàçàòåëüñòâà èçâåñòíûõ ðà-
íåå ôîðìóë

+∞∫
0

K−σ−1/2(µ) J−σ−1/2(µ) dµ =

√
π Γ(−σ/2)
4 Γ
(
1−σ
2

) (1)

è
+∞∫
0

µ−1/2Kσ+1/2(µ) dµ = 2−3/2 Γ(−σ/2) Γ
(
1 + σ

2

)
, (2)

â êîòîðûõ −1 < ℜ(σ) < 0, Jν � ôóíêöèÿ Áåññåëÿ ïåðâîãî ðîäà, Kν �
ìîäèôèöèðîâàííàÿ ôóíêöèÿ Áåññåëÿ âòîðîãî ðîäà (ôóíêöèÿ Ìàêäî-
íàëüäà). Â îòëè÷èå îò èçâåñòíûõ ðàíåå äîêàçàòåëüñòâ, ýòè ôîðìóëû
âûâîäÿòñÿ èç ôîðìóë ïåðåõîäà îò îäíîãî èç áàçèñîâ ïðîñòðàíñòâà
ïðåäñòàâëåíèÿ ñâÿçíîé êîìïîíåíòû G íåéòðàëüíîãî ýëåìåíòà ãðóï-
ïû diag(1,−1,−1)-ìàòðèö ê äðóãîìó áàçèñó òîãî æå ïðîñòðàíñòâà
ïðè ïðèìåíåíèè ëèíåéíîãî îïåðàòîðà Q, ñïëåòàþùåãî ýòî ïðåäñòàâ-
ëåíèå ñ ïðåäñòàâëåíèåì â äðóãîì ëèíåéíîì ïðîñòðàíñòâå. Çäåñü a-
ìàòðèöåé äëÿ âñÿêîé êâàäðàòíîé ìàòðèöû a íàçûâàåòñÿ íåâûðîæ-
äåííàÿ êâàäðàòíàÿ ìàòðèöà b, óäîâëåòâîðÿþùàÿ óñëîâèþ babT = a.

Íàïðèìåð, ôîðìóëà (1) ïîëó÷àåòñÿ ïðè λ = ρ = 0 èç ôîðìóëû
äëÿ èíòåãðàëüíîãî îïåðàòîðà

Qf
(3)∗
λ,+ (y) =

+∞∫
−∞

k2(λ,+, µ)Qf
(4)∗
µ (y), dµ (3)

ãäå f (3)∗λ,+ � ôóíêöèè, ïðèíàäëåæàùèå ¾ãèïåðáîëè÷åñêîìó¿ áàçèñó

ïðîñòðàíñòâà ïðåäñòàâëåíèÿ, f (4)∗µ � ôóíêöèè, ïðèíàäëåæàùèå äðó-
ãîìó áàçèñó òîãî æå ëèíåéíîãî ïðîñòðàíñòâà, ÿäðî k2(λ,+, µ) âûïîë-
íÿåò ðîëü êîýôôèöèåíòà, ìàòðè÷íîãî ýëåìåíòà îïåðàòîðà ïåðåõîäà

©Øèëèí È.À., , 2025
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ìåæäó áàçèñàìè, à y = (cosh ρ, sinh ρ cosµ, sinh ρ sinµ) � òî÷êà ãèïåð-
áîëîèäà y21 − y22 − y23 = 1, íà êîòîðîì îïðåäåëåíû ôóíêöèè, ÿâëÿþ-
ùèåñÿ ýëåìåíòàìè âòîðîãî ïðîñòðàíñòâà ïðåäñòàâëåíèÿ. Ïðè íàøåì
ïîäõîäå ôîðìóëà (1) ïîëó÷àåòñÿ â âèäå

+∞∫
0

K−σ−1/2(µ) J−σ−1/2(µ) dµ =
Γ2(−σ/2)
2σ+3 Γ(−σ)

, (4)

íî

Γ2(−σ/2)
2σ+3 Γ(−σ)

=

√
π Γ2(−σ/2)

2σ+3 · 2−σ−1 Γ(−σ/2) Γ
(
1−σ
2

) =

√
π Γ(−σ/2)
4 Γ
(
1−σ
2

) ,

òî åñòü íàø ðåçóëüòàò (3) ñîâïàäàåò ñ èçâåñòíûì ðàâåíñòâîì (1)
Êðîìå òîãî, âûâåäåíû îáîáùåíèÿ ôîðìóë (1) è(2). Îíè ïîëó÷à-

þòñÿ, åñëè îò ÷àñòíûõ (íóëåâûõ) çíà÷åíèé ïàðàìåòðîâ â ôîðìóëàõ
èíòåãðàëüíûõ îïåðàòîðîâ ñ ó÷àñòèåì ñïëåòàþùåãî îïåðàòîðà Q ïå-
ðåéòè ê îáùèì çíà÷åíèÿì. Òàê, èç ôîðìóëû (2) äëÿ ëþáûõ äåéñòâè-
òåëüíûõ çíà÷åíèé λ è ρ ïîëó÷åíî ñëåäóþùåå îáîáùåíèå ôîðìóëû
(1):

Òåîðåìà 1. Ïðè −1 < ℜ(σ) < 0

+∞∫
0

µ−1/2 cos(µ tanh ρ)F−λ,−σ−1(µ)Kσ+1/2(µ/ cosh ρ) dµ

=

√
π eλπ/2 Γ

(
iρ−σ
2

)
Γ
(
− iρ+σ

2

) √
Γ(−1− σ − iλ) Γ(−1− σ + iλ)

√
2 cosh ρΓ(−σ − iλ) Γ(−σ + iλ)

,

ãäå F−λ,−σ−1 � âîëíîâàÿ ôóíêöèÿ Êóëîíà.
Àíàëîãè÷íîå îáîáùåíèå ôîðìóëû (2) èìååò âèä:
Òåîðåìà 2. Ïðè −1 < ℜ(σ) < 0

+∞∫
0

µiλ−1/2Kσ+1/2(e
−ρ µ) dµ =

√
π sec (σ+iλ)π

2 Γ
(

iρ−σ
2

)
Γ
(
− iρ+σ

2

)
2σ+5/2 eρ(1.2−iλ) Γ(−σ − iλ)

.
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Î ÖÅËßÕ È ÊÐÈÒÅÐÈßÕ
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Îäíèì èç ñàìûõ ïåðâûõ ýòàïîâ ïðè ïîñòðîåíèè (èëè äàæå ïåðåä
ïîñòðîåíèåì) ìàòåìàòè÷åñêîé ìîäåëè èññëåäóåìîé ñèñòåìû S ÿâëÿ-
åòñÿ îïðåäåëåíèå öåëè èëè, âåðíåå, äàæå ãðóïïû öåëåé. Âî-ïåðâûõ,
òðåáóåòñÿ îïðåäåëèòü öåëü ñàìîé ñèñòåìû GS , òàê êàê èìåííî îíà
îïðåäåëÿåò å¼ ïîâåäåíèå. Âî-âòîðûõ, îáÿçàòåëüíî ñëåäóåò óêàçàòü
öåëü èññëåäîâàòåëÿ (íàáëþäàòåëÿ) GO � äëÿ ÷åãî îí õî÷åò ïîñòðî-
èòü ìîäåëü, êàêóþ ïðîáëåìó, ñâÿçàííóþ ñ S, îí õî÷åò ðåøèòü, èññëå-
äóÿ äàííóþ ìîäåëü. Ñàì âèä ìîäåëè ñóùåñòâåííî çàâèñèò îò òî÷êè
çðåíèÿ íàáëþäàòåëÿ.

Çàìåòèì, ÷òî öåëè ìîæíî ðàçäåëèòü íà îáúåêòèâíûå G′, ñóáú-
åêòèâíûå G′′ è äåêëàðèðóåìûå G′′′. Ñîâåðøåííî íåîáÿçàòåëüíî ýòè
öåëè áóäóò ñîâïàäàòü, îäíàêî èìåííî îáúåêòèâíàÿ öåëü G′

S îïðåäå-
ëÿåò ïîâåäåíèå ñèñòåìû.

Ïðè îïðåäåëåíèè öåëè èññëåäîâàòåëÿ GO, à òàêæå âîçìîæíîñòè
å¼ äîñòèæåíèÿ, ñëåäóåò ó÷èòûâàòü, ãäå íàõîäèòñÿ íàáëþäàòåëü ïî
îòíîøåíèþ ê ñèñòåìå. Ýòî îïðåäåëÿåòñÿ îáú¼ì äîñòóïíîé åìó èí-
ôîðìàöèè, à òàêæå ìíîæåñòâî äîñòóïíûõ óïðàâëÿþùèõ âîçäåéñòâèé
íà íå¼. Ïðè ýòîì ñëåäóåò ðàçëè÷àòü ñëó÷àè, êîãäà èññëåäîâàòåëü O
ñòðîèò ìîäåëü äëÿ ñîáñòâåííîãî ïîòðåáëåíèÿ, è êîãäà îí ðàáîòàåò
ïî çàêàçó íåêîòîðîãî äðóãîãî ëèöà O′. Âî âòîðîì ñëó÷àå, î÷åâèäíî,
ñëåäóåò îðèåíòèðîâàòüñÿ óæå íà öåëè GO′ .

Ïîñëå îïðåëåíèÿ ìíîæåñòâ GS è GO (èëè GO′) ñëåäóåò îïðå-
äåëèòü íàáîðû ñîîòâåòñòâóþùèõ êðèòåðèåâ. Èçâåñòíî, ÷òî íåëüçÿ
óïðàâëÿòü òåì, ÷òî íåâîçìîæíî èçìåðèòü (èëè õîòÿ áû îöåíèòü).
Ïðåäïîæèì, ÷òî ñîñòîÿíèå ñèñòåìû S â ìîìåíò âðåìåíè t îïèñûâà-
åòñÿ íàáîðîì çíà÷åíèé S(t), à òàêæå èçâåñòíî öåëåâîå ñîñòîÿíèå SG.
Òðåáóåòñÿ ïîñòðîèòü íåêîòîðûé ôóíêöèîíàë F : S×T → Rm, m ⩾ 1,
ïîçâîëÿþùèé îöåíèòü, íàïðèìåð, êà÷åñòâî ñèñòåìû èëè ðàññòîÿíèå
äî öåëè â îïðåäåë¼ííûé ìîìåíò âðåìåíè t, à ìîæåò áûòü èíòåãðàëü-
íîå êà÷åñòâî ïîâåäåíèÿ ñèñòåìû íà çàäàííîì âðåìåííîì èíòåðâàëå
[t1, t2]. Ïðè ýòîì ñëåäóåò ó÷èòûâàòü ðàçëè÷èå ìåæäó ðåàëüíîé (îáú-
åêòèâíîé) ñèñòåìîé S è å¼ ìîäåëüþ (èäåàëüíûì, ñóáúåêòèâíûì ïðåä-
ñòàâëåíèåì íàáëþäàòåëÿ) IdealO S � â õîäå èññëåäîâàíèÿ ðàññìàòðè-
âàåòñÿ íå SG, à IdealO SG è, cëåäîâàòåëüíî, èñïîëüçóåòñÿ F (IdealO S).
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Ïðåäïîëîæèì, ÷òî ðåøåíèå ïðîáëåìû (íàïðèìåð, íàáîð çíà÷åíèé
óïðàâëÿþùèõ âîçäåéñòâèé, îáåñïå÷èâàþùèõ äîñòèæåíèå IdealO SG
èç IdealO S(t0)) íàéäåíî. Òîãäà ïðè ðåàëèçàöèè ýòîãî ðåøåíèÿ â ðå-
àëüíîñòè áóäåò ïîëó÷åíî íåêîòîðîå ïðèáëèæåíèå S̃G, íå ñîâïàäà-
þùåå ñ SG, ïðè÷¼ì îöåíêà ïîëó÷åííîãî (îáúåêòèâíîãî) ðåçóëüòàòà
âûïîëíÿåòñÿ ïî (ñóáúåêòèâíîìó) ïðåäñòàâëåíèþ IdealO S̃G î í¼ì.

Òàêèì îáðàçîì ìíåíèå î ðåçóëüòàòå (îáúåêòèâíîãî) ïðåîáðàçîâà-
íèÿ S(t0) → SG çàâèñèò îò ðàçíèöû (ñóáúåêòèâíûõ) ïðåäñòàâëåíèé
IdealO SG (÷òî îæèäàëîñü) è IdealO S̃G (÷òî áûëî ïîëó÷åíî).

Åñëè ôóíêöèîíàë F ñîäåðæèò îáúåêòèâíûå èíñòðóìåíòû, ïîç-
âîëÿþùèå èçìåðèòü çíà÷åíèÿ ïåðåìåííûõ è ïàðàìåòðîâ, îïðåäå-
ëÿþùèõ ñîñòîÿíèå S, òî â ýòîì ñëó÷àå ìîæíî îïðåäåëèòü ðàçíèöó
ìåæäó IdealO SG è SG. Åñëè æå F èñïîëüçóåò êà÷åñòâåííûå îöåí-
êè, çíà÷åíèÿ êîòîðûõ çàâèñÿò îò ñóáúåêòà O, òî ñðàâíèâàòüñÿ áóäóò
èìåííî ñóáúåêòèâíûå ïðåäñòàâëåíèÿ IdealO SG è IdealO S̃G. Çàìåòèì,
÷òî ïðè îöåíêå äðóãèìè ñóáúåêòàìè O1, . . . , On ðåçóëüòàòà ðåàëè-
çàöèè S̃G, ñ IdealO SG (ðåçóëüòàò, äåêëàðèðóåìûé O) ñðàâíèâàòüñÿ
áóäóò óæå ïðåäñòàâëåíèÿ IdealOi S̃G. Ïðè ýòîì â êà÷åñòâå îöåíî÷íî-
ãî ôóíêöèîíàëà êàæäûé ñóáúåêò Oi áóäåò èñïîëüçîâàòü ñâîé íàáîð
êðèòåðèåâ Fi.

Äîïîëíèòåëüíî çàìåòèì, ÷òî ïðè îïðåäåëåíèè öåëåéGS èGO ñëå-
äóåò ó÷èòûâàòü âîçìîæíîñòü èñïîëüçîâàíèÿ íåñêîëüêèõ ãîðèçîíòîâ
ïëàíèðîâàíèÿ (äèíàìè÷åñêîå ïðîãðàììèðîâàíèå), à òàêæå òî, ÷òî
ñèñòåìà S ìîæåò áûòü (è äàæå íàâåðíÿêà ÿâëÿåòñÿ) ñîñòàâíîé ÷à-
ñòüþ íàäñèñòåìû S (ìíîãîóðîâíåâàÿ îïòèìèçàöèÿ). Ïðè ýòîì îïðå-
äåëåíèå GS (öåëü ïåðâîãî ïîðÿäêà) ìîæåò ñóùåñòâåííî çàâèñåòü îò
îïðåäåëåíèÿ GS (öåëü âòîðîãî ïîðÿäêà), à òàêæå îò íàëè÷èÿ öåëåé
áîëåå âûñîêèõ ïîðÿäêîâ.

Ëèòåðàòóðà
1. Àêîôô Ð. Î öåëåóñòðåìë¼ííûõ ñèñòåìàõ / Ð. Àêîôô, Ô. Ýìå-
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2. Ãàñòåâ Þ.À. Ãîìîìîðôèçìû è ìîäåëè (Ëîãèêî-àëãåáðàè÷åñêèå

àñïåêòû ìîäåëèðîâàíèÿ) / Þ.À. Ãàñòåâ. � Ì. : Íàóêà, 1975. � 152 ñ.
3. Ïåãàò À. Íå÷¼òêîå ìîäåëèðîâàíèå è óïðàâëåíèå / À. Ïåãàò. �

2-å èçä. � Ì. : ÁÈÍÎÌ. Ëàáîðàòîðèÿ çíàíèé, 2013. � 798 ñ.
4. Òðóõàåâ Ð.È. Ìîäåëè ïðèíÿòèÿ ðåøåíèé â óñëîâèÿõ íåîïðåäå-
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Ñ òî÷êè çðåíèÿ îáùåé òåîðèè ñèñòåì ïðîáëåìó îáó÷åíèÿ ìàòåìà-
òèêå ìîæíî ôîðìàëüíî ïðåäñòàâèòü â âèäå óïîðÿäî÷åííîãî íàáîðà

⟨S,G,E, T,O⟩

ãäå ïîä S áóäåì ïîíèìàòü ó÷åíèêà, à G � åãî öåëü; E � ñðåäà, â
êîòîðîé íàõîäèòñÿ S (òî, ÷òî âëèÿåò íà S èëè èñïûòûâàåò âëèåíèå
S); T = [t0, t1] � âðåìåííîé èíòåðâàë, íà êîòîðîì ðàññìàòðèâàåòñÿ
îáó÷åíèå; O � íàáëþäàòåëü, â ÷àñòíîñòè ó÷èòåëü.

Ïðè ôîðìèðîâàíèè öåëè (è G, è öåëè íàáëþäàòåëÿ GO) ñëåäóåò
ó÷èòûâàòü, ÷òî:

1. ïîâåäåíèå ñèñòåìû îïðåäåëÿåòñÿ îáúåêòèâíîé öåëüþ G, â òî
âðåìÿ êàê ñóáúåêòèâíàÿ öåëü G′, îòâå÷àþùàÿ çà âíóòðåííþþ
ìîòèâàöèþ, è äåêëàðèðóåìàÿ öåëü G′′ ìîãóò îòëè÷àòüñÿ îò G;

2. öåëü çàâèñèò îò ìîìåíòà å¼ ôîðìóëèðîâàíèÿ è îò ãîðèçîíòà
ïëàíèðîâàíèÿ;

3. öåëü ñèñòåìû G çàâèñèò îò âîçäåéñòâèÿ âíåøíåé ñðåäû (äðó-
ãèìè ñëîâàìè, öåëü ñèñòåìû S îïðåäåëÿåòñÿ âëèÿíèåì íàäñè-
ñòåìû S, â êîòîðóþ S âõîäèò êàê ïîäñèñòåìà).

Âîçìîæíî, íà÷èíàòü öåëåïîëàãàíèå íóæíî ñ îïðåäåëåíèÿ (îáúåêòèâ-
íîé!) öåëè íàäñèñòåìû GS: äëÿ ÷åãî ñ òî÷êè çðåíèÿ S íóæíî ìàòåìà-
òè÷åñêîå îáðàçîâàíèå. Ïðè ýòîì S ìîæåò áûòü ïîäñèñòåìîé íåñêîëü-
êèõ íàäñèñòåì S1, . . . ,Sn, öåëè êîòîðûõ ìîãóò áûòü ñîíàïðàâëåíû,
à ìîãóò ïðîòèâîðå÷èòü äðóã äðóãó.

Âíóòðåííÿÿ ìîòèâàöèÿ ïðè îáó÷åíèè îïðåäåëÿåòñÿ ñóáúåêòèâíîé
öåëüþ G′ � ïîíèìàíèåì òîãî, äëÿ ÷åãî íóæíû ýòè çíàíèÿ. Ýòî ïî-
íèìàíèå åñòü äàëåêî íå âñåãäà, äàæå ó ñòóäåíòîâ âóçîâ.

Íåðàçâèâàþùèåñÿ ñèñòåìû äåãðàäèðóþò � òîëüêî ïîñòîÿííîå èñ-
ïîëüçîâàíèå çíàíèé ïîçâîëÿò ñîõðàíèòü èõ â ïàìÿòè. Íå òîëüêî âî
âðåìÿ îáó÷åíèÿ, íî è â äàëüíåéøåé æèçíè.

Äëÿ îöåíèâàíèÿ êà÷åñòâà S â ìîìåíò âðåìåíè t èñïîëüçóåòñÿ íà-
áîð êðèòåðèåâ F : S → X, ãäå X = {0, 1} (çà÷¼ò/íåçà÷¼ò) èëè X ⊂ N
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(äèôôåðåíöèðîâàííûé çà÷¼ò). Çàìåòèì, ÷òî F íå èçìåðÿåò îáú¼ì
çíàíèé, à îöåíèâàåò S(t). Ýòî êà÷åñòâåííàÿ (ïîðÿäêîâàÿ) âåëè÷èíà
è ê íåé íåëüçÿ ïðèìåíÿòü àðèôìåòè÷åñêèå îïåðàöèè.

Âû÷èñëåíèå ñðåäíåãî áàëëà êàê ñðåäíåãî àðèôìåòè÷åñêî-
ãî çíà÷åíèÿ � ãðóáåéøàÿ îøèáêà!!!

Ïðè ôîðìóëèðîâàíèè êðèòåðèåâ îöåíèâàíèÿ, âîçìîæíî, ñëåäóåò
èñïîëüçîâàòü ìåòîäû ïðèíÿòèÿ ðåøåíèé â óñëîâèÿõ íåîïðåäåë¼ííî-
ñòè. Ïðåäñòàâëÿåòñÿ ïîëåçíûì ïðèìåíåíèå ïîäõîäîâ, ïðåäíàçíà÷åí-
íûõ äëÿ ðàáîòû ñ ñóáúåêòèâíîé íåîïðåäåë¼ííîñòüþ: íå÷¼òêîé ëîãè-
êè, òåîðèè Äåìïñòåðà-Øåôåðà è ò.ï.

Çàìåòèì, ÷òî íå âñåãäà ïîíÿòíî, êàê îöåíèòü ðåçóëüòàòû îáó÷å-
íèÿ, ñôîðìóëèðîâàííûå â ôåäåðàëüíûõ ïðîãðàììàõ è îáðàçîâàòåëü-
ûíõ ñòàíäàðòàõ. Äàæå íå âñåãäà î÷åâèäíî, êàê äîñòè÷ü ýòè ðåçóëü-
òàòû.

Ëèòåðàòóðà
1. Òàðàñåíêî Ô.Ï. Ïðèêëàäíîé ñèñòåìíûé àíàëèç (Íàóêà è èñêóñ-
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Òîì. óí-òà, 2004. � 186 ñ.

2. Âîëêîâà Â.Í. Òåîðèÿ ñèñòåì / Â.Í. Âîëêîâà, À.À. Äåíèñîâ. �
Ì. : Âûñø.øê., 2006. � 511 ñ.

3. Ôåäåðàëüíàÿ ðàáî÷àÿ ïðîãðàììà ñðåäíåãî îáùåãî îáðàçîâà-
íèÿ. Ìàòåìàòèêà (óãëóáë¼ííûé óðîâåíü) (äëÿ 10�11 êëàññîâ îáðà-
çîâàòåëüíûõ îðãàíèçàöèé) [Ýëåêòðîííûé ðåñóðñ] / Ì. : ÔÃÁÍÓ
Èíñòèòóò ñòðàòåãèè ðàçâèòèÿ îáðàçîâàíèÿ, 2023. � 81 ñ. URL :
https://edsoo.ru/rabochie-programmy (äàòà îáðàùåíèÿ 10.01.2025)

4. Ïðèêàç Ìèíîáðàíàóêè Ðîññèè îò 07.08.2014 N 943 ¾Îá óòâåð-
æäåíèè ôåäåðàëüíîãî ãîñóäàðñòâåííîãî îáðàçîâàòåëüíîãî ñòàíäàðòà
âûñøåãî îáðàçîâàíèÿ ïî íàïðàâëåíèþ ïîäãîòîâêè 01.03.01 Ìàòåìà-
òèêà (óðîâåíü áàêàëàâðèàòà)¿ [Ýëåêòðîííûé ðåñóðñ] / Ïîðòàë ôå-
äåðàëüíûõ ãîñóäàðñòâåííûõ îáðàçîâàòåëüíûõ ñòàíäàðòîâ âûñøåãî
îáðàçîâàíèÿ. URL : https://fgosvo.ru/fgosvo/index/4/28 (äàòà îáðà-
ùåíèÿ 10.01.2025)
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Î ÂÀÐÈÀÖÈÎÍÍÎÉ ÔÎÐÌÓËÈÐÎÂÊÅ ÊÐÀÅÂÎÉ
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Ñ.Ã. Øîðîõîâ (Ìîñêâà, ÐÓÄÍ)
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Êâàçèêëàññè÷åñêèå ôóíêöèîíàëû êðàåâûõ çàäà÷ äëÿ óðàâíåíèé
ìàòåìàòè÷åñêîé ôèçèêè [1] ìîãóò áûòü èñïîëüçîâàíû â êà÷åñòâå
ôóíêöèîíàëîâ ïîòåðü ïðè îáó÷åíèè íåéðîííûõ ñåòåé, àïïðîêñèìè-
ðóþùèõ ðåøåíèÿ ýòèõ êðàåâûõ çàäà÷ [2].

Ðàññìîòðèì óðàâíåíèå òåïëîïðîâîäíîñòè

ut − k2uxx = 0, (x, t) ∈ Ω ⊂ R2 (1)

â îãðàíè÷åííîé îáëàñòè Ω = {(x, t) : a < x < γ (t) , 0 < t < T} ⊂ R2 ñ
ãðàíè÷íûìè óñëîâèÿìè

u |Γ0
= φ (x) , Γ0 = {(x, t) : a ⩽ x ⩽ γ (0) , t = 0} ,

ux |Γ1
= ψ (t) , Γ1 = {(x, t) : x = a, 0 ⩽ t ⩽ T} ,

u |Γ2
= 0, Γ2 = {(x, t) : x = γ (t) , 0 ⩽ t ⩽ T} ,

(2)

ãäå φ ∈ L2 (Γ0) , ψ ∈ L2 (Γ1) , k > 0. Ôóíêöèÿ γ (t) ÿâëÿåòñÿ êóñî÷íî
ãëàäêîé íà [0, T ], γ (t) > a äëÿ t ∈ [0, T ], ïðè÷åì íè îäíà ïðÿìàÿ
t = τ íå ÿâëÿåòñÿ êàñàòåëüíîé ê Γ2 äëÿ 0 < τ < T [3]. Çäåñü è
äàëåå áóêâåííûå íèæíèå èíäåêñû îçíà÷àþò äèôôåðåíöèðîâàíèå ïî
ñîîòâåòñòâóþùåé ïåðåìåííîé.

Ñëåäóÿ ïîäõîäó ðàáîòû [3], ïîñòðîèì äëÿ êðàåâîé çàäà÷è (1)-
(2) âàðèàöèîííûé ôóíêöèîíàë â îòëè÷íîì îò êëàññè÷åñêîãî êëàññå
ôóíêöèîíàëîâ âèäà

D [u] =

∫
Ω

F

x, t, u, ux, x∫
a

ut (ξ, t) dξ

 dxdt,

ïðè ýòîì ïðåîáðàçóåì ôóíêöèîíàë â ôîðìó, ìàêñèìàëüíî óäîáíóþ
äëÿ îöåíêè ìåòîäîì èíòåãðèðîâàíèÿ Ìîíòå-Êàðëî. Ñïðàâåäëèâî
ñëåäóþùåå óòâåðæäåíèå.

1 Ðàáîòà âûïîëíåíà â ðàìêàõ ïðîåêòà � 002092-0-000 Ðîññèéñêîãî óíèâåð-
ñèòåòà äðóæáû íàðîäîâ èìåíè Ïàòðèñà Ëóìóìáû.
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Òåîðåìà. Âàðèàöèîííûé ôóíêöèîíàë äëÿ êðàåâîé çàäà÷è (1)-(2)
èìååò ñëåäóþùèé âèä

D [u] =

∫
Ω

(u2)t + 1

k2

 x∫
a

ut (ξ, t) dξ

2

+

+ 2ψ (t)

x∫
a

ut (ξ, t) dξ + k2u2x

 dxdt+
+

∫
Γ0

u (u− 2φ) ds+ 2k2
∫
Γ1

ψ uds,

(3)

à èìåííî, óðàâíåíèå òåïëîïðîâîäíîñòè (1) ÿâëÿåòñÿ óðàâíåíèåì
Ýéëåðà-Ëàãðàíæà äëÿ ôóíêöèîíàëà (3) è ôóíêöèîíàë (3) äîñòèãàåò
ìèíèìóìà íà ðåøåíèè êðàåâîé çàäà÷è (1)-(2).

Ôóíêöèîíàë (3) ìîæåò áûòü èñïîëüçîâàí äëÿ îáó÷åíèÿ íåéðîí-
íîé ñåòè, àïïðîêñèìèðóþùåé ðåøåíèå êðàåâîé çàäà÷è (1)-(2), ïðè
ïîìîùè àëãîðèòìà îáðàòíîãî ðàñïðîñòðàíåíèÿ îøèáêè, ïðè ýòîì
äëÿ âû÷èñëåíèÿ ãðàäèåíòà îò îïåðàòîðà

∫ x
a
ut (ξ, t) dξ ìîæíî ïðè-

ìåíèòü ìåòîä ñîïðÿæåííûõ ïåðåìåííûõ èç ðàáîòû [4].

Ëèòåðàòóðà
1. Ôèëèïïîâ Â.Ì. Âàðèàöèîííûå ïðèíöèïû äëÿ íåïîòåíöèàëü-

íûõ îïåðàòîðîâ / Â.Ì. Ôèëèïïîâ, Â.Ì. Ñàâ÷èí, Ñ.Ã. Øîðîõîâ //
Èòîãè íàóêè è òåõí. Ñåð. Ñîâðåì. ïðîáë. ìàò. Íîâ. äîñòèæ. � 1992. �
Ò. 40. � Ñ. 3�176.

2. Øîðîõîâ Ñ.Ã. Îáó÷åíèå íåéðîííîé ñåòè äëÿ ãèïåðáîëè÷åñêîãî
óðàâíåíèÿ ïðè ïîìîùè êâàçèêëàññè÷åñêîãî ôóíêöèîíàëà / Ñ.Ã. Øî-
ðîõîâ // Èòîãè íàóêè è òåõí. Ñîâðåì. ìàò. è åå ïðèë. Òåìàò. îáç. �
2024. � Ò. 237. � Ñ. 76�86.

3. Ôèëèïïîâ Â.Ì. Î êâàäðàòè÷íîì ôóíêöèîíàëå äëÿ óðàâíåíèÿ
òåïëîïðîâîäíîñòè / Â.Ì. Ôèëèïïîâ, À.Í. Ñêîðîõîäîâ // Äèôôå-
ðåíö. óðàâíåíèÿ. � 1977. � Ò. 13, � 6. � Ñ. 1113�1123.

4. Chen R.T.Q. Neural ordinary di�erential equations / R.T.Q. Chen,
Y. Rubanova, J. Bettencourt, D. Duvenaud // Proceedings of the 32nd
International Conference on Neural Information Processing Systems,
NIPS'18. � Red Hook, NY : Curran Associates Inc., 2018. � Ñ. 6572�
6583.
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Î ÊËÀÑÑÈ×ÅÑÊÎÌ ÏÐÈÇÍÀÊÅ ÑÕÎÄÈÌÎÑÒÈ
ÄÈÍÈ ÄËß ÑÈÑÒÅÌ ÒÈÏÀ ÕÀÀÐÀ

Â.È. Ùåðáàêîâ (Æóêîâñêèé Ìîñêîâñêîé îáëàñòè, ÌÒÓÑÈ)
kafmathan@mail.ru

Ïóñòü p0 = 1, {pn}∞n=1− öåëî÷èñëåííàÿ ïîñëåäîâàòêëüíîñòü ñ

pn ⩾ 2 è mn =
n∏
k=o

pk(n = 0, 1, . . .). Âñÿêîå íàòóðàëüíîå ÷èñëî n

åäèíñòâåííûì îáðàçîì ìîæíî ïðåäñòàâèòü â âèäå

n =

s∑
k=0

akmk = asms + n′ (1),

ãäå ak è s− öåëûå ñ 0 ⩽ ak < pk+1,ms ⩽ n < ms+1, 1 ⩽ as < ps+1 è
0 ⩽ n′ < ms, a ëþáîå ÷èñëî x ∈ [0, 1] ìîæíî ðàçëîæèòü ïî ôîðìóëå

x =

∞∑
n=1

xn
mn

, ãäå xn − öåëûå ñ 0 ⩽ xn < pn (2).

Åñëè x − {pn}-èððàöèîíàëüíî, à òàêæå x = 0 èëè x = 1, òî åãî
ðàçëîæåíèå ïî ôîðìóëå (2) åäèíñòâåííî; äëÿ x = l

mn
ñóùåñòâóåò

äâà åãî ïðåäñòàâëåíèÿ â âèäå ðàâåíñòâà (2), îäíî èç êîòîðûõ êî-
íå÷íî (xk = 0 äëÿ âñåõ k > n); åãî ìû îáîçíà÷èì çà l

mn
, à äðó-

ãîå � áåñêîíå÷íî (xk = pk − 1 ïðè k > n), êîòîðîå áóäåì îáîçíà-
÷àòü êàê l

mn
− . Ïîëó÷èëàñü àáåëåâà ãðóïïà ïîñëåäîâàòåëüíîñòåé

G = {{xn}∞n=1|xn = 0, 1, . . . , pn − 1} ñ îïåðàöèåé +̇ ïîêîîðäèíàòíî-
ãî ñëîæåíèÿ ïî ìîæóëþ pn è îáðàòíîé îïåðàöèåé −̇, â êîòîðîé âñå
{pn}-ðàöèîíàëüíûå òî÷êè �ðàçäâîèëèñü�.

Ïîëîæèâ l
mn

− < l
mn

, c [0, 1] íà G ïåðåíîñèòñÿ óïîðÿäî÷èâàíèå
òî÷åê è, ñëåäîâàòåëüíî, ïîíÿòèå âàðèàöèè ôóíêöèè (ïîä ôóíêöè-
åé áóäåì ïîíèìàòü îòîáðàæåíèå ãðóïïû ïîñëåäîâàòåëüíîñòåé G âî
ìíîæåñòâî êîìïëåêñíûõ ÷èñåë C).

Ïîäãðóïïû Gn = [0, 1
mn

−] çàäàþò ñèñòåìó îêðåñòíîñòåé íóëÿ â
G, è òîãäà íà G çàäàíà òîïîëîãèÿ, îòíîñèòåëüíî êîòîðîé íà G îïðå-
äåëÿþòñÿ ïðåäåë è íåïðåðûâíîñòü.

C [0, 1] íà G ïåðåíîñÿòñÿ ïîíÿòèÿ ìåðû è èíòåãðàëà Ëåáåãà, îð-
òîãîíàëüíûõ è îðòîíîðìèðîâàííûõ ñèñòåì ôóíêöèé. Îáîçíà÷èì çà
L(G) ìíîæåñòâî èíòåãðèðóåìûõ íà G ôóíêöèé. Ïóñòü {χn(x)}∞n=0−
îáîáù¼ííàÿ ñèñòåìà Õààðà: χ0(x) ≡ 1;
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χmk
(x) =

{ √
mk exp

2iπxk+1

pk+1
, åñëè x ∈ [0, 1

mk
−]

0 äëÿ îñòàëüíûõ x.
è

χn(x) = (χms
(x−̇ n′

ms
)as , ãäå xk+1 îïðåäåëåíû ðàâåíñòâîì (2), à

n′, s, as è ms− â ôîðìóëå (1). Èìåþò ìåñòî ñëåäóþùèå òåîðåìû:
Òåîðåìà 1. ( Êëàññè÷åñêèé ïðèçíàê ñõîäèìîñòè Äèíè äëÿ îáîáù¼í-
íûõ ñèñòåì Õààðà (ñì. [1])) Åñëè ñïðàâåäëèâû îáà óñëîâèÿ∫
Gn\Gn+1

|f(x+̇t)− f(x)|
t

n→∞−→ 0 è
∫

Gn\Gn+1

|f(x−̇t)− f(x)|
t

n→∞−→ 0

(3)
òî ðÿä Ôóðüå îò ôóíêöèè f(t) ∈ L(G) ïî ñèñòåìå òèïà Õààðà
{χn(x)}∞n=0 ñõîäèòñÿ ê íåé â òî÷êå x ∈ G .

Ïðîñòûì ñëåäñòâèåì òåîðåìû 1 ÿâëÿåòñÿ ñõîäèìîñòü ðÿäîâ Ôó-
ðüå ïî (êëàññè÷åñêèì) ñèñòåìàì Õààðà, à òàêæå ïî îáîáù¼ííûì ñè-
ñòåìàì Xààðà â ñëó÷àå sup

n
pn <∞.

Îòìåòèì òàêæå, ÷òî, êàê ïîêàçàíî â [1], íè îäíî èç óñëîâèé â
(3) â îòäåëüíîñòè ñîäèìîñòè ðÿäà Ôóðüå ïî ñèñòåìàì òèïà Õààðà îò
ôóíêöèè f(t) íå ãàðàíòèðóåò; îíè äîëæíû ðàáîòàòü �â ñîâîêóïíî-
ñòè�.

Èìåþòñÿ òàêæå (ñì.[1]) êëàññè÷åñêèé ñèììåòðè÷íûé ïðèçíàê
ñõîäèìîñòè Äèíè, à òàêæå, â çàâèñèìîñòè îò ìàæîðàíò ÿäåð Äè-
ðèõëå, ïðèçíàêè Äèíè-Âèëåíêèíà è S-ïðèçíàêè Äèíè. Îäíàêî, çà
íåèìåíèåì ìåñòà, çäåñü ìû ìõ íå ôîðìóëèðóåì.

Ëèòåðàòóðà
1. Ùåðáàêîâ Â.È. Ìàæîðàíòû ÿäåð Äèðèõëå è ïîòî÷å÷íûå ïðè-

çíàêè Äèíè äëÿ îáîáù¼ííûõ ñèñòåì Õààðà / Â. È. Ùåðáàêîâ //
Ìàòåìàòè÷åñêèå çàìåòêè � 2017. � Ò.101, âûï. 3. � Ñ. 446�473.

Î ÑÓÙÅÑÒÂÎÂÀÍÈÈ ÑÎÂÅÐØÅÍÍÎÃÎ
ÌÍÎÆÅÑÒÂÀ

È.Ñ. Þð÷åíêî (Ñàðàòîâ, ÑÃÓ)
hamsterchik@mail.ru

Ëóêîìñêèé Ñ. Ô. [1] äîêàçàë, ÷òî ïóñòîå ìíîæåñòâî åñòü ìíî-
æåñòâî åäèíñòâåííîñòè äëÿ ñèñòåìû Óîëøà â ñëó÷àå ñõîäèìîñòè ïî
êóáàì. Ïëîòíèêîâûì Ì. Ã. [3] áûëî äîêàçàíî, ÷òî ëþáîå êîíå÷íîå
ìíîæåñòâî ÿâëÿåòñÿ ìíîæåñòâîì åäèíñòâåííîñòè, à òàêæå ïîñòðîå-
íû ïðèìåðû ñ÷åòíûõ ìíîæåñòâ åäèíñòâåííîñòè äëÿ ñèñòåìû Óîëøà
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â ñëó÷àå ñõîäèìîñòè ïî êóáàì. Â [4] äîêàçàíî, ÷òî äàííûå ðåçóëü-
òàòû ñïðàâåäëèâû è äëÿ êðàòíûõ ðÿäîâ ïî ñèñòåìå õàðàêòåðîâ íà
ïðîèçâîëüíîé íóëü-ìåðíîé ãðóïïå â ñìûñëå ñõîäèìîñòè ïî êóáàì.

Â ñòàòüå [3] Ïëîòíèêîâ Ì. Ã., ðàññìàòðèâàÿ ôóíêöèè Óîëøà íà
äâîè÷íîé ãðóïïå, ïîêàçàë, ÷òî ñóùåñòâóåò ñîâåðøåííîå ìíîæåñòâî
åäèíñòâåííîñòè äëÿ êðàòíûõ ðÿäîâ Óîëøà, ñõîäÿùèõñÿ ïî êóáàì.
Ìû ïîêàæåì, ÷òî äàííûé ðåçóëüòàò ñïðàâåäëèâ äëÿ êðàòíûõ ðÿäîâ
ïî ñèñòåìå õàðàêòåðîâ íà ïðîèçâîëüíîé íóëü-ìåðíîé ãðóïïå.

Ïóñòü (G,⊕) - êîìïàêòíàÿ íóëü-ìåðíàÿ ãðóïïà. Òîïîëîãèÿ íà
ãðóïïå G îïðåäåëÿåòñÿ ñ ïîìîùüþ öåïî÷êè âëîæåííûõ ïîäãðóïï

G = G0 ⊃ G1 ⊃ ..., ãäå
∞⋃
n=0

Gn = G,
∞⋂
n=0

Gn = {0} (0 - íóëåâîé

ýëåìåíò ãðóïïû G).
Îáîçíà÷èì pk = (Gk/Gk+1)

♯. Áóäåì ñ÷èòàòü, ÷òî {pk} - ïî-
ñëåäîâàòåëüíîñòü ïðîñòûõ ÷èñåë. Ïî ïîñëåäîâàòåëüíîñòè {pk}∞k=0

ïîñòðîèì ïîñëåäîâàòåëüíîñòü {mk}∞k=0 ñëåäóþùèì îáðàçîì: m0 =
1,mk+1 = pkmk.

Ýëåìåíòû gn = Gn \ Gn+1 îáðàçóþò áàçèñíóþ ñèñòåìó â G,
ò.å. ëþáîé ýëåìåíò x ∈ G îäíîçíà÷íî ïðåäñòàâèì â âèäå ðÿäà

x =
∞∑
n=0

angn, an = 0, pn − 1.

Õàðàêòåðû rk(z) ∈ G⊥
k+1 \ G⊥

k íàçîâåì ôóíêöèÿìè Ðàäåìàõåðà.
Ïóñòü

n =

∞∑
k=0

εkmk+1 ∈ N0, εk = 0, pk − 1,

z =

∞∑
k=0

zkgk ∈ G, zk = 0, pk − 1.

Ïîëîæèì ïî îïðåäåëåíèþ χn(z) =
∞∏
k=0

(rk(z))
εk [2].

Òàêóþ íóìåðàöèþ õàðàêòåðîâ íàçûâàþò íóìåðàöèåé Ïýëè.
Îáîçíà÷èì ÷åðåç G = GN N-ìåðíóþ ãðóïïó ñ òîïîëîãèåé ïðî-

èçâåäåíèÿ ãðóïï. Â ýòîì ñëó÷àå áàçà òîïîëîãèè ñîñòîèò èç ïðî-
èçâåäåíèé ñäâèãîâ Gj ⊕ h = (Gj1 ⊕ h(1)) × ... × (GjN ⊕ h(N)), ãäå

h(l) = a
(l)
jl−1gjl−1⊕a(l)jl−2gjl−2⊕ ...⊕a(l)0 g0, l = 1, N. Òàê êàê Gj⊕h åñòü

îáúåäèíåíèå äèçúþíêòíûõ êóáîâ âèäà

(Gj ⊕ h(1))× ...× (Gj ⊕ h(N))(j = max(j1, ..., jN )),

òî ñîâîêóïíîñòü òàêèõ êóáîâ òàêæå îáðàçóåò áàçó òîïîëîãèè â GN .
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Ïîëîæèì ïî îïðåäåëåíèþ χn(z) = χn1(z1)...χnN
(zN ), z ∈ G,n =

(n1, ..., nN ). Åñëè mj = (mj , ...,mj) - âåêòîð äëèíû N ñ îäèíàêîâûìè
êîìïîíåíòàìè, òî χmj

(z) = rj(z) = const íà Gj+1 ⊕ gA.
Ðàññìîòðèì êðàòíûé ðÿä

∞∑
n=0

cnχn(z) =
∞∑

n1=0

...

∞∑
nN=0

cn1...nN
χn1

(z1)...χnN
(zN ).

Òåîðåìà 1. Ñóùåñòâóþò íåïóñòûå ñîâåðøåííûå ìíîæåñòâà
åäèíñòâåííîñòè â G = GN â ñìûñëå ñõîäèìîñòè ïî êóáàì.

Ëèòåðàòóðà
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�138.

2. Lukomskii S. F. Multiresolution analysis on product of
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pp. 1162�1178.

3. Plotnikov M. G. On multiple Walsh series convergent over cubes /
M.G. Plotnikov // Izvestiya : Mathematics. � 2007. � Vol. 71. � iss 1. �
pp. 57�73.

4. Þð÷åíêî È. Ñ. Î ìíîæåñòâàõ åäèíñòâåííîñòè êðàòíûõ ðÿäîâ
ïî ñèñòåìå õàðàêòåðîâ íóëü-ìåðíîé ãðóïïû â ñìûñëå ñõîäèìîñòè ïî
êóáàì / È.Ñ. Þð÷åíêî // Èçâåñòèÿ Ñàðàòîâñêîãî óíèâåðñèòåòà. Íî-
âàÿ ñåðèÿ. Ñåð. : Ìàòåìàòèêà. Ìåõàíèêà. Èíôîðìàòèêà. � 2013. �
Ò. 13. � � 2-1. � Ñ. 35�43.

ÄÎÑÒÀÒÎ×ÍÛÅ ÓÑËÎÂÈß ÏÎËÎÆÈÒÅËÜÍÎÑÒÈ
ÔÓÍÊÖÈÎÍÀËÎÂ, ÇÀÂÈÑßÙÈÕ ÎÒ ÐÅØÅÍÈß

ÍÀ×ÀËÜÍÎ-ÊÐÀÅÂÎÉ ÇÀÄÀ×È
À.È. Ýãàìîâ (Íèæíèé Íîâãîðîä, ÍÍÃÓ)

albert810@yandex.ru

Ðàññìàòðèâàåòñÿ âòîðàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ ãèïåðáî-
ëè÷åñêîãî óðàâíåíèÿ 2-ãî ïîðÿäêà. Íà íà÷àëüíûå ôóíêöèè íàêëà-
äûâàþòñÿ óñëîâèÿ, ïðè êîòîðûõ ðåøåíèå çàäà÷è ìîæíî ïðåäñòàâèòü
â âèäå ðÿäà Ôóðüå ïî ñèñòåìå êîñèíóñîâ, àíàëîãè÷íîå ðàçëîæåíèå
èìååò è ôóíêöèÿ, âõîäÿùàÿ â óðàâíåíèå. Öåëü èññëåäîâàíèÿ � íàé-
òè äîïîëíèòåëüíûå óñëîâèÿ íà íèõ, ïðè êîòîðûõ çàäàííûé ôóíê-
öèîíàë îò ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è áóäåò ïîëîæèòåëüíûì
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äëÿ äîïóñòèìîãî âðåìåííîãî îòðåçêà. Ñóùåñòâåííûé âêëàä â äàííîå
èññëåäîâàíèå âíîñÿò âòîðûå êðàåâûå óñëîâèÿ.

Ðàññìîòðèì ðåøåíèå ãèïåðáîëè÷åñêîãî óðàâíåíèÿ 2-ãî ïîðÿäêà

z′′tt(x, t) = a2z′′xx(x, t) + b(x)z(x, t), (1)

â îáëàñòè (x, t) ∈ (0, l)× (0, T ], ñ êðàåâûìè è íà÷àëüíûìè óñëîâèÿìè

z′x(0, t) = z′x(l, t) = 0, (2)

z(x, 0) = φ(x), z′t(x, 0) = ψ(x) ≡ 0. (3)

Çäåñü a � ïîëîæèòåëüíàÿ êîíñòàíòà, ôóíêöèÿ b(x) ∈ C2[0, l] � äâà-
æäû íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ íà îòðåçêå [0, l], b′x(0)
= b′x(l) = 0. Ôóíêöèÿ φ(x) ∈ C3[0, l], äëÿ íå¼ âûïîëíÿåòñÿ óñëîâèå
ñâÿçè: φ′

x(0) = φ′
x(l) = 0. Ðåøåíèå çàäà÷è (1)�(3) ñóùåñòâóåò, åäèí-

ñòâåííî è ïðåäñòàâèìî â âèäå ðÿäà Ôóðüå ïî ñèñòåìå êîñèíóñîâ [1,
2].

Èññëåäîâàíèå ñîñòîèò â òîì, ÷òîáû íàéòè óñëîâèÿ, ïðè êîòîðûõ
àïðèîðè ìîæíî ãàðàíòèðîâàòü, ÷òî ôóíêöèîíàëû

P (t) =

l∫
0

z(x, t)dx, P (0) = 1, (4)

P1(t) =

l∫
0

b(x)z(x, t)dx, P1(0) = 1, (5)

áûëè áû ïîëîæèòåëüíû ïðè t ∈ [0, T ], òî åñòü íóæíî ïîëó÷èòü äî-
ñòàòî÷íûå óñëîâèÿ íà ôóíêöèè b(x), φ(x) îòäåëüíî äëÿ êàæäîãî
ôóíêöèîíàëà, ÷òîáû îíè áûëè ïîëîæèòåëüíû ïðè t ∈ [0, T ]. Ïóñòü
max
x∈[0,l]

|b(x)| = β, max
x∈[0,l]

|a2b′′xx(x) + b2(x)| = β1, max
x∈[0,l]

|φ(x)| = Φ, ãäå β,

β1 è Φ �ïîëîæèòåëüíûå êîíñòàíòû. Âåðíî íåðàâåíñòâî

βT 2 < 2. (6)

Ñïðàâåäëèâû ñëåäóþùèå òåîðåìû, êîòîðûå äàþò äîñòàòî÷íûå
óñëîâèÿ äëÿ ôóíêöèîíàëîâ (4) è (5):

Òåîðåìà 1. Ôóíêöèîíàë (4) ïîëîæèòåëåí íà îòðåçêå t ∈ [0, T ]
ïðè âûïîëíåíèè íåðàâåíñòâà (6) è íåðàâåíñòâà

βT 2

2− βT 2
lΦ < 1.
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Òåîðåìà 2. Ôóíêöèîíàë (5) ïîëîæèòåëåí íà îòðåçêå t ∈ [0, T ]
ïðè âûïîëíåíèè íåðàâåíñòâà (6) è íåðàâåíñòâà

β1T
2

2− βT 2
lΦ < 1.

Ïîëîæèòåëüíîñòü ôóíêöèîíàëîâ (4) è (5) íà çàäàííîì âðåìåí-
íîì îòðåçêå èãðàåò âàæíóþ ðîëü âî ìíîãèõ çàäà÷àõ. Íàïðèìåð, îíà
íåîáõîäèìà äëÿ ïðåäëîæåííîãî àâòîðîì ìåòîäà ïîëó÷åíèÿ ðåøåíèÿ
íà÷àëüíî-êðàåâîé çàäà÷è äëÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ 2-ãî ïî-
ðÿäêà ñïåöèàëüíîãî âèäà, äîêàçàòåëüñòâà åãî ñóùåñòâîâàíèÿ è åäèí-
ñòâåííîñòè [3].
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NODAL SOLUTIONS OF SOME NONLINEAR PROBLEM
FOR THE STURM-LIOUVILLE OPERATOR
WITH A PARAMETER IN THE EQUATION
AND IN THE BOUNDARY CONDITION

Z.S. Aliyev, K.R. Rahimova (Baku, Baku State University)
rkr_kama@rambler.ru

Let f and g are real-valued continuous functions on R that satisfy the
following conditions: there exist a positive constantM > 0, a su�ciently
small positive number τ0 and su�ciently large positive number κ0 such
that ∣∣∣∣f(s)s

∣∣∣∣ ⩽M for 0 < |s| < τ0 and |s| > κ0;

there exist constants g0 > 0 and g∞ > 0 such that

g0 = lim
|s|→0

g(s)

s
and g∞ = lim

|s|→+∞

g(s)

s
.
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We consider the following nonlinear boundary value problem

ℓ(y) ≡ − (p (x)y′(x))′ + q(x)y(x) = ϱ r(x)h (y(x)), x ∈ (0, 1), (1)

b0y(0)− d0p (0)y
′(0) = 0, (2)

(a1ϱg0 + b1)y(1)− (c1ϱg0 + d1)p (π)y
′(π) = 0. (3)

Here p is a positive continuously di�erentiable function on [0, 1], q is a
continuous function on [0, 1], ϱ is a real parameter, r(x) is a positive
continuous function on [0, 1], the nonlinear term has the form h = f + g,
and b0, d0, b1, d1 are real constants such that |b0|+ |d0| > 0 and a1d1 −
b1c1 > 0.

Let (b.c.)0 be the set of functions that satisfy the boundary condition
(2). By E denote be the Banach space C1[0, 1] ∩ (b.c.)0 equipped with
the norm ||y||1 = ||y||∞ + ||y′||∞, where ||y||∞ = max

x∈[ 0, π]
|y (x)|, and by

S denote the subset of E given as follows:

S = {y ∈ E : |y(x)|+ |y′(x)| > 0, x ∈ [0, 1]} .

Moreover, from on ν denote either + or −; − ν will denote the opposite
sign to ν.

In [1], for each k ∈ N and each ν, the authors constructed sets Sνk of
functions in E which have the oscillatory properties of eigenfunctions of
the linear Sturm-Liouville problem ℓ(y)(x) = λr(x)y(x), x ∈ (0, 1),

b0y(0)− d0p (0)y
′(0) = 0,

(a1λ+ b1)y(1)− (c1λ+ d1)p (π)y
′(π) = 0,

the eigenvalues of which are real and simple, and form an in�nitely
increasing sequence {λk}∞k=1 (see [2]). Note that the sets S+

k , S
−
k and

Sk = S+
k ∪ S−

k are pairwise disjoint open subsets of E. Moreover, if
y ∈ ∂Sνk (∂Sk), then y has at least one double zero in [0, 1] (see [3]).

The following theorem is the main result of this note.
Òåîðåìà 1. Let the conditions g0 > M and g∞ > M be satis�ed

and for some k ∈ N the following condition hold:

λk > 0 and
λk

g0 −M
< s <

λk
g∞ +M

, or

λk > 0 and
λk

g∞ −M
< s <

λk
g0 +M

, or
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λk < 0 and
λk

g0 +M
< s <

λk
g∞ −M

, or

λk < 0 and
λk

g∞ +M
< s <

λk
g0 −M

.

Then problem (1)-(3) has a solutions y+k and y−k such that y+k ∈ S+
k and

y−k ∈ S−
k , respectively.
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GLOBAL BIFURCATION FROM ZERO AND INFINITY
IN SOME NONLINEAR DIRAC PROBLEMS WITH
EIGENVALUE PARAMETER IN THE BOUNDARY

CONDITIONS
N.S. Aliyeva (Baku, Institute of Mathematics and Mechanics

of Ministry of Sciences and Education)
nigaraliyeva1205@gmail.com

We consider the following nonlinear Dirac problem

Bw′(x)− P (x)w(x) = λw(x) + h(w(x)), 0 < x < π, (1)

(λ cosα+ a0, λ sinα+ b0)w(0) = 0, (2)

(λ cosβ + a1, λ sinβ + b1)w(π) = 0, (3)

where

B =

(
0 1

−1 0

)
, P (x) =

(
p (x) 0
0 r(x)

)
, w(x) =

(
u(x)
v(x)

)
,
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λ ∈ R is an eigenvalue parameter, p, r ∈ C([0, π];R), α, β, a0, b0, a1 and
b1 are real constants such that 0 ⩽ α, β < π, σ0 = a0 sinα− b0 cosα < 0
and σ1 = a1 sinβ−b1 cosβ > 0. The function h has the form f+g, where

f =

(
f1
f2

)
, g =

(
g1
g2

)
, f, g ∈ C

(
R2;R2

)
and satisfy the following

conditions:
(H1) there are positive constants K and L such that |f1(w)| ⩽ K|w|,

|f2(w)| ⩽ L|w| for w ∈ R2;
(H2) g(w) = o(|w|) as |w| → 0; (H3) g(w) = o(|w|) as |w| → ∞.
Let E be the real Banach space C([0, π];R2) with the norm

||w|| = max
x∈[ 0,π]

|u(x)|+ max
x∈[ 0,π]

|ϑ(x)|,

and let Sνk ⊂ E, k ∈ Z, ν ∈ {+ , −}, be the set of functions having
oscillatory properties of eigenvector-functions of the linear Dirac problem
(1)-(3) with h ≡ 0. Note that the eigenvalues λk, k ∈ Z, of this linear
problem are real, simple and can be numbered in ascending order on the
real axis (see [1] and [2]).

As norm in R × E, we take ||(λ,w)|| =
{
λ2 + ||w||2

} 1
2 . We add the

points {(λ,∞) : λ ∈ R} to our space R × E and de�ne an appropriate
topology on the resulting set.

By D we denote the set of nontrivial solutions of problem (1)-(3).
The following theorem strengthens the results of [3].
Theorem 1. Let conditions (H1)�(H3) hold. Then for each k ∈ Z

and each ν ∈ {+ , −} there exists subset Dν
k of D such that (i) Dν

k ∪
(Jk × {0̃}) ∪ (Jk × {∞}) is closed and connected; (ii) Dν

k ⊂ R× Sνk ,

where 0̃ =

(
0
0

)
, Jk = [λk −Mk, λk +Mk], Mk = K + L + 2 + ck,

ck = O
(
1
k

)
.
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ON SOLUTIONS WITH FIXED OSCILLATION COUNT
OF SOME NONLINEAR BOUNDARY VALUE PROBLEM

DEPENDING ON THE PARAMETER
Y.N. Aliyeva (Baku, Institute of Mathematics and Mechanics of

Ministry of Sciences and Education)
aliyevayaqut3@gmail.com

In this note, we consider the following nonlinear boundary value
problem for ordinary di�erential equations of fourth order

(p(x)y′′(x))′′ − (q(x)y′(x))′ = τr(x)f(y(x)), x ∈ (0, l), (1)

with the boundary conditions

y′(0) cosα− (py′′)(0) sinα = 0, (2)

y(0) cosβ + Ty(0) sinβ = 0, (3)

y′(l) cos γ + (py′′)(l) sin γ = 0, (4)

(aτ + b)y(l)− (cτ + d)Ty(l) = 0, (5)

where Ty ≡ (py′′)′−qy′, p ∈ C2([0, 1]; (0,+∞)), q ∈ C1([0, 1]; [0,+∞)),
τ is a real parameter, r(x) ∈ C([0, 1]; (0,+∞)), α, β, γ, a, b, c, d are real
constants such that α, β, γ ∈ [0, π/2] and σ = bc − ad > 0. Moreover,
f ∈ C(R;R) and f

0
, f0, f∞, f∞ ∈ R with f

0
̸= f0, f∞ ̸= f∞, where

f
0
= lim inf

|y|→0

f(y)

y
, f0 = lim sup

|y|→0

f(y)

y
,

f∞ = lim inf
|y|→+∞

f(y)

y
, f∞ = lim sup

|y|→+∞

f(y)

y
.

The subject of this paper is to determine the interval of τ , in which
there are solutions to problem (1)-(3) with �xed oscillation count.
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It is known (see [1]) that the eigenvalues of the linear problem (1)�
(5) with f(y) = y, y ∈ R, are real and simple and forms an in�nitely
increasing sequence {λk}∞k=1; moreover, the corresponding eigenfunctions
{yk}∞k=1 have the following oscillation properties: (i) if c = 0, then yk(x),
k ∈ N, has exactly k − 1 simple nodal zeros in (0, l); (ii) if c ̸= 0, then
there is a natural number k0 such that yk(x) for k ⩽ k0 has exactly k−1
simple nodal zeros, for k > k0 has exactly k − 2 simple nodal zeros in
(0, l).

Note that problem (1)�(5) was considered in [2] in the case when the
function f satis�es also the condition sf(s) > 0 for s ∈ R, s ̸= 0. In
[ 2] is determine the interval of τ , in which there are nodal solutions to
problem (1)�(5).

The following theorem is main result of this note where we also re�ned
the results from [ 2].

Theorem. If either f0 > f∞ > 0 or f∞ < f0 < 0 or f∞ > f0 > 0 or
f0 < f∞ < 0 and for some k ∈ N either

λk > 0 and
λk
f0

< τ <
λk

f∞
or λk < 0 and

λk

f∞
< τ <

λk
f0

or

λk > 0 and
λk
f∞

< τ <
λk

f0
or λk < 0 and

λk

f0
< τ <

λk
f∞

,

then there exist solutions y+k , y
−
k of problem (1)�(5) such that y+k has

exactly k − 1 simple nodal zeros and is positive near x = 0, y−k has
exactly k − 1 simple nodal zeros in (0, l) and is negative near x = 0 in
the case of c = 0, y+k has exactly k − 1 simple nodal zeros for k ⩽ k0
and has exactly k − 2 simple nodal zeros for k > k0 and is positive near
x = 0, y−k has exactly k−1 simple nodal zeros for k ⩽ k0 and has exactly
k − 2 simple nodal zeros in (0, l) for k > k0 and is negative near x = 0
in the case of c ̸= 0.
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OSCILLATION THEOREM FOR SOME FOURTH-ORDER
DIFFERENTIAL OPERATOR WITH A SPECTRAL
PARAMETER IN ALL BOUNDARY CONDITIONS

A.E. Fleydanli (Sumgait, Sumgait State University)
ayna�eydanli@gmail.com

We study the following spectral problem

y(4)(x)− (q(x)y′(x))′ = λy(x), x ∈ (0, 1), (1)

y′′(0)− aλy′(0) = 0, T y(0)− bλy(0) = 0, (2)

y′′(1)− cλy′(1) = 0, T y(1)− dλy(1) = 0, (3)

where λ ∈ C is an eigenvalue parameter, Ty ≡ y′′′ − qy′, q is a positive
absolutely continuous function on [0, 1], a, b, c and d are real constants
such that a < 0, b > 0, c > 0 and d > 0.

Spectral properties, including oscillatory properties of the eigenfunc
tions of problem (1)-(3) are studied in detail in [1].

The spectral properties of problem (1)�(5) in the case of a < 0,
b > 0, c > 0 and d < 0 was considered in [1]. There, problem (1)�(3)
was considered as a spectral problem for a self-adjoint operator in the
Hilbert space H = L2(0, 1) ⊕ C4, and consequently, the eigenvalues of
this problem are simple. In our case this problem can be treated as a
spectral problem for a self-adjoint operator in a Pontryagin space Π1 =
L2(0, 1) ⊕ C4 with corresponding inner product; in this case, problem
(1)�(3) can have a real multiple eigenvalue or non-real eigenvalues [2].

Theorem 1. The eigenvalues of problem (1)-(5) are real and simple,
except for the case d > 1 and b = d − 1 in which λ = 0 is an
algebraically double eigenvalue, and form an unbounded non-decreasing
sequence {λk}∞k=1 such that

λ1 < 0 = λ2 < λ3 < . . . < λk < . . . if d ⩽ 1 or d > 1 and b > d− 1,

λ1 < 0 = λ2 < λ3 < . . . < λk < . . . if d > 1 and b > d− 1,

λ1 = λ2 = 0 < λ3 < . . . < λk < . . . if d > 1 and b = d− 1.

Moreover, the eigenfunctions yk, k ∈ N, corresponding to the eigenvalues
λk, k ∈ N, of problem (1)�(5) and their derivatives have the following
oscillatory properties:
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(i) the function yk(x) for k ⩾ 3 has exactly k − 3 simple zeros, the
function y2(x) has no zeros for d ⩽ 1 and for d > 1, b ̸= d − 1, y1(x)
has arbitrary zeros for d ⩽ 1 and for d > 1, b > d − 1, has no zeros in
the interval (0, 1) for d > 1, b ⩽ d− 1;

(ii) the function y′k(x) for k ⩾ 4 has either k−4 or k−3 simple zeros,
the function y′3(x) has no zeros, for d ⩽ 1 and for d > 1, b ̸= d−1, y1(x)
has arbitrary zeros for d ⩽ 1 and for d > 1, b > d − 1, has no zeros in
the interval (0, 1) for d > 1, b ⩽ d− 1;
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ON A FEEDBACK CONTROL SYSTEM WITH DELAY
AND A SWEEPING PROCESS1

M.I. Kamenskii, V.V. Obukhovskii,
G.G. Petrosyan (Voronezh, VSU, VSPU)

garikpetrosyan@yandex.ru

Let E be a Banach space and H be a Hilbert space. We consider
controllability problem for a system governed by the following di�erential
inclusion and the sweeping process

x′(t) ∈ Ax(t) + F (t, xt, x(t), y(t)) +Bu(t), t ∈ [0, T ], (1)

x(s) = ϑ(s), s ∈ [−h, 0], (2)

−y′(t) ∈ NC(t)(y(t)) + g(t, x(t), y(t)) + ρy(t), t ∈ [0, T ], (3)

y(0) = y0 ∈ C(0), (4)

x(T ) = x1, (5)

where A : D(A) ⊂ E → E is a linear closed operator generating a
C0�semigroup {eAt, t ⩾ 0} in the space E, F : [0, T ] × C([−h, 0];E) ×
E ×H ⊸ E is a multivalued nonlinearity and the function xt describes

1 The work was supported by the Russian Science Foundation (project no. 22-
71-10008).
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the prehistory of the solution at the moment t ∈ [0, T ], i.e., xt(s) =
x(t + s), s ∈ [−h, 0], 0 < h < T. A control function u(·) belongs to the
space L2([0, T ];U), where U is a Banach space of controls, B : U → E is
a bounded linear operator. Here ρ is a positive number, C : [0, T ] ⊸ H
is a multimap with closed convex values, NC(t)(y) denotes the normal
cone de�ned for a closed convex set C(t) ⊂ H as

NC(t)(y) =

{
{ξ ∈ H : ⟨ξ, c− y⟩ ⩽ 0 for all c ∈ C(t)}, if y ∈ C(t),

∅, if y /∈ C(t),

and function g : [0, T ] × E × H → H is a nonlinear map, and ϑ ∈
C([−h, 0];E), x1 ∈ E, y0 ∈ H.

The controllability problem which we study in this paper may be
formulated in the following way: for a given ϑ, x1 we will consider a
solution x ∈ C([−h, T ];E), y ∈ C([0, T ];H) of the above system (1)-
(5) and a control u ∈ L2([0, T ];U) such that conditions (2) and (4) are
satis�ed.
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CLASSICAL SOLUTION OF A MIXED PROBLEM
WITH THE ZAREMBA BOUNDARY CONDITION

AND CONJUGATION CONDITIONS FOR A MILDLY
QUASILINEAR WAVE EQUATION

V.I. Korzyuk, J.V. Rudzko (Minsk, Institute of Mathematics of
the National Academy of Sciences of Belarus)

korzyuk@bsu.by, janycz@yahoo.com

In this report, we consider the following mixed problem:
2au(t, x) = f(t, x, u(t, x), ∂tu(t, x), ∂xu(t, x)), (t, x) ∈ Q,

u(0, x) = φ(x), ∂tu(0, x) = ψ(x), x ∈ [0,∞),

u(t, 0) = µ1(t), t ∈ [0, t∗),

α(t)u(t, 0) + ∂xu(t, 0) = µ2(t), t ∈ [t∗,∞),

(1)

where Q = (0,∞)× (0,∞), 2a = ∂2t − a2∂2x is the d'Alembert operator
(a > 0 for de�niteness), t∗ is a positive real number, f is a function given
on the set Q × R3, φ and ψ are functions given on the half-line [0,∞),
µ1 is a function given on the segment [0, t∗), and µ2 and α are functions
given on the half-line [t∗,∞).

We present the main results of this report in the following theorems.
Theorem 1. Let the conditions f ∈ C2(Q × R), φ ∈ C2([0,∞)),

ψ ∈ C1([0,∞)), µ1 ∈ C2([0, t∗]), µ2 ∈ C1([t∗,∞)), and α ∈ C1([t∗,∞))
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be satis�ed, and let the function f satisfy the Lipschitz condition

|f(t, x, u, ut, ux)− f(t, x, z, zt, zx)| ⩽
⩽ L(t, x)(|u− z|+ |ut − zt|+ |ux − zx|) (2)

with a continuous function L : Q 7→ [0,∞). The mixed problem (1) � (4)
has a unique solution u in the class C2(Q) if and only if conditions

µ1(0) = φ(0), µ′
1(0) = ψ(0),

µ′′
1(0) = f(0, 0, φ(0), ψ(0), φ′(0)) + a2φ′′(0),

µ2(t∗) = α(t∗)µ1(t∗) + ∂xu
(2)(t− 0, 0), µ′

2(t∗) =

= α′(t∗)µ1(t∗) + α(t∗)∂tu
(2)(t∗ − 0, 0) + ∂t∂xu

(2)(t∗ − 0, 0).

are satis�ed. This solution depends continuously on the functions φ, ψ,
µ1, µ2, α, and γ.

Theorem 2. Let the conditions f ∈ C1(Q × R), φ ∈ C2([0,∞)),
ψ ∈ C1([0,∞)), µ1 ∈ C2([0, t∗]), µ2 ∈ C1([t∗,∞)), and α ∈ C1([t∗,∞))
be ful�lled, and let the function f satisfy the Lipschitz condition (2) with
a continuous function L : Q 7→ [0,∞). The mixed problem (1) with
conjugation conditions

[(u)+ − (u)−](t, x = at) = γ(t;φ(0)− µ1(0)),

[(u)+ − (u)−](t, x = at− at∗) = 0,

where γ : [0,∞) ∋ t 7→ γ (t;φ(0)− µ1(0)) ∈ R is a function with one
parameter φ(0)−µ1(0) that satis�es the natural comparability condition

γ(t; 0) = 0, t ∈ [0,∞), γ(0; s) = s, s ∈ R,

has a unique solution u in the class C2(Q̃)∩C(Q̃0), where Q̃ = Q\{(t, x) :
x − at = 0 ∨ x − at = −at∗} and Q̃0 = Q \ {(t, x) : x − at = 0}. This
solution depends continuously on the functions φ, ψ, µ1, µ2, α, and γ.

References
1. Korzyuk V.I. Classical Solution of the First Mixed Problem

for Second-Order Hyperbolic Equation in Curvilinear Half-Strip with
Variable Coe�cients / V.I. Korzyuk, I.I. Stolyarchuk // Di�er. Equ. �
2017. � V. 53. � P. 74�85.

2. Korzyuk V.I. Curvilinear Parallelogram Identity and Mean-Value
Property for a Semilinear Hyperbolic Equation of the Second Order /

409



V.I. Korzyuk, J.V. Rudzko // Eurasian Math. J. � 2024. � V. 15, � 2. �
P. 61�74.

3. Korzyuk V.I. Classical and Mild Solutions of the Cauchy Problem
for a Mildly Quasilinear Wave Equation with Discontinuous and
Distributional Initial Conditions / V.I. Korzyuk, J.V. Rudzko // J.
Math. Sci. � 2024. � V. 286, � 4. � P. 535�559.

4. Korzyuk V.I. Classical Solution of the First Mixed Problem for
the Telegraph Equation with a Nonlinear Potential / V.I. Korzyuk,
J.V. Rudzko // Di�er. Equ. � 2022. � V. 58, � 2. � P. 175�186.

5. Korzyuk V.I. Picard Problem on the Plane for a Quasilinear
Hyperbolic Equation of the Second Order / V.I. Korzyuk,
O.A. Kovnatskaya // Tr. Inst. Mat., Minsk. � 2023. � V. 31. �
P. 70�80.

OBTAINING EXACT EXPRESSIONS FOR NATURAL
FREQUENCIES WHEN MODELING VIBRATIONS
OF MECHANICAL SYSTEMS WITH A MOVING

BOUNDARY
V.L. Litvinov, K.V. Litvinova (Samara, Samara State Technical

University, Moscow, Moscow State University)
vladlitvinov@rambler.ru

The article studies transverse vibrations of a rope moving in the
longitudinal direction. The model takes into account the rope tension,
bending rigidity and resistance of the external environment. The object
of study pertains to a wide range of oscillating one-dimensional objects
with moving boundaries and loads [1-22]. Such objects are widely used
in technology. These are ropes of lifting equipment [2, 9, 13, 20], �exible
transmission links [1, 8, 17], beams [3, 18], tape-driven mechanisms [14],
conveyors [16], etc. The presence of moving boundaries makes classical
methods of mathematical physics inapplicable to solving such boundary
value problems, so they have not been su�ciently studied at present.
At a constant speed of longitudinal motion, the rope oscillations are
characterized by a set of eigen frequencies. In the absence of medium
resistance, a discrete Fourier transform is used to solve the problem. As
a result, an equation is obtained in the form of series, which makes it
possible to �nd the exact values of the eigen frequencies. The problem
in the presence of medium resistance was solved by the Kantorovich-
Galerkin method. The equation obtained allows us to �nd approximate
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values of the �rst two eigen frequencies. A comparison of the exact and
approximate frequencies estimates the accuracy of the solution obtained
by the Kantorovich-Galerkin method. The article analyzes how the speed
of longitudinal rope motion a�ects the shape of natural oscillations. The
solution is made in dimensionless variables, which allows us to use the
obtained results to calculate the oscillations of a wide range of technical
objects.
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ABOUT THE INDICATOR OF SUBHARMONIC
FUNCTIONS ON THE UNBOUNDED HALF-RING1

K.G Malyutin, A.A. Naumova
(Russian Federation, Kursk, Kursk State University)
malyutinkg@gmail.com, aliona.�latowa2013@yandex.ru

We extend some results on the Phragm en�Lindel�of theory to the
more general situation where the subharmonic functions are de�ned on
the half-ring D+(R) = {z||z| > R,ℑz > 0}. We consider subharmonic
functions v : D+(R) −→ R \ +∞ de�ned on the region D+(R). Let
SK(R) be the space of subharmonic functions v on D+(R) such that
v prosses a positive harmonic majorant on each bounded subdomain of
half-ring D+(R

′) for any R′ > R. For a given proximate order ρ(r),
lim

r→+∞
ρ(r) = ϱ, we will denote rρ(r) as V (r).

If for a subharmonic function v ∈ SK(R) and the given proximate
order ρ the limits

σ∞ = lim sup
r→∞

V −1(r)v(reiθ) ̸= 0,∞,

σR = lim sup
r→R+0

V −1
R ((r −R)−1)v(reiθ) ̸= 0,∞

hold uniformly with respect θ, θ ∈ (0, π), then ρ is called an own
proximate order of v .

Let ρ be own proximate order of v(z) ∈ SK(R). The function de�ned
in (0, π)× {1, 2} by

hv(θ, j) =


hv,1(θ =) lim sup

r→∞
V −1(r)v

((
1

r
+R

))
eiθ), θ ∈ (0, π),

hv,2(θ) = lim sup
r→∞

V −1(r)v(reiθ), θ ∈ (0, π),

1 The research is supported by Russian Science Foundation (project No. 24-21-
00006, https://rscf.ru/project/24-21-00006/).
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is called the indicator function v with respect to a proximate order ρ.

The most important result in the theory of subharmonic functions is
the maximum principle. An important generalization of the maximum
principle to the case of unbounded domains is the Phragmen-Lindelof
theorem (see [1, Chapter 8]. We prove the analogue of Phragmen-Lindelof
theorem for the most important domain for us for D+(R).

Òåîðåìà 1 (maximum modulus principle for subharmonic
functions on D+(R). Let on D+(R) a subharmonic function v is given
for which the following conditions are satis�ed: 1) there exists a number
M such that for any point ζ on the boundary of D+(R)\LR the inequality
holds lim sup

z→ζ,z∈D+(R)

v(z) ⩽M ; 2) the function v is function of �nite orders

ϱR and ϱ∞ at LR and ∞ respectively. Then for any point z ∈ D+(R)
the inequality holds v(z) ⩽M .

We prove for subharmonic functions on D+(R) the analogous results
for entire functions in the plane, known as the trigonometric convexity
property.

First, let us introduce the important concepts of
ϱ-trigonometrically convex function.

De�nition A function h(θ) de�ned on an interval ⟨α, β⟩
with values from the extended real line [−∞,∞] is called
ϱ-trigonometrically convex on this interval if for any
θ1, θ2 ∈ ⟨α, β⟩, 0 < θ2 − θ1 < π/ϱ, and for any θ ∈ (θ1, θ2) it
follows the inequality

h(θ) ⩽
sin ρ(θ2 − θ)

sin ρ(θ2 − θ1)
h(θ1) +

sin ρ(θ − θ1)

sin ρ(θ2 − θ1)
h(θ2).

Here, the symbol ⟨a, b⟩ denotes either an interval, or a segment, or
one of two kinds of half-intervals. ϱ-Trigonometrically convex functions
�rst appeared in mathematics in the work of Phragmen and Lindelof [2]
(see [1, Chapter 8]). We prove a similar theorem for subharmonic
functions on D+(R).

Theorem 2 (ϱ-trigonometric convexity of indicator). Let v
be a subharmonic function on D+(R), v ∈ SK(R), and let hv(θ, j),
j = 1, 2, be its growth indicators with respect to a proximate order ρ(r),
lim
r→∞

ρ(r) = ϱ. Then hv(θ, j) are ϱ-trigonometrically convex functions on

the interval (0, π).
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STRUCTURE OF GLOBAL CONTINUA OF SOLUTIONS
TO SOME NONLINEAR STURM-LIOUVILLE PROBLEMS

G.M. Mamedova (Baku, Baku state University)
m.g.m.400@mail.ru

We consider the following nonlinear Sturm-Liouville problem

− (p(x)y′)
′
+ q(x)y = λr(x)y + h(x, y, y′, λ), x ∈ (0, π), (1)

b0y(0) = d0y
′(0), (2)

(a1λ+ b1)y(π) = (c1λ+ d1)y
′(π), (3)

where λ is a real parameter, p is a positive continuously di�erentiable
function on [0, π], q is a real-valued continuous function on [0, π], r is
a positive continuous function on [0, π], b0, d0, a1, b1, c1, d1 are real
numbers such that |b0| + |d0| > 0 and a1d1 − b1c1 > 0. The nonlinear
term h has a representation h = f + g, where f and g are real-valued
continuous functions on [0, π]×R3 and satisfy the conditions: there exists
a positive constant M such that∣∣∣∣f(x, y, v, λ)y

∣∣∣∣ ⩽M, (x, y, v, λ) ∈ [0, π]× R3; (4)

g(x, y, v, λ) = o
((
y2 + v2

)1/2)
at (y, v) = (0, 0), (5)

and
g(x, y, v, λ) = o

((
y2 + v2

)1/2)
at (y, v) = ∞, (6)

uniformly in x ∈ [0, π] and λ ∈ Λ, for any bounded interval Λ ⊂ R.
If h ≡ 0, then it follows from [1] that the eigenvalues of problem

(1)�(3) are real and simple and forms an in�nitely increasing sequence
{λk}∞k=1 . Moreover, in the case of c1 = 0 the eigenfunction yk(x)
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corresponding to the eigenvalue λk has exactly k − 1 simple zeros, in
the case of c1 ̸= 0, then there exists a positive integer κ0 such that the
eigenfunction yk(x) for k ⩽ κ0 has exactly k − 1, for k > κ0 has exactly
k − 2 simple zeros in (0, π).

Let E be the Banach space C1[0, π] ∩ {y : b0y(0) = d0y
′(0)} with

the norm ||y||1 = max
x∈[0,π]

|y(x)|+ max
x∈[0,π]

|y′(x)|. We denote by S+
k the set

of functions y ∈ E that satisfy the conditions: the zeros of the function
y contained in [0, π] are simple; the function y has k − 1 such zeros in
(0, π); the function y is positive near x = 0. Moreover, let S−

k = −S+
k

and Sk = S+
k ∪ S−

k .
Now let T νk = Sνk for c1 = 0 and c1 ̸= 0, k ⩽ κ0, T νk = Sνk−1 for

c1 ̸= 0, k > κ0.
We introduce the notations:

Jk = [λk −M/r0, λk +M/r0], r0 = min
x∈[0,π]

r(x),

Ik =

 Jk for k < κ0,
Jκ0

∪ Jκ0+1 for k = κ0,
Jk+1 for k > κ0,

Let D ⊂ R × E be the closure of the set of nontrivial solutions to
problem (1)�(3).

Theorem 1. Let conditions (4)-(6) hold. Then for each k ∈ N and
each ν ∈ {+ , −} there exists a connected component of the set D for
which the following statements hold:

(i) Ik × {0} ⊂ Dν
k and Ik × {∞} ⊂ Dν

k ;
(ii) Dν

k\(Ik × {0}) ∪ (Ik × {∞}) ⊂ R× T νk .
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EXISTENCE OF NODAL SOLUTIONS OF SOME
NONLINEAR HALF-EIGENVALUE PROBLEMS
M.M. Mammadova (Baku, Baku State University)

memmedova.mesume@inbox.ru

We consider the following nonlinear half-eigenvalue problem

y(4) − (q(x)y′)′ = τr(x)h(y(x)) + φ(x)y+ + ψ(x)y−, x ∈ (0, 1), (1)

subject the boundary conditions

y′(0) cosα− y′′(0) sinα = 0, y(0) cosβ + Ty(0) sinβ = 0, (2)

y′(1) cos γ + y′′(1) sin γ = 0, y(1) cos δ − Ty(1) sin δ = 0, (3)

where Ty ≡ y′′′ − qy′, q ∈ AC([0, 1]; (, 0 + ∞)), r ∈ C([0, 1]; (0,+∞)),
φ, ψ ∈ C([0, 1];R), τ and α, β, γ, δ are real parameter such that
α, β, γ, δ ∈ [0, π/2]. The function h has the form f + g, where f, g ∈
C([0, 1];R) and satisfy the following conditions: there exists a positive
constant M such that ∣∣∣∣f(s)s

∣∣∣∣ ⩽M, s ∈ R, s ̸= 0;

there exist positive numbers g0 and g∞ such that

g0 = lim
|s|→0

g(s)

s
and g∞ = lim

|s|→+∞

g(s)

s
.

In this note clari�es the results presented in [1].
Let E be the Banach space C3[0, 1] ∩ (b.c.) with the usual norm

||y||3 =
3∑
i=0

||y(i)||∞, where (b.c.) is the set of functions satisfying the

boundary conditions (2), (3), and ||u||∞ = max
x∈[0, l]

|u(x)|. Moreover, let

Sνk , k ∈ N, ν ∈ {+ , −}, be the set of functions satisfying oscillatory
properties of eigenfunctions (and their derivatives) of the spectral
problem obtained from (1)-(3) by setting h, φ, ψ ≡ 0, which constructed
in [2]. Note that the function y ∈ Sνk has exactly k−1 simple nodal zeros
in (0, 1) and the function νy is positive near x = 0.

By [3, Theorem 3.3] the half-linear eigenvalue problem (1)-(3) with
h(y) ≡ y has two sequences {λ+k }∞k=1 and {λ−k }∞k=1 of real and simple
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half-eigenvalues such that λν1 < λν2 < . . . < λνk < . . . for each ν ∈
{+ , −}. Moreover, for each k ∈ N and each ν ∈ {+ , −} the eigenfunc
tion yνk corresponding to λ

ν
k lies in S

ν
k .

Let r0 = min
x∈[0,1]

r(x) and r1 = max
x∈[0,1]

r(x).

Theorem 1. Let g0 > M r1
r0

and g∞ > M r1
r0
, and let for some k ∈ N

and ν ∈ {+ , −} the conditions hold:

λνk > 0 and
λνk

g0 −Mr1/r0
< τ <

λνk
g∞ +Mr1/r0

, or

λνk > 0 and
λνk

g∞ −Mr1/r0
< τ <

λνk
g0 +Mr1/r0

, or

λνk < 0 and
λνk

g0 +Mr1/r0
< τ <

λνk
g∞ −Mr1/r0

, or

λνk < 0 and
λνk

g∞ +Mr1/r0
< τ <

λνk
g0 −Mr1/r0

.

Then there exists a solutions vνk of problem (1)-(3) such that vνk ∈ Sνk
(i.e. vνk has exactly k − 1 simple nodal zeros in (0, 1)).
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UNIFORM CONVERGENCE OF A FOURIER SERIES
EXPANSIONS IN THE SUBSYSTEMS OF ROOT

FUNCTIONS OF SOME FOURTH-ORDER EIGENVALUE
PROBLEM

V.A. Mehrabov (Baku, Baku State University)
mvuqar-1969@mail.ru

We consider the following eigenvalue problem

y(4)(x) − (q(x)y′(x))′ = λy(x), x ∈ (0, 1), (1)

y′′(0) = Ty(0)− aλy(0) = 0, (2)

y′′(1)− bλy′(1) = Ty(1)− cλy(1) = 0, (3)

where λ ∈ C is a spectral parameter, Ty ≡ y′′′ − qy′, q is a positive
absolutely continuous function on [0, 1], a, b, c are real constants such
that a > 0, b > 0 and c > 0. In this case problem (1)-(3) was considered
in [1], where it was shown that the eigenvalues of this problem are real,
simple, with except, for the case c > 1 and a = c−1, when the eigenvalue
0 which has algebraic multiplicity 2, and form an unboundedly sequence
{λk}∞k=1 such that λ1 ⩽ λ2 < λ3 < . . . < λk < . . . , and λ1 < 0 = λ2
for c ⩽ 1 and c > 1, a > c − 1, λ1 = 0 = λ2 for c > 1 and a = c − 1,
λ1 = 0 < λ2 for c > 1 and a < c− 1.

Along with problem (1)-(3), we consider the following spectral
problem

y(4)(x) = λy(x), x ∈ (0, 1),
y′′(0) = y(0) = y′(1) = y(1) = 0,

(4)

the eigenvalues of which are positive and simple and form an
unboundedly increasing sequence {µk}∞k=1 [ 2].

By {yk}∞k=1 we denote the system of root functions corresponding to
the system {λk}∞k=1 of eigenvalues of problem (1)-(3).

Let i, j, l (i, j, l ⩾ 3) be arbitrary di�erent �xed positive integers,

∆̃i, j, l =

∣∣∣∣∣∣
yi(0) yj(0) yl(0)
y′i(1) y′j(1) y′l(1)
yi(1) yj(1) yl(1)

∣∣∣∣∣∣ ,
and ∆i, j, l = − δ−1

i δ−1
j δ−1

l abc∆̃i, j, l, where δk = ||yk||22 + ay2k(0) +

by′k
2
(1)− cy2k(1) for k ∈ N, k ⩾ 2.
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It follows from [3, Theorem 3] that if ∆i, j, l ̸= 0, then the system
{yk}∞k=1, k ̸= i,j, l forms a basis in Lp(0, 1), 1 < p < ∞, which is an
unconditional basis for p = 2. In this case each element of the system
{uk}∞k=1, k ̸= i,j, l conjugate to the system {yk}∞k=1, k ̸= i,j, l is determined
as follows: uk = vk − 1

∆i,j, l
{vi∆k,j, l − vj∆k,i,l + vl∆k,i,j}, where vk =

δ−1
k yk.
For any function f ∈ L2(0, 1) let

∆i,j, l(f) =

∣∣∣∣∣∣
(f, yi) (f, yj) (f, yl)
y′i(1) y′j(1) y′l(1)
yi(1) yj(1) yl(1)

∣∣∣∣∣∣ ,
where ( · , · ) is a scalar product in L2(0, 1).

Theorem 1. Let i, j, l (i, j, l ⩾ 3) be arbitrary di�erent �xed positive
integers such that ∆̃i, j, l ̸= 0, and let the Fourier series expansion
of a function f(x) ∈ C[0, 1] in the system {ϑk}∞k=1 of eigenfunctions
corresponding to the system {µk}∞k=1 of eigenvalues of problem (4)
uniformly converges on the interval [0, 1]. If ∆i,j, l(f) ̸= 0, then the
Fourier series

f(x) =

∞∑
k=1, k ̸=i, j, l

(f, uk)yk(x),

of the function f in the system {yk}∞k=1, k ̸= i,j, l uniformly converges on
the interval [0, τ ] for each τ ∈ (0, 1), and if ∆i,j, l(f) = 0, then this series
uniformly converges on the interval [0, 1].
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ON A BEST APPROXIMATION OF POWER FUNCTIONS
V.R. Misiuk (Grodno, GrSU)

misiuk@grsu.by

Let Pn denote the set of algebraic polynomials of degree not exceeding
n. For a function f in the Hardy space Hp, 0 < p ⩽ ∞, de�ned in the
disk D = {z : |z| < 1}, we introduce the best approximation as

En(f)p = inf
Pn∈Pn

∥f − Pn∥Hp , n = 0, 1, 2, ...

where ∥ · ∥Hp is the norm in Hp.
In polynomial approximation theory, the following implication is well

known and referred to as a Jackson-type theorem:

f (s) ∈ Hp =⇒ En(f)p ⩽
c

ns

∥∥∥f (s)∥∥∥
Hp

at n ⩾ s ,

where c > 0 depends only on p and s, and f (s) is the s-th derivative of
f (s ∈ N).

For α ∈ R\Z, consider the function fα(z) = (1 − z)α, where the
principal branch of the power function is taken in the domain C\[1, ∞).
Based on the above implication, it can be shown that as n → ∞, the
following weak equivalence holds:

En(fα)p ≈ n−α−
1
p , α ∈

(
−1

p
, ∞

)
\Z .

Let Ap = Ap(D), 0 < p ⩽ ∞, denote the Bergman space of analytic
functions f in D, endowed with the quasi-norm ∥f∥Ap

= ∥f∥Lp(D) (a
norm when 1 ⩽ p ⩽ ∞) relative to �at Lebesgue measure.

∥f∥Ap
= ∥f∥Lp(D) :=

∫
D

|f(ξ)|p dm2(ξ)

 1
p

<∞ at 0 < p <∞,

∥f∥A∞ = ∥f∥L∞(D) := sup
ξ∈D

|f(ξ)| <∞ at p = ∞.

For f ∈ Ap(D), we de�ne the best approximation in Ap as:

En(f)Ap
= inf
Pn∈Pn

∥f − Pn∥Ap(D), n = 0, 1, 2, ... ,
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where ∥ · ∥Ap(D) is the Ap quasi-norm. The following result [1] can be
regarded as an analogue of the Jackson-type theorem in the Bergman
space Ap(D): if s ∈ N and f (s) ∈ Ap(D), 0 < p <∞, then:

En(f)Ap
⩽

c

ns

∥∥∥f (s)∥∥∥
Ap

, n = s, s+ 1, . . . ,

where c > 0 is independent of f and n.
From this, it follows that as n → ∞, the corresponding weak

equivalence holds:

En(fα)p ≈ n−α−
2
p , α ∈

(
−2

p
, ∞

)
\Z .

It should be noted that various aspects of these relations and their
applications were previously studied by the author in [2].
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GLOBAL BIFURCATION FROM INFINITY IN SOME
FOURTH-ORDER NONLINEAR STURM�LIOUVILLE

PROBLEMS
F.M. Namazov (Baku, Baku State University)

faig-namazov@mail.ru

We consider the fourth-order nonlinear Sturm-Liouville equation

y(4) − (qy′)′ = λy + h(x, y, y′, y′′, y′′′, λ), x ∈ (0, 1), (1)

subject the boundary conditions

y′′(0) = 0, T y(0)− bλy(0) = 0,
y′′(1) = 0, T y(1)− dλy(1) = 0,

(2)

where λ ∈ R is a spectral parameter, Ty ≡ y′′′ − qy′, q(x) is a positive
absolutely continuous function on [0, 1], b, d are real constants such that
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b > 0, d < 0. The nonlinear term h has the form h = f + g, where the
real-valued functions f and g are continuous on [0, 1]×R5 and have the
following properties: there exist a positive constant M and a su�ciently
large constant χ such that∣∣∣ f(x, y, s, v, w, λ)y

∣∣∣ ⩽M, (x, y, s, v, w, λ) ∈ [0, 1]× R5, y ̸= 0,

|y|+ |s|+ |v|+ |w| > χ;
(3)

for any bounded interval Λ ⊂ R,

g(x, y, s, v, w, λ) = o (|y|+|s|+|v|+|w|) as |y|+|s|+|v|+|w| → ∞, (4)

uniformly in x ∈ [0, l] and in λ ∈ Λ.
Linear problem obtained from (1), (2) by setting h ≡ 0 was considered

in [1], where it was shown that the eigenvalues of this problem are
nonnegative and simple, and form an in�nitely increasing sequence
{λk}∞k=1; for each k ∈ N the eigenfunctions yk(x) corresponding to the
eigenvalue λk has k − 1 simple zeros in the interval (0, 1).

Let E = C3[0, l] ∩ {y′′(0) = y′′(1) = 0} be a Banach space equipped

with the norm ||y||3 =
3∑
i=0

|| y(i)||∞, where ||y||∞ = max
x∈[ 0,1]

|y (x)|. For

each k ∈ N and each ν ∈ {+ , −}, we denote by Sνk ⊂ E the set
of functions y ∈ E constructed in the paper [ 2] that have oscillatory
properties of eigenfunctions of the linear problem (1), (2) with h ≡ 0
and their derivatives. Note that in [ 2] the global bifurcation of nontrivial
solutions from zero of the problem (1), (2) was studied.The existence of
two families of unbounded components of nontrivial solutions emanating
from intervals of the line of trivial solutions and contained in classes Sνk ,
k ∈ N, ν ∈ {+ , −}, with �xed oscillation count was proved.

For each k ∈ N and each ν ∈ {+ , −}, we denote by Sνk the set of
functions y ∈ E constructed in [ 2, pp. 91�93], which have the oscillatory
properties of eigenfunctions of the linear problem (1), (2) with h ≡ 0
and their derivatives.

Lemma 1. Let conditions (3) and (4) hold. Then the set of bifurcati
on points of problem (1), (2) with respect to the set R×Sνk is nonempty
and is contained in Ik × {∞}, where Ik = [λk −M,λk +M ].

For each k ∈ N and each ν, let Dν
k be the union of all components

of the set of nontrivial solutions of problem (1), (2) which meets the
interval Ik × {∞} with respect to the set R× Sνk .

Theorem 1. Let conditions (3) and (4) hold. Then for each k ∈ N
and each ν the set Dν

k is nonempty and one of the following statements
hold:
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(i) the set Dν
k meets the interval Ik′ × {∞} with respect to the set

R× Sν′

k′ for some (k′, ν′) ̸= (k, ν);
(ii) the set Dν

k meets the line R = {(λ, 0) : λ ∈ R} for some λ;
(iii) the projection PR(Dν

k) of the set D
ν
k onto R is unbounded.
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SOME ESTIMATIONS FOR THE WEIGHTED
HARDY-TYPE OPERATOR FOR 0 < P < 1.

A. Senouci (Algeria, University of Tiaret)
kamer295@yahoo.fr

It is well known that for Lp-spaces with 0 < p < 1 the
Hardy inequality is not satis�ed for arbitrary non-negative measurable
functions, but it is satis�ed for non-negative non-increasing functions
(for more details see [2]).

In [3] the Hardy-type inequality for 0 < p < 1 was proved under
weaker assumptions on f but still of monotonicity type. The result was
proved for the n-dimensional variant of the Hardy operator, namely for
the operator H de�ned for all functions f ∈ Lloc1 (Rn) by

(Hf)(t) =
1

vntn

∫
Bt

fdy, 0 < t <∞,

where Bt is the ball centered at the origin of radius r and vn is the
volume of the unit ball in Rn.

Theorem 1. Let 0 < p < 1, α < n− 1
p andM > 0. Moreover, let f be

a function non-negative measurable on Rn such that ∥f(x)|x| np′ ∥Lp(Br) <
∞ and

∥f(x)∥L1(Br)
⩽M

∥∥∥f(x)|x| n
p′
∥∥∥
Lp(Br)

(1)

for all r > 0, where p′ = p
p−1 . Then

∥(Hf)(t)∥Lp(0,∞) ⩽ N
∥∥∥f(x)|x|α−n−1

p

∥∥∥
Lp(Rn)

, (2)
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where
N = v−1

n ((n− α)p− 1)−
1
pM. (3)

The weighted Hardy operator (Hwf)(t) is de�ned as follows

(Hwf)(t) =
1

W (t)

∫ t

0

f(x)w(x)dx,

where 0 < W (t) :=
∫ t
0
w(x)dx <∞ for all r > 0, and w(x) is the weigth

function. Note that for w(x) = 1, the operator Hw is the usual Hardy
operator (Hf)(x) = 1

x

∫ x
0
f(t)dt.

Later the results of [3], were extended to the weighted Hardy operator
(for more details see [1]).

The objective of this work is to extend the results of [1] to other
Hardy-type operator by introducing a new parameter β ⩾ 0.

We consider the weighted Hardy-type operator Hw,β given by

(Hw,βf) (x) =
1

Wβ(x)

∫ x

0

t−βf(t)w(t)dt,

where 0 < Wβ(x) :=
∫ x
0
t−βw(t)dt <∞ for all x > 0.

Let x−βw(x) ⩽ C1y
−βw(y), for β ⩾ 0, 0 < y < x <∞. (4)

Lemma 1. Let 0 < p < 1, C1 > 0, C2 > 0, w be a weight function
on (0,∞), satisfying condition (4). If f is a non-negative Lebesgue
measurable function on (0,∞), such that for almost 0 < x <∞,

f(x) ⩽
C2

x−β

(∫ x

0

y−βw(y)yp−1dy

)− 1
p
(∫ x

0

(
y−βf(y)

)p
w(y)yp−1dy

) 1
p

,

(5)
then, for all r > 0

(Hw,βf) (r) ⩽ A

(∫ r

0

(
y−βf(y)

)p
w(y)yp−1dy

) 1
p

, (6)

where A = C1−p
2

C
2
p
−1

1 p
1
p

r
1− β

p w
1
p (r)

.

Let y−βw(y) ⩽ C3x
−βw(x), for β ⩾ 0, 0 < y < x <∞. (7)

Remark 1. If w satis�es (7) where f is a non-negative Lebesgue
measurable function on (0,∞) and (5) holds in the reversed direction
(with constant C3), then also (6) holds in the same direction.
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Theorem 2. Let 0 < p < 1, C1 > 0, C2 > 0, w be a weight function
on (0,∞), satisfying condition (4) and α < 1−β+1

p . If f is a non-negative

Lebesgue measurable function on (0,∞), satisfying (5), then for all r > 0

∥rα (Hw,βf) (r)∥Lp,w(0,∞) ⩽

⩽ C1−p
2 C

2
p−1

1

(
1− α− β + 1

p

)− 1
p ∥∥∥yα− β

p′ f(y)
∥∥∥
Lp,w(0,∞)

. (8)

If w and f satis�es (7) and (5) holds in the reversed direction
respectively, then also (8) holds in the same direction.

Remark 2. By putting β = 0 in (8), we get Theorem 2.1 of [1].
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GLOBAL BIFURCATION OF NONTRIVIAL SOLUTIONS
FROM ZERO IN SOME NONLINEARIZABLE

EIGENVALUE PROBLEMS WITH INDEFINITE WEIGHT
FUNCTION

R.B. Seyidzade (Baku, Baku State University)
rakhshandaseyidzade@gmail.com

Consider the following nonlinearizable eigenvalue problem

y(4) − (q(x)y′)′ = λr(x)y + h(x, y, y′, y′′, y′′′, λ), x ∈ (0, 1), (1)

y′(0) cosα− y′′(0) sinα = 0, (2)

y(0) cosβ + Ty(0) sinβ = 0, (3)

y′(1) cos γ + y′′(1) sin γ = 0, (4)
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y(1) cos δ − Ty(1) sin δ = 0, (5)

where λ ∈ R is an eigenvalue parameter, q is a positive absolutely
continuous function on [0, 1], r is a real-valued inde�nite weight function
which is continuous on [0, 1], α, β, γ and δ are real constants such that
α, β, γ, δ ∈

[
0, π2

]
, the nonlinear term h has the form h = f + g, where f

and g are real-valued continuous functions on [0, 1]×R5 that satisfy the
following conditions:

yf(x, y, s, v, w, λ) ⩽ 0 and yg(x, y, s, v, w, λ) ⩽ 0
for any (x, y, s, v, w, λ) ∈ [0, 1]× R5;

there exist a positive constant M and small positive constant κ0 such
that∣∣∣∣f(x, y, s, ϑ, w, λ)y

∣∣∣∣ ⩽M for any (x, y, s, v, w, λ) ∈ [0, 1]× R5, y ̸= 0,

|y|+ |s|+ |ϑ|+ |w| ⩽ κ0;

for any bounded interval Λ ⊂ R,

g(x, y, s, v, w, λ) = o(|y|+ |s|+ |v|+ |w|) as |y|+ |s|+ |ϑ|+ |w| → 0,

uniformly in (x, λ) ∈ [0, 1]× Λ.
In view of [1, Theorem 1], the linear eigenvalue problem with obtained

from (1)�(5) by setting h ≡ 0 has two sequences real, simple eigenvalues
{λ+k }∞k=1 and {λ−k }∞k=1 such that

0 < λ+1 < λ+2 < . . . < λ+k < . . . and 0 > λ−1 > λ−2 > . . . > λ−k > . . . ,

and no other eigenvalues; for each k ∈ N and each σ ∈ {+,−} the
eigenfunction yk,σ corresponding to the eigenvalue λσk has exactly k − 1

simple nodal zeros in (0, 1) and σ
1∫
0

r(x)y2k,σ(x)dx > 0.

LetB.C. be the set of functions which satisfy the boundary conditions
(2)�(5) and let E be the Banach space C3[0, 1] ∩ B.C. with the usual
norm. By Sνk , k ∈ N, ν ∈ {+,−}, we denote the set of functions y ∈ E
which constructed in [2, p. 1634-1636] and by Sνk,σ we denote the set of

functions y ∈ Sνk such that σ
1∫
0

r(x)y2(x)dx > 0.

Theorem 1. For each k ∈ N, each σ ∈ {+,−} and each ν ∈
{+,−} there exists a connected component Dν

k,σ of nontrivial solutions

427



of problem (1)�(5) which meets Iσk × {0}, contained in Rσ × Sνk and is
unbounded in R× E, where

I+k = [λ+k , λ
+
k +ck], I

−
k = [λ−k − ck, λ

−
k ], R

+ = (0,+∞), R− = (−∞, 0),

ck is the positive constant depending on M .
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STRUCTURE OF ESSENTIAL SPECTRA
AND DISCRETE SPECTRUM OF THE ENERGY
OPERATOR OF THREE-MAGNON SYSTEMS

IN THE HEISENBERG MODEL
S.M. Tashpulatov (Tashkent, INP)

sadullatashpulatov@yandex.ru, toshpul@mail.ru

We consider the energy operator of three-magnon systems in the
Heisenberg model and investigated the structure of essential spectra and
discrete spectrum of the system. Hamiltonian of the system has the form

H = J
∑
m,τ

(
−→
S m

−→
S m+τ ), (1)

where J < 0 is the parameter of the bilinear exchange interaction
between atoms,

−→
S m = (Sxm, S

y
m, S

z
m) is the operator of the atomic spin

1
2 at the site m, and summation over τ ranges the nearest neighbors.

Hamiltonian H acts in a symmetric complex Fock space (H, (·, ·)H).
We let φ0 denote the vector, called the vacuum, uniquely de�ned by
the conditions S+

mφ0 = 0 and Szmφ0 = 1
2φ0, where ||φ0|| = 1. We

set S±
m = Sxm ± iSym, where S

−
m and S+

m are the magnon creation and
annihilation operators at the site m. The vector S−

p S
−
q S

−
r φ0 describes

the state of the system of three magnons at the sites p, q and r with
the spin s = 1

2 . The vectors ψ = 1
6

∑
p,q,r f(p, q, r)[S

−
p S

−
q S

−
r φ0 +
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S−
p S

−
r S

−
q φ0 + S−

q S
−
p S

−
r φ0 + S−

q S
−
r S

−
q φ0 + S−

r S
−
p S

−
q φ0 + S−

r S
−
q S

−
p φ0]

constitute an orthonormal system. We let H3 denote the closure of this
space of three-magnon states of the operator H.

Theorem 1. The space H3 is invariant with respect to the operator
H. The operator H3 is a bounded self-adjoint operator. It generates
bounded self-adjoint operator H3, acting in the space l2((Z

ν)3) according
to the formula

(H3f)(p, q, r) = J
∑
τ

[{δp,q+τ+δp+τ,q+δp,r+τ+δp+τ,r+δq,r+τ+δq+τ,r−

−3}f(p, q, r)− 1

2
δp−τ,qf(p− τ, q, r)− 1

2
δp−τ,rf(p− τ, q, r)− 1

2
δq−τ,r×

×f(p, q− τ, r)− 1

2
δq,r−τf(p, q, r− τ)− 1

2
δp,q−τf(p, q− τ, r)− 1

2
δp,r−τ×

×f(p, q, r−τ)+ 1

2
f(p−τ, q, r)+ 1

2
f(p, q−τ, r)+ 1

2
f(p, q, r−τ)− 1

2
δp+τ,q×

×f(p+ τ, q, r)− 1

2
δp+τ,rf(p+ τ, q, r)− 1

2
δq+τ,rf(p, q + τ, r)− 1

2
δq,r+τ×

×f(p, q, r+τ)−1

2
δp,q+τf(p, q+τ, r)−

1

2
δp,r+τf(p, q, r+τ)+

1

2
f(p+τ, q, r)+

+
1

2
f(p, q + τ, r) +

1

2
f(p, q, r + τ)], (2)

where δk,j is the Kronecker symbol. The operator H3 acts on the vector
ψ ∈ H3 according to the formula

H3ψ =
∑
p,q,r

(H3f)(p, q, r)S
−
p S

−
q S

−
r φ0. (3)

We let F denote the Fourier transform: F : l2((Z
ν)3) → L2((T

ν)3) ≡
H̃3, where T ν is the ν− dimensional torus with the normalized Lebesgue
measure dλ : λ(T ν) = 1. We set H̃3 = FH3F−1.

Theorem 2. The Fourier transformation transforms the operator H3

into the bounded self-adjoint operator H̃3 acting in the space H̃3.
ν = 1. Then A). If ε2 = −B and ε1 < −2B (respectively, ε2 = −B

and ε1 > 2B), then the essential spectrum of the operator 3H̃1
t is consists

of the union of eight segments: σess(3H̃1
t ) = [4A− 8B, 4A+8B]∪ [3A−

6B+ z, 3A+6B+ z]∪ [2A− 4B+2z, 2A+4B+2z]∪ [A− 2B+3z,A+
2B+3z]∪ [2A− 4B+ z3, 2A+4B+ z3]∪ [A− 2B+ z+ z3, A+2B+ z+
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z3] ∪ [2A− 4B + z4, 2A+ 4B + z4] ∪ [A− 2B + z + z4, A+ 2B + z + z4],

and discrete spectrum of the operator 3H̃1
t is consists of a three point:

σdisc(
3H̃1

t ) = {4z, 2z + z3, 2z + z4}, where z = A + ε1, and z3 and z4
are same concrete real numbers, lying the below (above) of the essential
spectrum of operator 3H̃1

t .
B). If ε2 = −2B or ε2 = 0 and ε1 < 0 (respectively, ε2 = −2B or

ε2 = 0 and ε1 > 0), then the essential spectrum of the operator 3H̃1
t

is consists of the union of eight segments: σess(3H̃1
t ) = [4A − 8B, 4A +

8B]∪ [3A− 6B + z, 3A+ 6B + z]∪ [2A− 4B + 2z, 2A+ 4B + 2z]∪ [A−
2B+3z,A+2B+3z]∪ [2A−4B+z3, 2A+4B+z3]∪ [A−2B+z+z3, A+
2B+ z+ z3]∪ [2A− 4B+ z4, 2A+4B+ z4]∪ [A− 2B+ z+ z4, A+2B+

z + z4], and discrete spectrum of the operator 3H̃1
t is consists of a three

points: σdisc(3H̃1
t ) = {4z, 2z + z3, 2z + z4}, where z = A −

√
4B2 + ε21

(respectively, z = A+
√

4B2 + ε21).
C). If ε1 = 0 and ε2 > 0 or ε1 = 0 and ε2 < −2B, then the essential

spectrum of the operator 3H̃1
t is consists of the union of sixteen segments:

σess(
3H̃1

t ) = [4A− 8B, 4A+8B]∪ [3A− 6B + z1, 3A+6B + z1]∪ [3A−
6B + z2, 3A+ 6B + z2] ∪ [2A− 4B + 2z1, 2A+ 4B + 2z1] ∪ [2A− 4B +
z1 + z2, 2A + 4B + z1 + z2] ∪ [2A − 4B + 2z2, 2A + 4B + 2z2] ∪ [A −
2B + 3z1, A+ 2B + 3z1]∪ [A− 2B + 2z1 + z2, A+ 2B + 2z1 + z2]∪ [A−
2B+ z1 +2z2, A+2B+ z1 +2z2]∪ [A− 2B+3z2, A+2B+3z2]∪ [2A−
4B + z3, 2A + 4B + z3] ∪ [A − 2B + z1 + z3, A + 2B + z1 + z3] ∪ [A −
2B + z2 + z3, A + 2B + z2 + z3] ∪ [2A − 4B + z4, 2A + 4B + z4] ∪ [A −
2B + z1 + z4, A+ 2B + z1 + z4] ∪ [A− 2B + z2 + z4, A+ 2B + z2 + z4],

and discrete spectrum of the operator 3H̃1
t is consists of a eleven points:

σdisc(
3H̃1

t ) = {4z1, 2z1+2z2, 4z2, z1+3z2, 3z1+ z2, z1+ z2+ z3, z1+ z2+
z4, 2z1 + z3, 2z2 + z3, 2z1 + z4, 2z2 + z4}, where z1 = A − 2BE√

E2−1
, and

z2 = A+ 2BE√
E2−1

, and E = (B+ε2)
2

ε22+2Bε2
.
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